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1. 'Oqi, den up�rqei, diìti den eÐnai kaL¸c orismènh sto a, afoÔ h deuterob�jmia
exÐswsh x2 + 3 = x eÐnai adÔnath (sto R).

3. 'Oqi, den up�rqoun. An up rqan, ja Ðsque f(x3) = f(x)2 gia k�je x ∈ R.
Sunep¸c, oi f(0), f(1), f(−1) ja  tan lÔseic thc exÐswshc y2 = y, pou eÐnai
adÔnaton, afoÔ eÔkola blèpoume ìti h f ja prèpei na eÐnai 1-1.

4. H f ikanopoieÐ th sqèsh

f(x2 +
1

4
) = f(x)2 +

1

4

gia k�je x ∈ R. Sunep¸c, o arijmìc a = f(1/2) eÐnai jetikìc kai ikanopoieÐ thn
exÐswsh

a = a2 +
1

4

EpilÔontac th deuterob�jmia exÐswsh brÐskoume a = 1/2 kai �ra mporoÔme na
p�roume c = 1/2.

5. 'Eqoume f(f(1)) = 1 kai f(1)2 = f(f(f(1))) = f(1). 'Ara f(1) = 0   1. All�
an  tan f(1) = 0 ja eÐqame

0 = f(0) = f(f(1)) = 1,

�topo. Sunep¸c, f(1) = 1.

8. Gia a > b > 0 kai λ =
√

a
b
> 1 èqoume

f(a) = f(λ · a
λ
) > f(

a

λ2
) = f(b).
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9. Mia sun�rthsh pou ikanopoieÐ tic zhtoÔmenec sunj kec eÐnai h

h(x) =


f(x), a ≤ x ≤ b
g(c)− g(b)

c− b
(x− b) + f(b), b ≤ x ≤ c

g(x), c ≤ x ≤ d

10. Jètontac x = 0 sth dojeÐsa eÔkola prìkÔptei ìti f(0) = 0. Gia x ̸= 0 èqoume

0 <
|f(x)|
|x|

=
1

f(x)4 + 1
< 1.

Epomènwc
0 ≤ |f(x)| ≤ |x|

gia k�je x ∈ R kai to sumpèrasma èpetai apì to krit rio parembol c.

11. Me apagwg  se �topo: Ac upojèsoume ìti f(x) ̸= x gia k�je x ∈ R.
Apì th sunèqeia thc f kai to je¸rhma Bolzano, ja eÐnai f(x) > x gia k�je
x ∈ R   f(x) < x gia k�je x ∈ R.
Opìte ja eÐnai f(f(x)) > f(x) > x gia k�je x ∈ R   f(f(x)) < f(x) < x gia
k�je x ∈ R, �topo.

12. AfoÔ h f eÐnai gnhsÐwc aÔxousa kai gn sia jetik  isqÔei

1 <
f(3x

2
)

f(x)
<

f(2x)

f(x)

gia k�je x > 0. Apì to dojèn ìrio kai to krit rio parembol c èpetai ìti to
zhtoÔmeno ìrio eÐnai 1.

16. Gia mia tètoia f , ja prèpei na eÐnai

f(x) = Ae−x +
1

2
(sin x− cos x)

gia k�je x ≤ 0 kai

f(x) = Be−x +
1

2
(sinx+ cosx)

gia k�je x > 0. Apì th sunèqeia thc f sto 0, prèpei

A− 1

2
= B +

1

2
(1)

EpÐshc ja eÐnai

f ′(0) = lim
x→0−

f(x)− f(0)

x
= −A+

1

2
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kai

f ′(0) = lim
x→0+

f(x)− f(0)

x
= −B +

1

2
,

ap�opou paÐrnoume ìti
A = B (2)

To sÔsthma twn (1) kai (2) den èqei lÔsh.

17. EÐnai

f(x) =


ex+1 − 1

x+ 1
, x ̸= −1

1, x = −1.

Gia x ̸= −1 efarmìzoume kanìna phlÐko, en¸ gia x = −1 èqoume

f ′(−1) = lim
x→−1

ex+1 − x− 2

(x+ 1)2
= lim

x→−1

ex+1 − 1

2(x+ 1)
= lim

x→−1

ex+1

2
=

1

2
.

apì kanìna L’Hospital.

18. AfoÔ h upo olokl rwsh sun�rthsh eÐnai pantoÔ jetik , to olokl rwma eÐnai
mhdèn mìno se di�sthma mhdenikoÔ m kouc. Sunep¸c, prèpei na isqÔei

| sinx| = |x|

pou èqei monadik  lÔsh thn x = 0.

21. Apì to jemeli¸dec je¸rhma tou apeirostikoÔ logismoÔ èqoume

f ′(x) =

∫ x3

x2

du

1 + u4
du

gia k�je x ∈ R. AfoÔ h upo olokl rwsh sun�rthsh eÐnai gn sia jetik  pantoÔ,
sumperaÐnoume ìti h f ′ eÐnai gn sia jetik  an kai mìno an x3 > x2, dhl., an kai
mìno an x > 1. Sunep¸c, h f eÐnai gnhsÐwc fjÐnousa sto (−∞, 1] kai gnhsÐwc
aÔxousa sto [1,+∞).

23. a) Lìgw sunèqeiac, ki afoÔ −1 < f(1) < 4 kai −1 < f(e) < 4, h f ja
parousi�zei mègisto kai el�qisto se eswterik� shmeÐa tou diast matoc [1, e],
èstw sta shmeÐa x1 kai x2. Apì je¸rhma Fermat to sumpèrasma èpetai.

b) Efarmìzoume to je¸rhma mèshc tim c (  Rolle)sto di�sthma me �kra ta x1,
x2.

24. Katarq n, h sun�rthsh f(x) = 2 lnx − λx2 − 1 èqei to polÔ duo rÐzec, afoÔ h

f ′(x) = 2(1−λx2)
x

èqei akrib¸c mia. Apì thn anisìthta lnx ≤ x−1 gia k�je x > 0
me to �=� an kai mìno an x = 1 paÐrnoume thn

ln

(
x2

e2

)
≤ x2

e2
− 1
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me to �=� an kai mìno an x = e. H parap�nw gr�fetai isodÔnama

2 lnx ≤ 1

e2
x2 + 1

me to �=� an kai mìno an x = e.

Sunep¸c, an λ > 1
e2
, h exÐswsh den èqei kammi� lÔsh, en¸ an λ = 1

e2
h exÐswsh

èqei akrib¸c mia lÔsh sto (0,+∞).

An 0 < λ < 1
e2
, tìte f(1) = −λ− 1 < 0, f(e) = 1− λe2 > 0 kai f(eξ) > 0 ìpou

ξ > 1 eÐnai tètoio ¸ste
2ξ − 1

e2ξ
< λ.

Apì Bolzano, up�rqoun duo rÐzec thc f(x) = 0, h mia sto (1, e) kai h �llh sto
(e, eξ). Apì thn arqik  mac parat rhsh autèc eÐnai oi mìnec pou up�rqoun se
aut n thn perÐptwsh.

25. EÐnai f(x) = 0 an kai mìno an x = 1. 'Ara to zhtoÔmeno embadì isoÔtai me∫ 1

0

|f(x)| dx =

∫ 1

0

(∫ 1

x

2et
2

dt

)
dx

=

∫ 1

0

(∫ t

0

2et
2

dx

)
dt

=

∫ 1

0

2tet
2

dt

= e− 1.


