
PROBLHMATA

1. ApodeÐxte ìti ikană kai anagkaÐa sunjăkh ÿste to trÐgwno ABC na
eÐnai orjogÿnio eÐnai

sin2 A + sin2 B + sin2 C

cos2 A + cos2 B + cos2 C
= 2.

2. An x, y, z > 0 me x+y+z = 1, apodeÐxte ìti x2+y2+z2+2
√

3xyz ≤ 1.

3. An x, y ∈ R, apodeÐxte ìti

−1

2
≤ (x + y)(1− xy)

(1 + x2)(1 + y2)
≤ 1

2
.

4. An xy > 0, apodeÐxte ìti

2xy

x + y
+

√
x2 + y2

2
≥ x + y

2
+
√

xy.

5. An x, y > 0, apodeÐxte ìti xy + yx > 1.

6. Na paragontopoiăsete thn parĹstash K = 1− sin5 x− cos5 x.

7. ApodeÐxte ìti gia kĹje x, y, z ∈ R isqÔei

(x2 + 1)(y2 + 1)(z2 + 1) ≥ (xy + yz + zx− 1)2.

8. ’Estw trÐgwno ABC kai M shmeÐo tou epipèdou tou trigÿnou. Apo-
deÐxte ìti:

MA ·MB

ab
+

MB ·MC

bc
+

MC ·MA

ca
≥ 1,

MA

a
+

MB

b
+

MC

c
≥
√

3.

9. Na lujeÐ h exÐswsh 6x + 1 = 8x − 27x−1.

10. An x, y, z > 0 me xyz = 1, apodeÐxte ìti

x(y2 −√y) + y(z2 −√z) + z(x2 −√x) ≥ 0.



11. Na breÐte touc x, y ∈ R pou ikanopoioÔn tic sqèseic

√
x(1 +

1

x + y
) =

12

5
,
√

y(1− 1

x + y
) =

4

5
.

12. An x, y ≥ 0 me x + y = 1, na brejoÔn oi Ĺkrec timèc thc parĹstashc

K = x
√

y + 1 + y
√

x + 1.

13. ’Estw isoskelèc trÐgwno ABC me BC = a,AB = CA = b kai a > b.
An h diqotìmoc BD = b, apodeÐxte ìti

(1 +
a

b
)(

a

b
− b

a
) = 1.

14. Se tetrĹpleuro ABCD ac eÐnai G1, G2 ta barÔkentra twn trigÿ-
nwn OAB kai OCD kai H1, H2 ta orjìkentra twn trigÿnwn OBC,OAD.
ApodeÐxte ìti G1G2 ⊥ H1H2.

15. ’Estw hmikÔklio diamètrou AB kai X stajerì shmeÐo tou tmămatoc

AB. An P shmeÐo tou tìxou AB, apodeÐxte ìti h timă thc parĹstashc tan ÂPX

tan P̂AX
eÐnai anexĹrthth apì th jèsh tou shmeÐou P .

16. Se isoskelèc trÐgwno ABC eÐnai AB = AC = b kai BC = a. An
isqÔei Â = 100o, apodeÐxte ìti a3 + b3 = 3ab2.

17. An P, Q poluÿnuma tètoia ÿste P 2(x) = Q3(x) + a, gia kĹje x ∈ C,
ìpou a ∈ C∗, apodeÐxte ìti ta poluÿnuma eÐnai stajerĹ.

18. ApodeÐxte ìti cos π
14

+ cos 3π
14

+ cos 9π
14

=
√

7
2

.

19. An x1, x2, ..., xn > 0, apodeÐxte ìti

(1 + x1)(1 + x2) · · · (1 + xn) ≥ (1 + n
√

x1x2 · · · xn)n.

20. a) ApodeÐxte ìti cos 2π
7

+ cos 4π
7

+ cos 8π
7

= −1
2
.

b) KataskeuĹste poluwnumikă exÐswsh trÐtou bajmoÔ, h opoÐa èqei rÐzec
cos 2π

7
, cos 4π

7
, cos 8π

7
.

21. Na brejoÔn oi gwnÐec trigÿnou ABC, ÿste na elaqistopoieÐtai h
parĹstash K = sin2 A + sin2 B − sin2 C.



22. An x, y, z > 0 me x+y+z+
√

xyz = 4, na aplopoÐhsete thn parĹstash

K =
√

x(4− y)(4− z) +
√

y(4− z)(4− x) +
√

z(4− x)(4− y).

23. ’Estw trÐgwno ABC kai I to ègkentrì tou. Oi IA, IB, IC tèmnoun
ton perigegrammèno kÔklo sta shmeÐa X, Y, Z antÐstoiqa. ApodeÐxte ìti:

IA

IX
+

IB

IY
+

IC

IZ
≥ 3, IX + IY + IZ ≥ IA+ IB + IC,

1

IX
+

1

IY
+

1

IZ
≥ 3

R
,

ìpou R h aktÐna tou perigegrammènou kÔklou.

24. ApodeÐxte ìti ènac akèraioc arijmìc a = an10n +an−110n−1 + ...+a0,
diaireÐtai me to 9 an kai mìno an to an + an−1 + ... + a0 diaireÐtai me to 9,
diaireÐtai me to 11 an kai mìno an to a0− a1 + a2− ...± an diaireÐtai me to 11.
Efarmogă: DÐnetai ìti 15! = 130a67b368c00. BreÐte ta a, b, c.

25. ’Estw trÐgwno ABC, shmeÐo D sthn BC ÿste BC = 3BD, shmeÐo
E sthn CA ÿste CA = 3CE kai shmeÐo Z sthn AB ÿste AB = 3AZ.
ApodeÐxte ìti ta trÐgwna ABC kai DEZ èqoun to Ðdio kèntrou bĹrouc.

26. An x, y, z > 0 me x + y + z = 1, apodeÐxte ìti

15(x3 + y3 + z3 + xy + yz + zx) + 9xyz ≥ 7.

27. An x, y, z, t > 0, apodeÐxte ìti

x

y + 2z + 3t
+

y

z + 2t + 3x
+

z

t + 2x + 3y
+

t

x + 2y + 3z
≥ 2

3
,

kai genikeÔste gia n jetikoÔc arijmoÔc x1, x2, ..., xn.

28. UpologÐste thn timă thc parĹstashc

K =
7∏

n=1

cos
nπ

15
.

29. ApodeÐxte ìti tan2 1o + tan2 2o + ... + tan2 89o = 4005.

30. An x, y, z > 0 me xy + yz + zx = 1, apodeÐxte ìti

x

1 + x2
+

y

1 + y2
+

z

1 + z2
≥ 2x(1− x2)

(1 + x2)2
+

2y(1− y2)

(1 + y2)2
+

2z(1− z2)

(1 + z2)2
.



31. An x, y, z > 0 me x + y + z ≥ xyz, apodeÐxte ìti x2 + y2 + z2 ≥ xyz.

32. An a, b, c > 0, apodeÐxte ìti

(a2 + 2)(b2 + 2)(c2 + 2) ≥ 9(ab + bc + ca).

33. An x, y, z > 0 me xy + yz + zx = 1, apodeÐxte ìti

x(1− y2)(1− z2) + y(1− z2)(1− x2) + z(1− x2)(1− y2) ≤ 4
√

3

9
.

34. An x, y, z > 0 me x + y + z = 1, apodeÐxte ìti

x√
1− x

+
y√

1− y
+

z√
1− z

≥
√

3

2
.

35. An x, y, z > 0 apodeÐxte ìti

9

4(x + y + z)
≥ x

(x + y)(x + z)
+

y

(y + z)(y + x)
+

z

(z + x)(z + y)
.

36. An x, y, z > 0 apodeÐxte ìti

3

√
(x + y)(y + z)(z + x)

8
≥

√
xy + yz + zx

3
.

37. An a, b > 0, apodeÐxte ìti

3

√
2(a + b)(

1

a
+

1

b
) ≥ 3

√
a

b
+

3

√
b

a
.

38. An x, y, z > 0 apodeÐxte ìti

x

y
+

y

z
+

z

x
≥ x + y + z

3
√

xyz
.

39. An x, y, z > 0 apodeÐxte ìti

(1 +
x

y
)(1 +

y

z
)(1 +

z

x
) ≥ 2(1 +

x + y + z
3
√

xyz
).



40. An a, b > 0, apodeÐxte ìti

(

√
a +

√
b

2
)2 ≤ a +

3
√

a2b +
3
√

ab2 + b

4
≤ a +

√
ab + b

3
≤

√
(

3
√

a2 +
3
√

b2

2
)3.

41. An x, y, z > 0 apodeÐxte ìti

2(x3 + y3 + z3)

xyz
+

9(x + y + z)3

x2 + y2 + z2
≥ 33.

42. An x, y, z > 0 apodeÐxte ìti

x2 + yz

y + z
+

y2 + zx

z + x
+

z2 + xy

x + y
≥ x + y + z.

43. An x, y, z > 0 apodeÐxte ìti

x3 + xyz

y + z
+

y3 + xyz

z + x
+

z3 + xyz

x + y
≥ x2 + y2 + z2.

44. ApodeÐxte ìti se kĹje trÐgwno ABC isqÔei

cos3 A + cos3 B + cos3 C + cos A cos B cos C ≥ 1

2
.

45. ’Estw p prÿtoc me p ≡ 1 mod 3 kai ac eÐnai q = [2p
3
]. An isqÔei

1

1 · 2 +
1

3 · 4 + ... +
1

q(q − 1)
=

m

n
,

ìpou m,n ∈ Z, apodeÐxte ìti p/m.

46. ApodeÐxte ìti se kĹje trÐgwno ABC isqÔei

cos
A

2
cot

A

2
+ cos

B

2
cot

B

2
+ cos

C

2
cot

C

2
≥
√

3

2
(cot

A

2
+ cot

B

2
+ cot

C

2
).

47. An x, y, z > 0 apodeÐxte ìti

(
x

y
+

y

z
+

z

x
)2 ≥ (x + y + z)(

1

x
+

1

y
+

1

z
).



48. An x, y, z > 0 me x2+y2+z2 = 1, apodeÐxte ìti x2yz+y2zx+z2xy ≤ 1
3
.

49. An x, y, z > 0 me xyz = 32, na breÐte thn elĹqisth timă thc parĹsta-
shc K = x2 + 4xy + 4y2 + 2z2.

50. An x, y, z > 0, apodeÐxte ìti:
a) 4(x3 + y3) ≥ (x + y)3,
b) 9(x3 + y3 + z3) ≥ (x + y + z)3

g) breÐte th genÐkeush gia n jetikoÔc arijmoÔc x1, x2, ..., xn.

51. An x, y, z > 0 me xyz = 1, apodeÐxte ìti

x2

x + y + y3z
+

y2

y + z + z3x
+

z2

z + x + x3y
≥ 1.

52. O eggegrammènoc kÔkloc tou trigÿnou ABC efĹptetai stic pleurèc
BC,CA, AB sta shmeÐa M, N,P antÐstoiqa. ApodeÐxte ìti

abMN2 + bcNP 2 + caPM2 = 4(ABC)2,
MN2

hahb

+
NP 2

hbhc

+
PM2

hcha

= 1,

MN + NP + PM ≤ s

√
2r

R
≤ s.

53. ’Estw trÐgwno ABC. ApodeÐxte ìti

a3 + b3 + c3

abc
≥ 4− 2r

R
.

54. UpologÐste thn timă thc parĹstashc sin π
14

+ 6 sin2 π
14
− 8 sin4 π

14
.

55. ’Estw trÐgwno ABC. ApodeÐxte ìti

a(b + c− a)2 + b(c + a− b)2 + c(a + b− c)2 ≤ 6
√

3R2(2R− r).

56. ’Estw a, b, c, d ∈ [−π
2
, π

2
] me sin a+sin b+sin c+sin d = 1 kai cos 2a+

cos 2b + cos 2c + cos 2d ≥ 10
3
. ApodeÐxte ìti a, b, c, d ∈ [0, π

6
].

57. ApodeÐxte ìti èqei to polÔ mÐa akèraia rÐza to poluÿnumo

P (x) = x4 − 2003x3 + (2004 + a)x2 − 2005x + a, a ∈ Z.



58. An a, b, c, d ∈ [0, 1], na breÐte th mègisth timă thc parĹstashc

K =
a

bcd + 1
+

b

cda + 1
+

c

dab + 1
+

d

abc + 1
.

59. An x, y, z > 0 me x + y + z = 1, apodeÐxte ìti

x3 + y3 + z3 + 6xyz ≥ 1

4
.

60. Na brejoÔn ìlec oi suneqeÐc sunartăseic f : R −→ R pou ikanopoioÔn
th sqèsh f(f(f(x))) + f(x) = 2x, gia kĹje x ∈ R.

61. An eÐnai (1 + x4 + x8)100 = a0 + a1x + ... + a800x
800, na upologÐsete

ta ajroÐsmata:

A = a0 + a1 + ... + a800, B = a0 + a2 + ... + a800, C = a1 + a3 + ... + a799,

D = a0 + a4 + ... + a800, E = a1 + a5 + ... + a797.

62. ’Estw trÐgwno ABC, sto opoÐo oi cot A, cot B, cot C eÐnai diadoqikoÐ
ìroi arijmhtikăc proìdou. ApodeÐxte ìti ˆGBA = ˆGAC, ìpou G eÐnai to
barÔkentro tou trigÿnou.

63. Se trÐgwno ABC, oi diĹmesoi AM, CN tèmnontai sto shmeÐo G.
ApodeÐxte ìti to tetrĹpleuro BMCN eÐnai perigrĹyimo an kai mìno an to
trÐgwno ABC eÐnai isoskelèc me bĹsh thn AC.

64. ApodeÐxte ìti se kĹje trÐgwno ABC isqÔei:

tan
A

2
+ tan

B

2
+ tan

C

2
+ tan

A

2
tan

B

2
tan

C

2
≥ 10

√
3

9
.

65. ApodeÐxte ìti se kĹje trÐgwno ABC isqÔei

cos A + cos B + cos C + cot A + cot B + cot C ≥ 3

2
+
√

3.

66. An x, y > 0 me x2 + y2 = 1, apodeÐxte ìti

1

x
+

1

y
≥ 2

√
2 +

(√
x

y
−

√
y

x

)2

.



67. ’Estw orjogÿnio ABCD. H kĹjeth eujeÐa thc AC sto C tèmnei tic
AB, AD sta shmeÐa E kai Z antÐstoiqa. ApodeÐxte ìti

BE
√

CZ + DZ
√

CE = AC
√

EZ.

68. An x, y, z ∈ [1
2
, 1], na breÐte th mègisth timă thc parĹstashc

f =
x + y

z + 1
+

y + z

x + 1
+

z + x

y + 1
.

69. ApodeÐxte ìti se kĹje trÐgwno ABC cos A cos B cos C ≤ ( r
R
√

2
)2.

70. ApodeÐxte ìti se kĹje trÐgwno ABC isqÔei

sin A sin B + sin B sin C + sin C sin A ≤ (cos A + cos B + cos C)2.

71. ApodeÐxte ìti se kĹje trÐgwno ABC embadoÔ E isqÔoun:

8R(R−2r) ≥ (a−b)2 +(b−c)2 +(c−a)2, (ab+bc+ca)

√
abc

a3 + b3 + c3
≥ 4E.

72. An x, y, z > 0 me xy + yz + zx = 1, apodeÐxte ìti

27

4
(x + y)(y + z)(z + x) ≥ (

√
x + y +

√
y + z +

√
z + x)2 ≥ 6

√
3.

73. ApodeÐxte ìti se kĹje trÐgwno ABC isqÔei

a3

ra

+
b3

rb

+
c3

rc

≤ abc

r
.

74. An x, y, z > 2 kai 1
x
+ 1

y
+ 1

z
= 1, apodeÐxte ìti (x−2)(y−2)(z−2) ≤ 1.

75. An x, y, z > 0 kai xy+yz+zx = 3, apodeÐxte ìti x3+y3+z3+6xyz ≥ 9.

76. An a, b, c > 1, apodeÐxte ìti

2

(
logb a

a + b
+

logc b

b + c
+

loga c

c + a

)
≥ 9

a + b + c
.



77. ’Estw trÐgwno ABC kai w′
a, w

′
b, w

′
c oi pleurèc tou trigÿnou pou sqh-

matÐzetai apì tic exwterikèc diqotìmouc twn gwniÿn tou. ApodeÐxte ìti

(
1√
w′

a

+
1√
w′

b

+
1√
w′

c

)2

≤ 3
√

3

4r
.

78. ’Estw mh orjogÿnio trÐgwno ABC. ApodeÐxte ìti

det




tan A tan B tan C
1 1 1

sin 2A sin 2B sin 2C


 = 0.

79. Na lujeÐ h exÐswsh sin x + cos x + tan x + cot x + sec x + csc x = 6, 4.

80. ’Estw trÐgwno ABC kai I to ègkentrì tou. ApodeÐxte ìti

IA2

m2
a

+
IB2

m2
b

+
IC2

m2
c

≤ 4

3
.

81. ApodeÐxte ìti tan 50o + tan 60o + tan 70o = tan 80o.

82. An x, y, z > 0 kai n ∈ N apodeÐxte ìti

xn

y + z
+

yn

z + x
+

zn

x + y
≥ xn−1 + yn−1 + zn−1

2
.

83. An x, y, z > 0 kai xyz = 1, apodeÐxte ìti

1

x3(y + z)
+

1

y3(z + x)
+

1

z3(x + y)
+

4(xy + yz + zx)

(x + y)(y + z)(z + x)
≥ xy + yz + zx.

84.An x, y > 0, x 6= y, apodeÐxte ìti

x + y

2
≥ x− y

ln x− ln y
≥ √

xy.

85. ApodeÐxte ìti an x ≥ 0, 2 sinh x + tanh x ≥ 3x.

86. An x, y, z ∈ [0, 1] kai (1− x)(1− y)(1− z) = xyz, apodeÐxte ìti

x(1− y) + y(1− z) + z(1− x) ≥ 3

4
.



87. An x, y, z > 0, apodeÐxte ìti

x8 + y8 + z8

x3y3z3
≥ 1

x
+

1

y
+

1

z
.

88. Se trÐgwno ABC apodeÐxte ìti

2s(ma + mb + mc) ≥ 3(ama + bmb + cmc).

89. ’Estw trÐgwno ABC kai ac eÐnai Ta, Tb, Tc oi diqotìmoi twn gwniÿn
tou ekteinìmenec mèqri ton perigegrammèno kÔklo. ApodeÐxte ìti:

TaTbTc ≥ 8

9

√
3abc, Ta + Tb + Tc ≤ 5R + 2r.

90. ApodeÐxte ìti se kĹje trÐgwno ABC isqÔei

cos2 B − C

2
+ cos2 C − A

2
+ cos2 A−B

2
≥ 24 sin

A

2
sin

B

2
sin

C

2
.

91. ApodeÐxte ìti se kĹje trÐgwno ABC isqÔei

(1− cos A)(1− cos B)(1− cos C) ≥ cos A cos B cos C,

kai me th boăjeia autăc, apodeÐxte ìti se kĹje trÐgwno ABC isqÔei

(1 + cos 2A)(1 + cos 2B)(1 + cos 2C) + cos 2A cos 2B cos 2C ≥ 0.

92. ApodeÐxte ìti se kĹje trÐgwno ABC isqÔei

sin A sin B + sin B sin C + sin C sin A ≤ 7

4
+ 4 sin

A

2
sin

B

2
sin

C

2
≤ 9

4
.

93. ApodeÐxte ìti se kĹje trÐgwno ABC isqÔei

sin2 A + sin2 B + sin2 C ≤ 2 + 16

(
sin

A

2
sin

B

2
sin

C

2

)2

≤ 9

4
.

94. ApodeÐxte ìti se kĹje trÐgwno ABC isqÔei
tan A + tan B + tan C ≥ ă ≤ (sin 2A + sin 2B + sin 2C),
anĹloga me to an to trÐgwno eÐnai oxugÿnio ă amblugÿnio antÐstoiqa.



95. ApodeÐxte ìti se kĹje trÐgwno ABC isqÔei

cos A cos B cos C ≤ 8

(
sin

A

2
sin

B

2
sin

C

2

)2

≤ 1

8
.

96. DÐnetai to poluÿnumo f(x) = xn + an−1x
n−1 + ... + a1x + 1 me

a1, a2, ...an−1 > 0, to opoÐo èqei n pragmatikèc rÐzec. ApodeÐxte ìti:
a)f(2) ≥ 3n,
b) f(x) ≥ (x + 1)n, gia kĹje x ≥ 0,
g) ak ≥

(
n
k

)
, gia kĹje k = 1, 2, ..., n− 1.

97. An P (x) poluÿnumo bajmoÔ n gia to opoÐo isqÔei P (k) = 1
k
gia kĹje

k = 1, 2, ..., n + 1, breÐte to P (n + 2).

98. ApodeÐxte ìti h sunĹrthsh ln x de mporeÐ na parastajeÐ sth morfă
f(x)
g(x)

, ìpou f, g poluÿnuma tou x.

99. Na brejoÔn ìlec oi sunartăseic f , oi opoÐec ikanopoioÔn th sqèsh

f(x) + f(y) = f

(
x + y

1− xy

)
,

gia kĹje x, y me xy 6= 1.

100. ApodeÐxte ìti tan 3π
11

+ 4 sin 2π
11

=
√

11.

101. Na lÔsete to sÔsthma twn exisÿsewn

xy + yz + zx = 1, 3(x +
1

x
) = 4(y +

1

y
) = 5(z +

1

z
).

102. An a1, a2, ..., an ∈ [−2, 2] kai a1 + a2 + ... + an = 0, apodeÐxte ìti
|a3

1 + a3
2 + ... + a3

n| ≤ 2n.

103. ’Estw P èna poluÿnumo me jetikoÔc suntelestèc. An isqÔei h
anisìthta P ( 1

x
) ≥ 1

P (x)
gia x = 1, apodeÐxte ìti isqÔei gia kĹje x > 0.

104. ’Estw h gnhsÐwc aÔxousa sunĹrthsh f : R → R, gia thn opoÐa
isqÔei f(f(x)) = x√

x2+2
. ApodeÐxte ìti upĹrqei x0 tètoio ÿste f(x0) > 1.

105. ApodeÐxte ìti

(1+tan 1o)(1+tan 3o)...(1+tan 43o) < 211 < (1+tan 2o)(1+tan 4o)...(1+tan 44o).

106. ApodeÐxte ìti se kĹje trÐgwno ABC isqÔei cos2(B−C
2

) ≥ 2r
R

.



107. ’Estw trÐgwno ABC. ApodeÐxte ìti:
a) upĹrqei trÐgwno me pleurèc a(s− a), b(s− b), c(s− c),
b)

(
ma

a
)2 + (

mb

b
)2 + (

mc

c
)2 ≥ 9

4
.

108. Ac eÐnai trÐgwno ABC me diamèsouc ma,mb,mc kai ac eÐnai Ma,Mb,Mc

ta măkh twn diamèswn pou ekteÐnontai mèqri ton perigegrammèno kÔklo. Apo-
deÐxte ìti

Ma

ma

+
Mb

mb

+
Mc

mc

≥ 4.

109. Ac eÐnai G to barÔkentro tou trigÿnou ABC kai A′, B′, C ′ ta shmeÐa
sta opoÐa tèmnoun oi GA,GB, GC ton perigegrammèno kÔklo. ApodeÐxte ìti:

∑
GA′ ≥

∑
GA,

∑ GA

GA′ = 3,
∏

GA ≥
∏

GA′.

110. ’Estw trÐgwno ABC kai O to perÐkentrì tou. Oi AO,BO, CO
tèmnoun tic pleurèc BC, CA, AB sta shmeÐa A′, B′, C ′ antÐstoiqa. ApodeÐxte
ìti

OA′ + OB′ + OC ′ ≥ 3R

2
.

111.ApodeÐxte ìti se kĹje trÐgwno ABC isqÔei

2

3

∑
cos A ≥

∏
cos

B − C

2
≥ 4

9

∑
sin B sin C.

112. ’Estw trÐgwno ABC kai ma, mb,mc oi diĹmesoÐ tou. ApodeÐxte ìti
apì ta ma, mb,mc kataskeuĹzetai trÐgwno kai na upologÐsete to embadìn tou
sunartăsei tou embadoÔ tou trigÿnou ABC.

113. An a, b, c ∈ R apodeÐxte ìti

√
a2 + (1− b)2 +

√
b2 + (1− c)2 +

√
c2 + (1− a)2 ≥ 3

√
2

2
.

114. An , a, b, c ∈ (0, 1), apodeÐxte ìti

√
abc +

√
(1− a)(1− b)(1− c) < 1.



115. An a, b, c > 0 apodeÐxte ìti

a

(b + c)2
+

b

(c + a)2
+

c

(a + b)2
≥ 9

4(a + b + c)
.

116. An a, b, c > 0 me a + b + c = 1 apodeÐxte ìti

6(a3 + b3 + c3) + 1 ≥ 5(a2 + b2 + c2).

117. An x, y, z > 0 me x + y + z = xyz, apodeÐxte ìti

xy + yz + zx ≥ 3 +
√

x2 + 1 +
√

y2 + 1 +
√

z2 + 1.

118. An I eÐnai to ègkentro tou trigÿnou ABC kai oi IA, IB, IC tèmnoun
ton perigegrammèno kÔklo sta shmeÐa D, E, Z antÐstoiqa, apodeÐxte ìti

IA

ID
+

IB

IE
+

IC

IZ
≥ 3.

119. Se kĹje trÐgwno ABC apodeÐxte ìti

∏
(b + c) ≤ 8sR(2R + r),

∑
bc(b + c) ≤ 8sR(R + r),

∑
a3 ≤ 8s(R2− r2).

120. An x, y, z > 0 me xy + yz + zx = 1, na breÐte thn elĹqisth timă thc
parĹstashc

K = x(1− y2)(1− z2) + y(1− z2)(1− x2) + z(1− x2)(1− y2).

121. Se kĹje trÐgwno ABC apodeÐxte ìti isqÔei

(sin A + sin B + sin C)2 ≤ 6(1 + cos A cos B cos C).

122. An x, y, z > 0 me x + y + z = xyz, na breÐte thn elĹqisth timă thc
parĹstashc

K =

√
1 +

1

x2
+

√
1 +

1

y2
+

√
1 +

1

z2
.

123. DÐnetai h sunĹrthsh f(x) = 4 sin 3x sin3 x+4 cos 3x cos3 x−3 cos 2x.
ApodeÐxte ìti |f(x)| ≤ 1.



124. An a, b, c, d ∈ R me a2 + b2 ≤ 1, c2 + d2 ≤ 1. ApodeÐxte ìti

√
(a + c)2 + (b + d)2 +

√
(a− c)2 + (b− d)2 ≤ 2

√
2.

125. Se kĹje trÐgwno ABC apodeÐxte ìti

x + y

z

bc

s− a
+

y + z

x

ca

s− b
+

z + x

y

ab

s− c
≥ 4(a + b + c),

ìpou x, y, z > 0.

126.Se kĹje trÐgwno ABC apodeÐxte ìti

∑
tan2 A

2
tan2 B

2
≤

(
2R− r

s

)2

.

127. An x, y, z > 0, apodeÐxte ìti

√
x2 + 1 +

√
y2 + 1 +

√
z2 + 1 ≥

√
6(x + y + z).

128. Se kĹje trÐgwno ABC apodeÐxte ìti

sin B sin C ≤ 1− a2

(b + c)2
.

129. Se trÐgwno ABC apodeÐxte ìti

a2

ama + bc
+

b2

bmb + ca
+

c2

cmc + ab
>

3

2
.

130. Ac eÐnai a, n akèraioi kai p prÿtoc me p > |a| + 1. ApodeÐxte ìti
to poluÿnumo f(x) = xn + ax + p de mporeÐ na grafeÐ wc ginìmeno dÔo me
stajerÿn poluwnÔmwn me akèraiouc suntelestèc.

131. An x, y, z > 0 me x+y+z = 1 apodeÐxte ìti 7(xy+yz+zx) ≤ 2+9xyz.

132. An x, y, z ∈ R tètoioi ÿste xyz + x + z = y, na breÐte th mègisth
timă thc parĹstashc

K =
2

x2 + 1
− 2

y2 + 1
+

3

z2 + 1
.



133. ’Estw oxugÿnio trÐgwno ABC kai M, N, P oi probolèc tou barÔ-
kentrou stic pleurèc BC, CA, AB antÐstoiqa. ApodeÐxte ìti

4

27
<

(MNP )

(ABC)
≤ 1

4
.

134. An a, b, c, d ∈ R ÿste d > 0, a+c > b+d, a+b+c+d > 0, apodeÐxte
ìti b2 ≥ 3ac.

135. An x 6= kπ
2
, apodeÐxte ìti

√
sin2 x +

1

sin2 x
+

√
cos2 x +

1

cos2 x
≥
√

10.

136. Na brejoÔn oi jetikoÐ akèraioi n, k1, k2, ..., kn an isqÔoun

k1 + k2 + ... + kn = 5n− 4,
1

k1

+
1

k2

+ ... +
1

kn

= 1.

137. An x, y, z > 0 me x2 + y2 + z2 = 1, apodeÐxte ìti

1

x2
+

1

y2
+

1

z2
≥ 3 +

2(x3 + y3 + z3)

xyz
.

138. An x, y, z > 0 me x + y + z = xyz, apodeÐxte ìti

x5(yz − 1) + y5(zx− 1) + z5(xy − 1) ≥ 54
√

3.

139.a) ApodeÐxte ìti t ≤ tan t ≤ t + t3, ìtan t ∈ (0, 1]
b) UpologÐste to

l = lim
y→0

1

y

∫ π

0

tan(y sin x)dx.

140. ApodeÐxte ìti se kĹje oxugÿnio trÐgwno isqÔei

a tan A + b tan B + c tan C ≥ 10R− 2r.

141. An x, y, z > 0, apodeÐxte ìti

x

y + z
+

y

z + x
+

z

x + y
≥ x2 + yz

(x + y)(x + z)
+

y2 + zx

(y + z)(y + x)
+

z2 + xy

(z + x)(z + y)
.



142. An x, y, z > 0, apodeÐxte ìti

∑ y2 − x2

z + x
≥ 0.

143. UpologÐste th timă thc parĹstashc

K = (
√

3 + tan 1o)(
√

3 + tan 2o)...(
√

3 + tan 89o).

144. An x, y, z > 0, na breÐte thn elĹqisth timă thc parĹstashc

K =

(
1

x2
+

1

y2
+

1

z2

)
(1 + x)(1 + y)(1 + z).

145. JewroÔme trÐgwno ABC kai stic proektĹseic twn pleurÿn BC
(proc to C), CA (proc to A), AB (proc to B), jewroÔme shmeÐa D,E, Z
antÐstoiqa ÿste CD = AE = BZ. Na apodeÐxete ìti an to trÐgwno DEZ
eÐnai isìpleuro, kai to trÐgwno ABC eÐnai isìpleuro.

146. An x, y > 0 me x2 + y2 = 1, apodeÐxte ìti x3 + y3 ≥ √
2xy.

147. ApodeÐxte ìti se kĹje trÐgwno ABC isqÔoun:

1

2− cos A
+

1

2− cos B
+

1

2− cos C
≥ 2,

1

5− cos A
+

1

5− cos B
+

1

5− cos C
≤ 2

3
.

148. An x, y, z ∈ R apodeÐxte ìti

∑
x(y + z − x)3 ≤ 4xyz(x + y + z).

149. ApodeÐxte ìti se kĹje trÐgwno ABC isqÔei

sin A + sin B + sin C ≤
√

15

4
+ cos(A−B) + cos(B − C) + cos(C − A).

150. An x, y, z > 0 kai 1
x

+ 1
y

+ 1
z
≥ 3

2
, apodeÐxte ìti

x

x + yz
+

y

y + zx
+

z

z + xy
≥ 1.



151. An x, y, z ∈ R me cos x+cos y +cos z = cos 3x+cos 3y +cos 3z = 0,
apodeÐxte ìti cos 2x + cos 2y + cos 2z ≤ 0.

152. DÐnetai kÔkloc c kai mÐa diĹmetrìc tou AB. Sth proèktash thc
diamètrou proc to B jewroÔme shmeÐo C kai mÐa tèmnousa CDE tou kÔklou.
ApodeÐxte ìti eÐnai stajeră h timă thc parĹstashc

K = tan ĈAD tan ĈAE.

153. ApodeÐxte ìti se kĹje trÐgwno ABC isqÔei

ab(s− c)2 + bc(s− a)2 + ca(s− b)2 ≥ sabc

2
.

154. ’Estw ABC orjogÿnio trÐgwno me ÂBC = 90o. ApodeÐxte ìti

a2(b + c) + b2(c + a)

abc
≥ 2 +

√
2.

155. An x, y, z > 0, apodeÐxte ìti

x

y(y + z)2
+

y

z(z + x)2
+

z

x(x + y)2
≥ 9

4(xy + yz + zx)
.

156. An x, y, z > 0 me 1
x+1

+ 1
y+1

+ 1
z+1

= 2, apodeÐxte ìti

1

4x + 1
+

1

4y + 1
+

1

4z + 1
≥ 1.

157. Se kĹje trÐgwno ABC apodeÐxte ìti

h2
a

b2 + c2
· h2

b

c2 + a2
· h2

c

a2 + b2
≤

(
3

8

)3

.

158. Se kĹje trÐgwno ABC apodeÐxte ìti

0 ≤ m2
a − w2

a ≤
(b− c)2

2
.

159. ’Estw kÔkloc (O, r) kai shmeÐo toÔ A. An M,N, P shmeÐa tou

kÔklou tètoia ÿste
−−→
OM +

−−→
ON +

−→
OP =

−→
OA, apodeÐxte ìti M ≡ A ă N ≡ A

ă P ≡ A.



160. An x, y, z > 0 apodeÐxte ìti

√
y + z

x
+

√
z + x

y
+

√
x + y

z
≥

√
16(x + y + z)3

3(x + y)(y + z)(z + x)
.

161. An a, b > 0 me ab + b = ba + a, na apodeÐxete ìti 1 + ab ≥ a + b.

162. ApodeÐxte ìti se kĹje trÐgwno ABC isqÔei

∑
a cos A ≤ 2

3

∑
ma sin A ≤ s.

163. An x, y, z ∈ [0, 1) kai x4 + y4 + z4 = 1, na brejeÐ to elĹqisto thc
parĹstashc

K =
x3

1− x8
+

y3

1− y8
+

z3

1− z8
.

164. MÐa anisìthta P ≥ Q, ìpou P, Q parastĹseic pou perièqoun
stoiqeÐa tou trigÿnou ABC, onomĹzetai isqură (ant. asjenăc) ìtan isqÔei
P −Q ≤ M (ant. P −Q ≥ M), ìpou M = R−2r

R
. DÐnontai oi anisìthtec

i) sin2 A

2
+ sin2 B

2
+ sin2 C

2
≥ 3

4

ii) cos2 A

2
+ cos2 A

2
+ cos2 A

2
≥ sin B sin C + sin C sin A + sin A sin B.

ApodeÐxte ìti h i) eÐnai isqură enÿ h ii) eÐnai asjenăc.

165. ’Estw P poluÿnumo bajmoÔ n > 1 me suntelestă tou xn to 1 kai me
n arnhtikèc rÐzec. ApodeÐxte ìti P ′(0)P (1) ≥ 2n2P (0). BreÐte pìte isqÔei h
isìthta.

166. An a, b, c eÐnai pleurèc trigÿnou, apodeÐxte ìti

(a + b)(b + c)(c + a) + (−a + b + c)(a− b + c)(a + b− c) ≥ 9abc.

167. ’Estw trÐgwno ABC kai I to ègkentrì tou. An M,N, P eÐnai ta
mèsa twn pleurÿn tou, R h aktÐna tou perigegrammènou kÔklou, r h aktÐna
tou eggegrammènou kÔklou, apodeÐxte ìti IM2 + IN2 + IP 2 ≥ r(R + r).



168. ’Estw tetrĹpleuro ABCD me AB = BC = CD kai AC 6= BD. An
E eÐnai to shmeÐo tomăc twn AC,BD apodeÐxte ìti

AE = DE ⇔ B̂AD + ĈDA = 120o.

169. ’Estw mh isìpleuro trÐgwno ABC. Na apodeÐxte ìti upĹrqei sh-
meÐo P sto eswterikì tou, ÿste ta eujÔgramma tmămata PA,PB, PC na mhn
apoteloÔn pleurèc trigÿnou.

170. ’Estw kurtì eggrĹyimo tetrĹpleuro ABCD. Na apodeÐxete ìti
(AB + CD)2 + (AD + BC)2 ≥ (AC + BD)2. Na exetĹsete pìte isqÔei h
isìthta.

171. ’Estw x > 1. ApodeÐxte ìti ln x ≥ 3(x2−1)
x4+4x+1

kai me th boăjeia autăc
ìti an a, b > 0, a 6= b,

a− b

ln a− ln b
<

1

3

(
2
√

ab +
a + b

2

)
.

172. ’Estw trÐgwno ABC me A − B = 120o kai R = 8r. UpologÐste to
cos C.

173. An a, b, c, d > 0, apodeÐxte ìti

a + c

a + b
+

b + d

b + c
+

c + a

c + d
+

d + b

d + a
≥ 4.

174. An n ≥ 2 fusikìc arijmìc, apodeÐxte ìti

(n + 1) cos
π

n + 1
− n cos

π

n
> 1.

175. An x, y, z > 0 me x2 + y2 + z2 = 1, apodeÐxte ìti:

1

x
+

1

y
+

1

z
− (x + y + z) ≥ 2

√
3 kai

1

x
+

1

y
+

1

z
+ x + y + z ≥ 4

√
3.

176. ’Estw trÐgwno ABC. ApodeÐxte ìti

∑ bc

b + c
sin2 A

2
≤ a + b + c

8
.



177. ’Estw trÐgwno ABC me tic gwnÐec B, C oxeÐec. ApodeÐxte ìti h
parĹstash K = 1

h2
a
− ( 1

b2
+ 1

c2
) eÐnai jetikă, mhdèn ă arnhtikă, anĹloga me to

an h gwnÐa A eÐnai ambleÐa, orjă ă oxeÐa antÐstoiqa.

178. Se kĹje trÐgwno ABC apodeÐxte ìti

3

√
3r

s
≤

√
tan

A

2
+

√
tan

B

2
+

√
tan

C

2
≤

√
s

r
.

179. ’Estw mh amblugÿnio trÐgwno ABC. ApodeÐxte ìti

a cos3 A + b cos3 B + cos3 C ≥ abc

8R2
.

180. ApodeÐxte ìti se kĹje trÐgwno isqÔei

cot
A

2
+ cot

B

2
+ cot

C

2
− 2(cot A + cot B + cot C) ≥

√
3.

181. An x, y, z > 0 me x + y + z = 1, na breÐte thn elĹqisth timă thc
parĹstashc

K =
1√
xyz

+

√
yz

x
+

√
zx

y
+

√
xy

z
.

182. An x, y, z > 0 me xy + yz + zx = 1, apodeÐxte ìti

(
x +

1

y

)2

+

(
y +

1

z

)2

+

(
z +

1

x

)2

≥ 16.

183. An ABC oxugÿnio trÐgwno me embadì E, apodeÐxte ìti
i)
√

cot A +
√

cot B +
√

cot C ≤ E
r2 kai

ii)
∑√

a2 + b2 − c2
√

b2 + c2 − a2 ≤ ab + bc + ca.

184. ’Estw trÐgwno ABC sto opoÐo h diĹmesoc pou antistoiqeÐ sth pleurĹ
BC eÐnai Ðsh me thn pleurĹ AB. ApodeÐxte ìti

tan B = 3 tan C kai sin A = 2 sin(B − C).

185. An x, y, z > 0 me xyz = 1, apodeÐxte ìti

y + z√
x

+
z + x√

y
+

x + y√
z
≥ √

x +
√

y +
√

z + 3.



186. An x, y, z > 0 me x + y + z = 1, apodeÐxte ìti

x2 + y

y + z
+

y2 + z

z + x
+

z2 + x

x + y
≥ 2.

187. An x, y, z > 0, apodeÐxte ìti

x3

y2
+

y3

z2
+

z3

x2
≥ x2

y
+

y2

z
+

z2

x
.

188. An x, y, z > 0 me x + y + z = 3, apodeÐxte ìti

√
x +

√
y +

√
z ≥ xy + yz + zx.

189. An x, y, z > 0 me x2 + y2 + z2 = xyz, apodeÐxte ìti:

xyz ≥ 27, xy + yz + zx ≥ 27,

x + y + z ≥ 9, xy + yz + zx ≥ 2(x + y + z) + 9.

190. ’Estw ABC oxugÿnio trÐgwno eggegrammèno se kÔklo C. An
A′, B′, C ′ eÐnai ta shmeÐa tomăc twn uyÿn ha, hb, hc me ton C, apodeÐxte ìti

AB ·BC · CA ≥ 3
√

3A′B · A′C ·B′C ·B′A · C ′A · C ′B.

191. ’Estw trÐgwno ABC embadoÔ E. ApodeÐxte ìti

bc

b + c
+

ca

c + a
+

ab

a + b
≥ 2E

R
.

192. ’Estw trÐgwno ABC tou opoÐou oi gwnÐec metroÔntai se aktÐnia.
ApodeÐxte ìti:

∑ b + c− a

A
≥ 6s

π
,

∑ b + c− a

aA
≥ 9

π
.

193. ’Estw mh amblugÿnio trÐgwno ABC. ApodeÐxte ìti

∑ sin B + sin C

A
>

12

π
.



194. An A,B,C gwnÐec trigÿnou, apodeÐxte ìti

∑
sin B sin C ≤ 3

∑
sin

B

2
sin

C

2
.

195. An x, y, z, w > 0 me

1

1 + x4
+

1

1 + y4
+

1

1 + z4
+

1

1 + w4
= 1,

apodeÐxte ìti xyzw ≥ 3.

196. An x, y, z > 0 apodeÐxte ìti
√

x2 + xy + y2 +
√

y2 + yz + z2 +
√

z2 + zx + x2 ≥ 3
√

xy + yz + zx.

197. ’Estw trÐgwno ABC kai I to ègkentrì tou. ApodeÐxte ìti

6r ≤ IA + IB + IC ≤
√

12(R2 −Rr + r2).

198. An x, y, z > 0 apodeÐxte ìti

√
x + y + z +

√
x

y + z
+

√
x + y + z +

√
y

z + x
+

√
x + y + z +

√
z

x + y
≥ 9 + 3

√
3

2
√

x + y + z
.

199. ’Estw trÐgwno ABC. ApodeÐxte ìti

8(cos A + cos B + cos C) ≤ 9 +
∑

cos(A−B) ≤ csc2 A

2
+ csc2 B

2
+ csc2 C

2
.

200. ’Estw trÐgwno ABC kai M to mèso thc pleurĹc BC. ApodeÐxte ìti

cos
B − C

2
≥ sin ÂMB ≥ 8 sin

A

2
sin

B

2
sin

C

2
.

201. ’Estw trÐgwno ABC me orjă th gwnÐa C. BreÐte th mègisth timă
thc parĹstashc r

R
.

202. An x, y, z > 0 me xy + yz + zx = 1, apodeÐxte ìti

(x + y + z)

(
x

2x + y + z
+

y

x + 2y + z
+

z

x + y + 2z

)
≥ 3

√
3

4
.



203. An A,B, C oi gwnÐec trigÿnou ABC, metroÔmenec se aktÐnia, apo-
deÐxte ìti

(sin A + sin B + sin C)(
1

A
+

1

B
+

1

C
) ≥ 27

√
3

2π
.

204. An a, b, c > 0 apodeÐxte ìti

3 max

{
a

b
+

b

c
+

c

a
,
b

a
+

c

b
+

a

c

}
≥ (a + b + c)(

1

a
+

1

b
+

1

c
).

205. An a, b, c ≥ 1 apodeÐxte ìti

√
a− 1 +

√
b− 1 +

√
c− 1 ≤

√
c(ab + 1).

206. ’Estw x, y, z > 0 me x + y + z = 3. ApodeÐxte ìti:

x2

y + 1
+

y2

z + 1
+

z2

x + 1
≥ 3

2
,

x

y + 1
+

y

z + 1
+

z

x + 1
≥ 3

2
,

x2

y2 + 1
+

y2

z2 + 1
+

z2

x2 + 1
≥ 3

2
,

x

y2 + 1
+

y

z2 + 1
+

z

x2 + 1
≥ 3

2
.

207. An x, y, z ∈ (0, 1) me x + y + z = 1, apodeÐxte ìti

√
xy

z + xy
+

√
yz

x + yz
+

√
zx

y + zx
≤ 3

2
.

208. ’Estw trÐgwno ABC kai I to ègkentrì tou. Oi BI,CI tèmnoun
tic AC,AB sta shmeÐa B′, C ′ antÐstoiqa. ApodeÐxte ìti to AB′ · AC ′ eÐnai
megalÔtero, Ðso ă mikrìtero tou AI2 an kai mìno an h gwnÐa A eÐnai ambleÐa,
orjă ă oxeÐa antÐstoiqa.

209. An x, y, z > 0 apodeÐxte ìti

(x2 + xy + y2)(y2 + yz + z2)(z2 + zx + x2) ≥ (xy + yz + zx)3.

210. An x, y, z > 0 me x2 + y2 + z2 +xyz = 4, apodeÐxte ìti x+ y + z ≤ 3.

211. ApodeÐxte ìti se kĹje trÐgwno ABC isqÔei

2R(ma + mb + mc) ≥ a2 + b2 + c2.



212. An a, b, c, d > 0 apodeÐxte ìti

3

√
abc + abd + bcd + acd

4
≤

√
ab + ac + ad + bc + bd + cd

6
.

213. ’Estw trÐgwno ABC sto opoÐo isqÔei 3A + 2B = 180o. ApodeÐxte
ìti a2 + bc− c2 = 0.

214. ’Estw trÐgwno ABC. ApodeÐxte ìti

(
a

ma

)2

+

(
b

mb

)2

+

(
c

mc

)2

≥ 4.

215. ’Estw trÐgwno ABC kai M to mèso thc pleurĹc BC. ApodeÐxte ìti

cot M̂AC − cot M̂AB = 2 cot ÂMB.

216. An xi > 0 me i = 1, 2, 3, ..., n apodeÐxte ìti

(1 +
x2

1

x2

)(1 +
x2

2

x3

) · · · (1 +
x2

n

x1

) ≥ (1 + x1)(1 + x2) · · · (1 + xn).

217. An x ∈ (0, π) apodeÐxte ìti ( sin x
x

)3 > cos x.

218. ’Estw trÐgwno ABC kai G to kèntro bĹrouc tou. An E eÐnai to
mèso thc pleurĹc AB kai Z thc AC, apodeÐxte ìti to tetrĹpleuro AEGZ
eÐnai eggrĹyimo an kai mìno an b2 + c2 = 2a2.

219. ’Estw trÐgwno ABC embadoÔ E. ApodeÐxte ìti to trÐgwno eÐnai
isìpleuro an kai mìno an isqÔei cha + ahb + bhc = 6E.

220. An x, y, z > 0 apodeÐxte ìti

x + y + z

3
√

3
≥ xy + yz + zx√

x2 + xy + y2 +
√

y2 + yz + z2 +
√

z2 + zx + x2
.

221. An a, b, c > 0 kai x ≥ a+b+c
3
√

3
− 1, apodeÐxte ìti

(b + cx)2

a
+

(c + ax)2

b
+

(a + bx)2

c
≥ abc.

222. An a, b, c > 0 me abc = 1, apodeÐxte ìti ab2 +bc2 +ca2 ≥ ab+bc+ca.



223. An a, b, c > 0 me a + b + c = 1, apodeÐxte ìti

a

a + bc
+

b

b + ca
+

√
abc

c + ab
≤ 1 +

3
√

3

4
.

224. An a, b, c > 0 me abc = 1 kai n ∈ N , apodeÐxte ìti

1

an + bn + 1
+

1

bn + cn + 1
+

1

cn + an + 1
≤ 1.

225. An a, b, c > 0 apodeÐxte ìti

(
a

b
+

b

c
+

c

a
)2 ≥ (a + b + c)(

1

a
+

1

b
+

1

c
).

226. An a, b, c > 0 me a+ b+ c ≥ abc, apodeÐxte ìti a2 + b2 + c2 ≥ √
3abc.

227. An a, b, c > 0 apodeÐxte ìti

bc

a2 + bc
+

ca

b2 + ca
+

ab

c2 + ab
≤ a

b + c
+

b

c + a
+

c

a + b
.

228. An x, y, z > 0 apodeÐxte ìti

√
x + y + z

( √
x

y + z
+

√
y

z + x
+

√
z

x + y

)
≥ 3

√
3

2
.

229. An x, y, z ∈ (0, 1) me x + y + z = 1, apodeÐxte ìti

√
x

x + yz
+

√
y

y + zx
+

√
z

z + xy
≤ 3

√
3

2
,

√
xyz

(1− x)(1− y)(1− z)
≤ 3

√
3

8
.

230. ’Estw trÐgwno ABC. ApodeÐxte ìti

∑ b2 + c2

ma

≤ 12R,
∑ b2 + c2

ha

≥ 12R.

231. An A,B,C gwnÐec trigÿnou, apodeÐxte ìti

∑
cos

A

2
·
∑

csc
A

2
−

∑
cot

A

2
≥ 6

√
3.



232. An x, y ∈ [0, 1] apodeÐxte ìti

1√
1 + x2

+
1√

1 + y2
≤ 2√

1 + xy
.

233. To poluÿnumo P (x) = x4− 2x2 + ax+ b èqei tèsseric diakekrimènec
pragmatikèc rÐzec. ApodeÐxte ìti ìlec oi rÐzec èqoun apìluth timă mikrìterh
apì

√
3.

234. Ac eÐnai I to ègkentro trigÿnou ABC kai D to shmeÐo tomăc thc
AI me ton perigegrammèno kÔklo. An E, Z eÐnai ta Ðqnh twn probolÿn tou I
sta tmămata BD, CD kai isqÔei IE + IZ = 1

2
AD, upologÐste th gwnÐa A.

235. An A,B,C eÐnai gwnÐec trigÿnou, apodeÐxte ìti

2√
3

∑
sin A ≤

∑
cos

B − C

2
≤ 2√

3

∑
cos

A

2
.

236. ’Estw trÐgwno ABC.
An I eÐnai to ègkentrì tou, apodeÐxte ìti ab + bc + ca ≤ (IA + IB + IC)2.
An to trÐgwno eÐnai mh amblugÿnio, apodeÐxte ìti s2 ≥ 2R2 + 8Rr + 3r2.

237. An x, y, z > 0 apodeÐxte ìti

x +
√

xy + 3
√

xyz

3
≤ 3

√
x · x + y

2
· x + y + z

3
.

238. An x, y > 0 apodeÐxte ìti

x4 + y4 + 3 ≥ x + y + 3
3xy + 1

4
3

√
3xy + 1

4
.

239. An a, b, c > 0 me abc = 1, apodeÐxte ìti

1 + ab2

c3
+

1 + bc2

a3
+

1 + ca2

b3
≥ 18

a3 + b3 + c3
.

240. An a, b, c > 0 me a2 + b2 + c2 = 1, apodeÐxte ìti

a + b + c +
1

abc
≥ 4

√
3.



241. An a, b, c > 0 me a+b+c = 3, apodeÐxte ìti a4+b4+c4 ≥ a2+b2+c2.

242. An a, b, c > 0 apodeÐxte ìti

a2

b
+

b2

c
+

c2

a
≥ a + b + c +

4(a− b)2

a + b + c
.

243. ’Estw to trÐgwno ABC kai ac eÐnai rm h aktÐna tou eggegrammènou
kÔklou tou trigÿnou pou orÐzetai apì tic diamèsouc tou trigÿnou ABC.
ApodeÐxte ìti

rm ≤ 3abc

4(a2 + b2 + c2)
.

244. ’Estw to trÐgwno ABC kai ac eÐnai Rm h aktÐna tou perigegrammènou
kÔklou tou trigÿnou pou orÐzetai apì tic diamèsouc tou trigÿnou ABC.
ApodeÐxte ìti

Rm ≥ a2 + b2 + c2

2(a + b + c)
.

245. ’Estw trÐgwno ABC me eswterikèc diqotìmouc wa, wb, wc kai ac eÐnai
Wa,Wb,Wc oi exwterikèc diqotìmoi proekteinìmenec wc ton perigegrammèno
kÔklo. ApodeÐxte ìti

Wa + Wb + Wc ≥ 4

3
(wa + wb + wc).

246. ’Estw trÐgwno ABC embadoÔ E. ApodeÐxte ìti 27E2 ≤ a3b3c2.

247. ’Estw oxugÿnio trÐgwno ABC. ApodeÐxte ìti

cot
A

2
+ cot

B

2
+ cot

C

2
≤ 3

2
(csc 2A + csc 2B + csc 2C).

248. Ac eÐnai x, y, z ∈ R me xyz(x + y + z) > 0 kai èstw trÐgwno ABC
me pleurèc a, b, c, diamèsouc ma, mb,mc kai embadì E. ApodeÐxte ìti:

|yza2 + zxb2 + xyc2| ≥ 4E
√

xyz(x + y + z),

|yzm2
a + zxm2

b + xym2
c | ≥ 3E

√
xyz(x + y + z).

249. An a, b, c ≥ 0 me a + b + c = 1, apodeÐxte ìti

ab + bc + ca ≤ a3 + b3 + c3 + 6abc ≤ a2 + b2 + c2 ≤ 2(a3 + b3 + c3) + 3abc



kai anafèrete pìte isqÔei h isìthta se kĹje perÐptwsh.

250. ’Estw oxugÿnio trÐgwno ABC. ApodeÐxte ìti

(tan A + tan B + tan C)2 ≥ (1 +
1

cos A
)2 + (1 +

1

cos B
)2 + (1 +

1

cos C
)2.

251. Oi arijmoÐ x1, x2, ..., xn anăkoun sto diĹsthma [−1, 1] kai isqÔei
x3

1 + x3
2 + ... + x3

n = 0. ApodeÐxte ìti x1 + x2 + ... + xn ≤ n
3
.

252. An a, b, c > 0 apodeÐxte ìti
√

b + c

a
+

√
c + a

b
+

√
a + b

c
≥ 4(a + b + c)√

(a + b)(b + c)(c + a)
.

253. An a, b, c pleurèc trigÿnou, apodeÐxte ìti

a√
2b2 + 2c2 − a2

+
b√

2c2 + 2a2 − b2
+

c√
2a2 + 2b2 − c2

≥
√

3.

254. ’Estw trÐgwno ABC kai o pragmatikìc arijmìc p ∈ [0, 1]. ApodeÐxte
ìti

1

wp
a

+
1

wp
b

+
1

wp
c
≥

(
4R

s

) p
3
(

1

ap
+

1

bp
+

1

cp

)
.

255. An se trÐgwno ABC h eujeÐa tou Euler eÐnai parĹllhlh sthn pleurĹ
BC, apodeÐxte ìti tan B tan C = 3.

256. An a, b, c > 0 me a2 + b2 + c2 = 1, apodeÐxte ìti

a

b2 + 1
+

b

c2 + 1
+

c

a2 + 1
≥ 3

4
(a
√

a + b
√

b + c
√

c)2.

257. An a, b, c eÐnai pleurèc trigÿnou, apodeÐxte ìti

(a + b− c)2(b + c− a)2(c + a− b)2 ≥ (a2 + b2− c2)(b2 + c2− a2)(c2 + a2− b2),

kai metĹ apodeÐxte thn parapĹnw anisìthta an oi a, b, c eÐnai tuqaÐoi jetikoÐ
arijmoÐ.

258. An a, b, c, r > 1 apodeÐxte ìti

(loga bc)r + (logb ca)r + (logc ab)r ≥ 3 · 2r,



kai diatupÿste anĹlogh anisìthta gia n+1 pragmatikoÔc arijmoÔc x1, x2, ..., xn

kai r.

259. ’Estw P eswterikì shmeÐo tou trigÿnou ABC. An r1, r2, r3 eÐnai oi
apostĹseic tou shmeÐou P apì tic pleurèc tou trigÿnou, apodeÐxte ìti

(r1 + r2 + r3)
2 ≤ ab + bc + ca

2R
.

260. ’Estw ABC oxugÿnio trÐgwnou embadoÔ E kai ac eÐnai E ′ to embadì
tou orjikoÔ toÔ trigÿnou. ApodeÐxte ìti 27R4E ′ ≤ 4E3.

261. An x, y, z > 0 me 4xyz = x + y + z + 1, apodeÐxte ìti

y2 + z2

x
+

z2 + x2

y
+

x2 + y2

z
≥ 2(xy + yz + zx)

262. Na brejeÐ poluÿnumo f(x) bajmoÔ 5 ÿste to f(x) + 1 na diaireÐtai
apì to (x− 1)3 kai to f(x)− 1 na diaireÐtai apì to (x + 1)3.

263. Na breÐte ìla ta zeÔgh jetikÿn akeraÐwn (m,n) gia ta opoÐa isqÔei
m3 + n3 = 13(m + n).

264. An x, y, z > 0 apodeÐxte ìti

y + z

x + 3
√

4(y3 + z3)
+

z + x

y + 3
√

4(z3 + x3)
+

x + y

z + 3
√

4(x3 + y3)
≤ 2.

265. Se kĹje trÐgwno ABC apodeÐxte ìti

abc(a + b + c)2

a2 + b2 + c2
≥ 2abc + (b + c− a)(c + a− b)(a + b− c).

266. An a, b, c, d > 0 me abcd = 1, apodeÐxte ìti

1 + ab

1 + a
+

1 + bc

1 + b
+

1 + cd

1 + c
+

1 + da

1 + d
≥ 4.

267. An a, b, c > 0 me abc = 1, apodeÐxte ìti

a

a2 + 2
+

b

b2 + 2
+

c

c2 + 2
≤ 1.



268. An a, b, c, d > 0 apodeÐxte ìti

1

a3
+

1

b3
+

1

c3
+

1

d3
≥ a + b + c + d

abcd
.

269. An a, b, c ∈ R me a2 + b2 + c2 = 1, apodeÐxte ìti

a2

1 + 2bc
+

b2

1 + 2ca
+

c2

1 + 2ab
≥ 3

5
.

270. An x, y, z > 0 me 1
x

+ 1
y

+ 1
z

= 1, apodeÐxte ìti

√
x + yz +

√
y + zx +

√
z + xy ≥ √

xyz +
√

x +
√

y +
√

z.

271. An x, y, z > 0 apodeÐxte ìti

x

x +
√

(x + y)(x + z)
+

y

y +
√

(y + z)(y + x)
+

z

z +
√

(z + x)(z + y)
≤ 1.

272. ’Estw I to ègkentro trigÿnou ABC. Oi IA, IB, IC tèmnoun ton
perigegrammèno kÔklo sta shmeÐa D,E, Z antÐstoiqa. An ra, rb, rc, rd, re, rz

eÐnai oi aktÐnec twn pareggegrammènwn kÔklwn twn trigÿnwn ABC kai DEZ,
apodeÐxte ìti ra + rb + rc ≤ rd + re + rz.

273. An x, y, z > −1 apodeÐxte ìti

1 + x2

1 + y + z2
+

1 + y2

1 + z + x2
+

1 + z2

1 + x + y2
≥ 2.

274. Na upologÐsete to Ĺjroisma

S =
n∑

k=0

arctan
1

k2 + k + 1
.

275. An a, b, c > 0 apodeÐxte ìti

a

b + 1
+

b

c + 1
+

c

a + 1
≥ 3(a + b + c)

a + b + c + 3
.

276. Na lÔsete to sÔsthma

x3 − 3x = y, y3 − 3y = z, z3 − 3z = x.



277. An a, b, c ∈ [0, 1], breÐte th mègisth timă thc parĹstashc

f =
a

bc + 1
+

b

ca + 1
+

c

ab + 1
.

278. An a, b, c > 0 me a + b + c = 1, apodeÐxte ìti

a
√

b + b
√

c + c
√

a ≤ 1√
3
.

279. An x, y, z > 0 me x + y + z =
√

xyz, apodeÐxte ìti

xy + yz + zx ≥ 9(x + y + z).

280. An a, b, c > 0 apodeÐxte ìti aabbcc ≥ (abc)
a+b+c

3 .

281. An x, y ∈ R apodeÐxte ìti x2 + y2 + 1 > x
√

y2 + 1 + y
√

x2 + 1.

282. An a, b, c > 0 me abc = 1 apodeÐxte ìti

1

1 + a + b
+

1

1 + b + c
+

1

1 + c + a
≤ 1

2 + a
+

1

2 + b
+

1

2 + c
.

283. An a, b, c > 0 me a+b+c = 1, apodeÐxte ìti 7(ab+bc+ca) ≤ 2+9abc.

284. An x, y, z > 0 me xyz = 1, apodeÐxte ìti

x3

(1 + y)(1 + z)
+

y3

(1 + z)(1 + x)
+

z3

(1 + x)(1 + y)
≥ 3

4
.

285. ’Estw trÐgwno ABC eggegrammèno se kÔklo aktÐnac R. Oi esw-
terikèc diqotìmoi twn gwniÿn A,B,C tèmnoun ton perigegrammèno kÔklo
sta shmeÐa A′, B′, C ′. An E = (ABC) kai E ′ = (A′B′C ′), apodeÐxte ìti
16E ′3 ≥ 27R4E.

286. An x, y, z > 0 me x + y + z = 3, apodeÐxte ìti

x2

y3 + 1
+

y2

z3 + 1
+

z2

x3 + 1
≤ 3

2
.

287. An a, b > 0 apodeÐxte ìti 1
2
(a + b)2 + 1

4
(a + b) ≥ a

√
b + b

√
a.



288. An a, b, c > 0 me abc = 1, apodeÐxte ìti

1

a2(b + c)
+

1

b2(c + a)
+

1

c2(a + b)
≥ 3

2

289. DÐnontai ta eujÔgramma tmămata a, b. KataskeuĹste me kanìna kai
diabăth to eujÔgrammo tmăma 4

√
a4 + b4.

290. An a, b, c > 0 me a2 + b2 + c2 = 1, apodeÐxte ìti

1

1− ab
+

1

1− bc
+

1

1− ca
≤ 9

2
.

291. An a, b, c, d, e > 0 apodeÐxte ìti

a + b + c + d + e

5
≥ 5
√

abcde +
q

20
,

ìpou q = (
√

a−
√

b)2 + (
√

b−√c)2 + (
√

c−
√

d)2 + (
√

d−√e)2.

292. An a, b, c > 0 apodeÐxte ìti

aabbcc ≥ (abc)
a+b+c

3 · ea+b+c−3
3√

abc.

293. ’Estw M shmeÐo sto epÐpedo isopleÔrou trigÿnou ABC. An x, y, z
eÐnai oi apostĹseic tou M apì tic korufèc tou trigÿnou kai p, q, r oi apostĹ-
seic tou M apì tic pleurèc tou, apodeÐxte ìti

p2 + q2 + r2 ≥ 1

4
(x2 + y2 + z2).

294. Na breÐte ìla ta poluÿnuma P me pragmatikoÔc suntelestèc, gia ta
opoÐa isqÔei P (x2) = P (x)P (x− 1), gia kĹje x.

295. ’Estw p prÿtoc kai a, b, c, d jetikoÐ akèraioi ÿste ap + bp = cp + dp.
ApodeÐxte ìti |a− c|+ |b− d| ≥ p.

296. ’Estw h fragmènh sunĹrthsh f : R → R, h opoÐa plhroÐ tic sunjă-
kec f(2x) = 2f 2(x)− 1, gia kĹje x ∈ R, f(0) = 1 kai

lim
x→0

f(x)− 1

x2
= −1

2
.



ApodeÐxte ìti f(x) = cos x gia kĹje x ∈ R.

297. An a, b, c > 0 me ab + bc + ca = 1
3
, apodeÐxte ìti

a

a2 − bc + 1
+

b

b2 − ca + 1
+

c

c2 − ab + 1
≥ 1

a + b + c
.

298. ’Estw P (x) poluÿnumo me pragmatikoÔc suntelestèc ÿste P (x) ≥ 0
gia kĹje x ∈ R. ApodeÐxte ìti upĹrqoun poluÿnuma Q1(x), Q2(x) me prag-
matikoÔc suntelestèc tètoia ÿste P (x) = Q2

1(x) + Q2
2(x) gia kĹje x ∈ R.

299. An a, b, c, d > 0 me abcd = 1, apodeÐxte ìti

a

b + c + d + 1
+

b

c + d + a + 1
+

c

d + a + b + 1
+

d

a + b + c + 1
≥ 1.

300. An a, b, c ∈ R∗ diaforetikoÐ anĹ dÔo, apodeÐxte ìti
(

a + b

a− b

)2

+

(
b + c

b− c

)2

+

(
c + a

c− a

)2

≥ 2.

301. PĹnw se kÔklo jewroÔme trÐa tìxa AB, CD, EF 60o èkasto kai
qwrÐc koinĹ shmeÐa. An K, L, M eÐnai ta mèsa twn qordÿn BC, DE,FA, na
apodeÐxete ìti to trÐgwno KLM eÐnai isìpleuro.

302. ’Estw tetrĹgwno pleurĹc 1 kai tetrĹpleuro tou opoÐou oi korÔfec
brÐskontai mÐa se kĹje pleurĹ tou tetragÿnou. An a, b, c, d eÐnai oi pleurèc
tou tetraplèurou, apodeÐxte ìti 2 ≤ a2 + b2 + c2 + d2 ≤ 4.

303. UpĹrqei sunĹrthsh f : [0, 1] → R tètoia ÿste

f(x) = 1 + x

∫ 1

0

f(t)dt + x2

∫ 1

0

(f(t))2dt ;

304. An A,B,C gwnÐec trigÿnou, apodeÐxte ìti

sin A + sin B sin C ≤ 1 +
√

5

2
.

Pìte isqÔei h isìthta ;

305. ’Estw trÐgwno ABC. ApodeÐxte ìti

(h2
a + h2

b + h2
c)

(
1

m2
a

+
1

m2
b

+
1

m2
c

)
≤ 9.



306. An G eÐnai to barÔkentro trigÿnou ABC, apodeÐxte ìti

sin GB̂C + sin GĈA + sin GÂB ≤ 3

2
.

307. ’Estw trÐgwno ABC me ègkentro I. ApodeÐxte ìti

AC + AI = BC an kai mìno an Â = 2B̂.

308. An a, b, c pleurèc trigÿnou, apodeÐxte ìti

1√
a +

√
b−√c

+
1√

b +
√

c−√a
+

1√
c +

√
a−

√
b
≥ 3(

√
a +

√
b +

√
c)

a + b + c
.

309. An a, b, c > 0 apodeÐxte ìti

abbcca ≤
(

a + b + c

3

)a+b+c

.

310. ApodeÐxte ìti an x ∈ (0, π
2
), tìte tan x + sin x > 2x.

311. ’Estw trÐgwno ABC kai D,E, F ta shmeÐa tomăc twn eswterikÿn
diqotìmwn twn gwniÿn A,B, C me tic pleurèc BC, CA, AB antÐstoiqa. Apo-
deÐxte ìti

DE2 + EF 2 + FD2 ≤ s2

3
.

312. An A,B, C eÐnai gwnÐec trigÿnou, na breÐte tic Ĺkrec timèc thc
parĹstashc

K = cos(A−B) cos(B − C) cos(C − A).

313. H akoloujÐa jetikÿn ìrwn (an) ikanopoieÐ thn anadromikă sqèsh
an+3 = an+1 + an, n ≥ 0. Aplopoiăste thn parĹstash

K =
√

a2
n+5 + a2

n+4 + a2
n+3 − a2

n+2 + a2
n+1 − a2

n.

314. An wa, wb, wc eÐnai oi eswterikèc diqotìmoi twn gwniÿn A,B, C tri-
gÿnou ABC, apodeÐxte ìti

sin A−B
2

wc

+
sin B−C

2

wa

+
sin C−A

2

wb

= 0.



315. An ABC trÐgwno, na breÐte thn elĹqisth timă thc parĹstashc

K =
sin A sin B

sin2 C
2

+
sin B sin C

sin2 A
2

+
sin C sin A

sin2 B
2

.

316. An a, b, c > 0 apodeÐxte ìti

a6

b2 + c2
+

b6

c2 + a2
+

c6

a2 + b2
≥ abc(a + b + c)

2
.

317. An x, y, z > 0 kai a, b, c pleurèc trigÿnou embadoÔ E, apodeÐxte ìti

x

y + z
a2 +

y

z + x
b2 +

z

x + y
c2 ≥ 2

√
3E.

318. Se kĹje trÐgwno ABC apodeÐxte ìti

i)
ma

wa

≥ (b + c)2

4bc
, ii)

ma

ha

≥ b2 + c2

2bc
.

319. Se kĹje trÐgwno ABC isqÔei

R

2r
≥ ma

ha

.

320. ’Estw trÐgwno ABC. An x, y, z pragmatikoÐ arijmoÐ kai n jetikìc
akèraioc, apodeÐxte ìti isqÔei

x2 + y2 + z2 ≥ 2(−1)n+1(yz cos nA + zx cos nB + xy cos nC),

yza2 + zxb2 + xyc2 ≤ R2(x + y + z)2,

xa2 + yb2 + zc2 ≥ 4E
√

xy + yz + zx.

321. An ABC, A′B′C ′ dÔo trÐgwna me embadĹ E, E ′ antÐstoiqa, apodeÐxte
ìti isqÔei

aa′ + bb′ + cc′ ≥ 4
√

3EE ′.

322. ’Estw trÐgwno ABC. ApodeÐxte ìti isqÔoun oi isìthtec

hb + hc

ra

+
hc + ha

rb

+
ha + hb

rc

= 6,



cos3 A

2
cos

B − C

2
+ cos3 B

2
cos

C − A

2
+ cos3 C

2
cos

A−B

2
=

3s

4R
.

323. Ac eÐnai ABC trÐgwno kai P shmeÐo sto epÐpedì tou. An A′, B′, C ′

eÐnai oi probolèc tou P stic pleurèc BC, CA,AB antÐstoiqa, apodeÐxte ìti

(
1

a
+

1

b
+

1

c
)(aPA + bPB + cPC) ≥ 2(AA′ + BB′ + CC ′).

324. Oi rÐzec tou poluwnÔmou P (x) = x3+x2+ax+b eÐnai ìlec arnhtikèc
pragmatikèc. ApodeÐxte ìti 4a− 9b ≤ 1.

325. ’Estw trÐgwno ABC. ApodeÐxte ìti

3

5
≤ ha − 2r

ha + 2r
+

hb − 2r

hb + 2r
+

hc − 2r

hc + 2r
< 1.

326. An a, b, c, d > 0 me a2 + b2 + c2 + d2 = 1, apodeÐxte ìti
√

1− a +
√

1− b +
√

1− c +
√

1− d ≥ √
a +

√
b +

√
c +

√
d.

327. An a, b, c pleurèc trigÿnou, apodeÐxte ìti

(a + c− b)4

a(a + b− c)
+

(a + b− c)4

b(b + c− a)
+

(b + c− a)4

c(a + c− b)
≥ ab + bc + ca.

328. ’Estw trÐgwno ABC kai ta shmeÐa epafăc A′, B′, C ′ tou eggegrammè-
nou kÔklou me tic pleurèc BC, CA, AB antÐstoiqa. Ac eÐnai Sa to măkoc tou
tìxou B′C ′ (pou den perièqei to A′) kai anĹloga orÐzoume ta Sb, Sc. ApodeÐxte
ìti

a

Sa

+
b

Sb

+
c

Sc

≥ 9
√

3

π
.

329. ApodeÐxte ìti sin 40o <
√

3
7
.

330. An ABC oxugÿnio trÐgwno, apodeÐxte ìti

3

π
<

sin A

π − A
+

sin B

π −B
+

sin C

π − C
<

3
√

3

π
.

331. An a, b, c > 0 me abc = 1, apodeÐxte ìti

a
3√3 + b

3√3 + c
3√3 ≥ a

√
2 + b

√
2 + c

√
2.



332. An a, b, c > 0 apodeÐxte ìti

a2

b
+

b2

c
+

c2

a
+ a + b + c ≥ 2(a + b + c)3

3(ab + bc + ca)
.

333. An a, b, c ≥ 1 ÿste a + b + c = 2abc, apodeÐxte ìti

3
√

(a + b + c)2 ≥ 3
√

ab− 1 +
3
√

bc− 1 + 3
√

ca− 1.

334. An x, y, z > 0 me xy + yz + zx + xyz = 4, apodeÐxte ìti oi arijmoÐ
(x+2)(y+2), (y+2)(z+2), (z+2)(x+2) apoteloÔn mètra pleurÿn trigÿnou.

335. ’Estw trÐgwno ABC me a ≥ b ≥ c. Ac eÐnai AH to Ôyoc pou anti-
stoiqeÐ sthn pleurĹ BC. An m = BH, n = CH, apodeÐxte ìti h parĹstash
K = a(bm + cn)− bc(b + c) eÐnai jetikă, arnhtikă ă Ðsh me to mhdèn anĹloga
me to an h gwnÐa A eÐnai ambleÐa, oxeÐa ă orjă.

336. An a, b, c > 0 apodeÐxte ìti

a3 + b3 + c3

3abc
+

8abc

(a + b)(b + c)(c + a)
≥ 2.

337. An h exÐswsh x4ax3 + 2x2 + bx + 1 = 0 èqei mÐa toulĹqiston prag-
matikă rÐza, apodeÐxte ìti a2 + b2 ≥ 8.

338. An a, b, c > 0 me abc = 2, apodeÐxte ìti

a3 + b3 + c3 ≥ a
√

b + c + b
√

c + a + c
√

a + b.

339. An a, b, c > 0 me abc ≤ 1, apodeÐxte ìti

a

b
+

b

c
+

c

a
≥ a + b + c.

340. An a, b, c > 0 me a + b + c = 1, apodeÐxte ìti

6(a3 + b3 + c3) + 1 ≥ 5(a2 + b2 + c2).

341. An a, b, c > 0 me abc = 1, apodeÐxte ìti

1 +
3

a + b + c
≥ 6

ab + bc + ca
.



342. An r, s > 0 kai n akèraioc me n > r
s
, na breÐte jetikoÔc x1, x2, ..., xn

ÿste na elaqistopoieÐtai h parĹstash

K =

(
1

xr
1

+
1

xr
2

+ ... +
1

xr
n

)
(1 + x1)

s(1 + x2)
s · · · (1 + xn)s.

343. An x, y, z > 0 me xy + yz + zx + 2xyz = 1, apodeÐxte ìti

xyz ≤ 1

8
, x + y + z ≥ 3

2
,

1

x
+

1

y
+

1

z
≥ 4(x + y + z),

1

x
+

1

y
+

1

z
− 4(x + y + z) ≥ (2z − 1)2

z(2z + 1)
,

ìpou z = max{x, y, z}.
344. An a, b > 0 me (a− 1)(b− 1) ≥ 0, apodeÐxte ìti

ab + ba ≥ 1 + ab + (1− a)(1− b) min{1, ab}.

345. An a, b, c > 0 me ab + bc + ca = 1
3
, apodeÐxte ìti

a2

a3 − bc + 11
27

+
b2

b3 − ca + 11
27

+
c2

c3 − ab + 11
27

≥ 1

a + b + c
.

346. An x, y, z > 0 me x2 + y2 + z2 = 3, apodeÐxte ìti

1 + x2

z + 2
+

1 + y2

x + 2
+

1 + z2

y + 2
≥ 2.

347. An h, a h upoteÐnousa kai to Ôyoc antÐstoiqa, orjogwnÐou trigÿnou,
apodeÐxte ìti

h

a
+

a

h
≥ 5

2
.

348. An p, q eÐnai zeÔgoc dÐdumwn prÿtwn arijmÿn, apodeÐxte ìti oi arijmoÐ
p4 + 4, q4 + 4 den eÐnai prÿtoi metaxÔ touc.

349. ’Estw trÐgwno ABC. Oi diqotìmoi wa, wb, wc tèmnoun tic pleu-
rèc BC, CA,AB kai ton perigegrammèno kÔklo, sta shmeÐa A1, B1, C1 kai
A2, B2, C2 antÐstoiqa. An s eÐnai h hmiperÐmetroc tou trigÿnou, apodeÐxte ìti

A1A2 + B1B2 + C1C2 ≥ s√
3
.



350. An a, b, c > 0 me a + b + c ≥ 1
a

+ 1
b
+ 1

c
, apodeÐxte ìti

a3 + b3 + c3 ≥ a + b + c.

351. An x, y, z ∈ (0, 1) me xy + yz + zx = 1, apodeÐxte ìti

x

1− x2
+

y

1− y2
+

z

1− z2
≥ 3

4

(
1− x2

x
+

1− y2

y
+

1− z2

z

)
.

352. Na breÐte ta trÐgwna pou èqoun thn idiìthta ta măkh twn pleurÿn
tou kai ta măkh twn diamèswn tou na eÐnai diadoqikoÐ ìroi arijmhtikăc proìdou.

353. Na breÐte ta trÐgwna pou èqoun thn idiìthta ta măkh twn pleurÿn tou
kai ta măkh twn eswterikÿn diqotìmwn tou na eÐnai diadoqikoÐ ìroi arijmhtikăc
proìdou.

354. An a, b, c ≥ 0 me a2 + b2 + c2 = 1, apodeÐxte ìti
∑

(1− 2a2)(b− c)2 ≥ 0.

355. An a, b, c eÐnai oi pleurèc trigÿnou kai R h aktÐna tou perigegram-
mènou kÔklou tou, apodeÐxte ìti

3
√

a2b +
3
√

b2c +
3
√

c2a ≤ 3
√

3R.

356. An a, b, c, d, l, m > 0 apodeÐxte ìti

a

lb + mc
+

b

lc + ma
+

c

la + mb
≥ 3

l + m
,

a

mb + mc + md
+

b

lc + ld + la
+

c

md + la + mb

d

la + mb + lc
≥ 8

3(l + m)
.

357. An a, b, c > 0 me a2 + b2 + c2 = 3abc, apodeÐxte ìti

a

b2c2
+

b

c2a2
+

c

a2b2
≥ 9

a + b + c
.

358. An a, b, c > 0 apodeÐxte ìti

a

b
+

b

c
+

c

a
≥ c + a

c + b
+

a + b

a + c
+

b + c

b + a
.



359. Na brejoÔn oi migadikoÐ arijmoÐ x, y, z oi opoÐoi ikanopoioÔn tic
sqèseic |x| = |y| = |z| = 1 kai

y2 + z2

x
+

z2 + x2

y
+

x2 + y2

z
= 2(x + y + z).

360. ’Estw h akoloujÐa (an) me a1 = 1 kai an = an−1 + ln n, n = 1, 2, ....
ApodeÐxte ìti h seirĹ

∑∞
1

1
ai

apokleÐnei.

361. An ABC trÐgwno, apodeÐxte ìti

(s2 + r2 + 4Rr)(s2 + r2 + 2Rr) ≥ 4Rr(5s2 + r2 + 4Rr).

362. ’Estw trÐgwno ABC sto opoÐo isqÔei AB : AC = 1 :
√

3. Na
apodeÐxete ìti ha ≤

√
3

2
BC. Pìte isqÔei h isìthta;

363. ’Estw P1P2...Pn kanonikì n-gwno eggegrammèno se kÔklo aktÐnac
R. ApodeÐxte ìti to ginìmeno twn apostĹsewn miac korufăc apì tic upìloipec
eÐnai Ðso me nRn−1.

364. ’Estw trÐgwno ABC. Na breÐte shmeÐo M epÐ thc BC, ÿste ta trÐ-
gwna ABM, ACM na èqoun thn Ðdia perÐmetro. PoiĹ eÐnai tìte h perÐmetroc;

365. ApodeÐxte ìti se kĹje trÐgwno ABC isqÔei

cos A

sin2 A
+

cos B

sin2 B
+

cos C

sin2 C
≥ R

r

366. An x, y, z > 0 apodeÐxte ìti

(x + y + z)

(
1

x
+

1

y
+

1

z

)
≥ 5 +

4(x2 + y2 + z2)

xy + yz + zx
≥

3(x + y + z)2

xy + yz + zx
≥ 3

(
x + y

x + z
+

y + z

y + x
+

z + x

z + y

)
.

367. An x ∈(
0, π

2

)
, na breÐte thn elĹqisth timă thc parĹstashc

f(x) =
sin x + cos x

sin x + tan x
+

tan x + cot x

cos x + tan x
+

sin x + cos x

cos x + cot x
+

tan x + cot x

sin x + cot x
.



368. H exÐswsh x3 − ax2 + bx− c = 0 èqei treÐc (ìqi aparaÐthta Ĺnisec)
jetikèc rÐzec. Na breÐte thn elĹqisth timă thc parĹstashc

K =
1 + a + b + c

3 + 2a + b
− c

b
.

369. An ABC trÐgwno embadoÔ E kai x, y, z > 0, apodeÐxte ìti

x

y + z
a4 +

y

z + x
b4 +

z

x + y
c4 ≥ 8E2.

370. ’Estw trÐgwno ABC trÐgwno me ègkentro I. An oi proektĹseic
twn eswterikÿn diqotìmwn IA, IB, ICtèmnoun ton perigegrammèno kÔklo sta
shmeÐa D,E, F antÐstoiqa, apodeÐxte ìti

ID · IF

IB
= R,

IA · IC

IE
= 2r,

(DEF )

(ABC)
=

R

2r
.

371. ’Estw trÐgwno ABC. An P shmeÐo sto epÐpedo tou trigÿnou kai
R1 = PA, R2 = PB, R3 = RC, apodeÐxte ìti

(x + y + z)(xR2
1 + yR2

2 + zR2
3) ≥ yza2 + zxb2 + xyc2,

ìpou x, y, z pragmatikoÐ arijmoÐ.

372. An n > 2 fusikìc arijmìc, apodeÐxte ìti
√

2
3

√
3

4

√
4 · · · n

√
n < 2.

373. To kurtì tetrĹpleuro ABCD eÐnai eggegrammèno se kÔklo aktÐnac
1 kai isqÔei AB ·BC · CD ·DA ≥ 4. ApodeÐxte ìti eÐnai tetrĹgwno.

374. ’Estw trÐgwno ABC. ApodeÐxte ìti

∑
(b + c− a)

√
a ≥ 4r(4R + r)

√
4R + r

3sR
.

375. ’Estw trÐgwno ABC. ApodeÐxte ìti

R− 2r ≥ 1

12

( ∑ √
2(b2 + c2)− a2 − s2 + r2 + 4Rr

R

)
≥ 0.



376. ’Estw trÐgwno ABC. ApodeÐxte ìti

(s− a)
√

a + (s− b)
√

b + (s− c)
√

c ≤ 3
√

ER.

378. ’Estw ABC oxugÿnio trÐgwno kai O to perÐkentrì tou. H AO tèmnei
thn pleurĹ BC sto shmeÐo P1 kai ton perigegrammèno kÔklo sto shmeÐo Q1.
Ta shmeÐa P2, Q2, P3, Q3 orÐzontai anĹloga. ApodeÐxte ìti

OP1 ·OP2 ·OP3

P1Q1 · P2Q2 · P3Q3

≥ 1,
OP1

P1Q1

+
OP2

P2Q2

+
OP3

P3Q3

≥ 3,
AP1 ·BP2 · CP3

P1Q1 · P2Q2 · P3Q3

≥ 27.

379. ProsdiorÐste th mègisth timă thc parĹstashc

K =

√
tan

A

2
tan

B

2
+ q +

√
tan

B

2
tan

C

2
+ q +

√
tan

C

2
tan

A

2
+ q,

ìpou A,B, C gwnÐec trigÿnou kai q mh arnhtikìc stajerìc arijmìc.

380. ’Estw trÐgwno ABC. ApodeÐxte ìti
√

s(
√

a +
√

b +
√

c) ≤
√

2(ra + rb + rc).

381. An a, b, c > 0 apodeÐxte ìti

a + b + c

3
≤ 1

4

3

√
(a + b)2(b + c)2(c + a)2

abc
.

382. An a, b, c > 0 apodeÐxte ìti

a2b2

a + b
+

b2c2

b + c
+

c2a2

c + a
≤ a3 + b3 + c3

2
.

383. ’Estw trÐgwno ABC. ApodeÐxte ìti

1

2Rr
≤ 1

3

(
1

a
+

1

b
+

1

c

)2

≤ 1

a2
+

1

b2
+

1

c2
≤ 1

4r2
.

384. ’Estw trÐgwna ABC, A′B′C ′ me pleurèc a, b, c, a′, b′, c′ antÐstoiqa
kai ac eÐnai KLM to trÐgwno me pleurèc a + a′, b + b′, c + c′. An ta trÐgwna
autĹ èqoun embadĹ E, E ′, E+ antÐstoiqa, apodeÐxte ìti

√
E +

√
E ′ ≤

√
E+.



385. An ABC oxugÿnio trÐgwno, apodeÐxte ìti

cos 3A + cos 3B + cos 3C ≥ 3R3 + 3R2r − 4s2r

3R3
.

386. An ABC mh amblugÿnio trÐgwno me gwnÐec A,B, C metroÔmenec se
aktÐnia, apodeÐxte ìti

ABC

(
sin A

B
+

sin B

C
+

C

A

)3

> 8.

387. An a, b, c > 0 me a2 + b2 + c2 + abc = 4, apodeÐxte ìti

a2b2 + b2c2 + c2a2 ≤ a2 + b2 + c2.

388. ’Estw trÐgwno ABC. ApodeÐxte ìti

ha

wa

+
hb

wb

+
hc

wc

≥ 1 +
4r

R
.

389. ’Estw trÐgwno ABC. ApodeÐxte ìti

∑
a cos

B − C

2
≥ s

(
1 +

2r

R

)
.

390. An x, y, z > 0 apodeÐxte ìti

(xy + yz + zx)

[
1

(x + y)2
+

1

(y + z)2
+

1

(z + x)2

]
≥ 9

4
.

391. An ABC oxugÿnio trÐgwno, apodeÐxte ìti

(
sin B sin C

sin A

)2

+

(
sin C sin A

sin B

)2

+

(
sin A sin B

sin C

)2

≥ 9

4
.

392. An ABC oxugÿnio trÐgwno, apodeÐxte ìti

cos B cos C

cos B−C
2

+
cos C cos A

cos C−A
2

+
cos A cos B

cos A−B
2

≤ 3

4
.



393. ’Estw trÐgwno ABC kai G to barÔkentrì tou. An A1, A2, A3 eÐnai ta
mèsa twn pleurÿn BC,CA, AB antÐstoiqa kai P tuqaÐo shmeÐo tou epipèdou,
apodeÐxte ìti

PA + PB + PC + 3PG ≥ 2(PA1 + PB1 + PC1).

394. ’Estw trÐgwno ABC kai M shmeÐo tou epipèdou tou. ApodeÐxte ìti

(MA + MB + MC)2

(
1

a2
+

1

b2
+

1

c2

)
≥ 9.

395. An x, y, z > 0 me z ≥ x, z ≥ y, apodeÐxte ìti

√
x

y + z
+

√
y

z + x
≥

√
x + y

z
.

396. ’Estw trÐgwno ABC. ApodeÐxte ìti

r2
a

a2
+

r2
b

b2
+

r2
c

c2
≥ 9

4
.

397. An a, b, c, d > 0 me abcd = 1, apodeÐxte ìti

1

(1 + a)2
+

1

(1 + b)2
+

1

(1 + c)2
+

1

(1 + d)2
≥ 1.

398. Ac eÐnai ABC,XY Z dÔo trÐgwna me pleurèc a, b, c, x, y, z kai embadĹ
E1, E2 antÐstoiqa. ApodeÐxte ìti

a2(y2 + z2 − x2) + b2(z2 + x2 − y2) + c2(x2 + y2 − z2) ≥ 16E1E2.

Pìte isqÔei h isìthta ;

399. ’Estw trÐgwno ABC. ApodeÐxte ìti

ma

a
+

mb

b
+

mc

c
≤ s

2r
.

400. An ABC oxugÿnio trÐgwno, apodeÐxte ìti

mara + mbrb + mcrc ≤ s2.



401. ’Estw trÐgwno ABC. ApodeÐxte ìti

ab + bc + ca ≥ 2R2 + 2Rr +
8√
3
E.

402. An a, b, c, x, y, z ∈ R me ab+ bc+ ca ≥ 0, xy +yz +zx ≥ 0, apodeÐxte
ìti

(b + c)x + (c + a)y + (a + b)z ≥ 2
√

(xy + yz + zx)(ab + bc + ca).

403. ’Estw trÐgwno ABC me embadìn Ðso me 1/2 tetragwnikèc monĹdec.
ApodeÐxte ìti a2 + csc A ≥ √

5.

404. ’Estw trÐgwno ABC. ApodeÐxte ìti

wa + wb + wc ≤ 3(R + r).

405. ’Estw trÐgwno ABC kai oi sebianèc AD,BE, CF pou dièrqontai
apì to shmeÐo P . ApodeÐxte ìti

AP

PD
+

BP

PE
+

CP

PF
≥ 6,

AP

PD
· BP

PE
· CP

PF
≥ 8,

AD

PD
· BE

PE
· CF

PF
≥ 27,

AD

AP
+

BE

BP
+

CF

CP
≥ 9

2
.

406. ’Estw mh isìpleuro trÐgwno ABC. ApodeÐxte ìti to trÐgwno GIH
eÐnai amblugÿnio.

407. ’Estw trÐgwno ABC kai P shmeÐo tou epipèdou tou. ApodeÐxte ìti

PA2 + PB2 + PC2 = 3PG2 +
a2 + b2 + c2

3
.

408. ’Estw trÐgwno ABC me I to ègkentrì tou kai G to barÔkentrì tou.
Ac eÐnai rA, RA oi aktÐnec tou perigegrammènou kÔklou tou trigÿnou IBC
kai tou perigegrammènou kÔklou tou trigÿnou GBC antÐstoiqa. Analìgwc
orÐzontai ta rB, RB, rC , RC . ApodeÐxte ìti

rA + rB + rC ≤ RA + RB + RC .



409. ’Estw mh amblugÿnio trÐgwno ABC. ApodeÐxte ìti isqÔei

sin A sin B + sin B sin C + sin C sin A ≥ (1 +
√

2 cos A cos B cos C)2.

410. ’Estw trÐgwno ABC kai D, E, F ta parĹkentrĹ tou.ApodeÐxte ìti

(DE + EF + FD)2 ≥ 8
√

3sR.

411. ’Estw trÐgwno ABC kai ta shmeÐa P, Q,R stic pleurèc BC, CA,AB
antÐstoiqa. An isqÔei QA + AR = RB + BP = PC + CQ, apodeÐxte ìti

QR + RP + PQ ≥ a + b + c

3

(
a

b + c
+

b

c + a
+

c

a + b

)
.

412. ’Estw mh amblugÿnio trÐgwno ABC. ApodeÐxte ìti isqÔei

a cos3 A + b cos3 B + c cos3 C ≤ abc

4R2
.

413. An ABC oxugÿnio trÐgwno, apodeÐxte ìti

1

b2 + c2 − a2
+

1

c2 + a2 − b2
+

1

a2 + b2 − c2
≥ 1

2Rr
.

414. ’Estw trÐgwno ABC. ApodeÐxte ìti

ab

mamb

+
bc

mbmc

+
ca

mcma

≥ 4.

415. ’Estw trÐgwno ABC. ApodeÐxte ìti

2R2+10Rr−r2−2(R−2r)
√

R(R− 2r) ≤ s2 ≤ 2R2+10Rr−r2+2(R−2r)
√

R(R− 2r).

416. An ABC oxugÿnio trÐgwno, apodeÐxte ìti

tan A + tan B + tan C ≥ 2
s

r
− 3

√
3.

417. ’Estw trÐgwno ABC kai shmeÐo M sto eswterikì tou. An da, db, dc

eÐnai oi apostĹseic tou M apì tic pleurèc tou trigÿnou, apodeÐxte ìti

2E

(
1

a
+

1

b
+

1

c
− 1

R

)
≥ da + db + dc.



EÐnai dunatìn na isqÔei h isìthta ;

418. ’Estw oxugÿnio trÐgwno ABC kai P shmeÐo sto eswterikì tou.
ApodeÐxte ìti

(AP + BP + CP )2 ≥
√

3(aPA + bPB + cPC).

419. ’Estw trÐgwno ABC. ApodeÐxte ìti

ra

rb

+
rb

rc

+
rc

ra

≥ 3

√(
s

r

)2

.

420. ’Estw trÐgwno ABC kai I to ègkentrì tou. ApodeÐxte ìti

a(IB + IC − 2IA) + b(IC + IA− 2IB) + c(IA + IB − 2IC) ≥ 0.

421. An x, y, z ≥ 0 me xy + yz + zx = 1, apodeÐxte ìti

(x + y + z − xyz)
∑ 1√

1 + x2
≥ 4.

422. ’Estw n stajerìc jetikìc akèraioc arijmìc. OrÐzoume thn akolou-
jÐa ak = 22n−k

+ k, k = 0, 1, 2..., n. ApodeÐxte ìti

(a1 − a0)(a2 − a1)(a3 − a2) · · · (an − an−1) =
7

a1 + a0

.

423. Na brejoÔn (an upĹrqoun) ìlec oi sunartăseic f : Z → Z gia tic
opoÐec isqÔei f

(
x + f(y)

)
= f(x)− y, gia kĹje x, y ∈ Z.

424. An a, b, c > 0 apodeÐxte ìti

a + b

c
+

b + c

a
+

c + a

b
≥ 2

a + b + c
3
√

abc
.

425. An a, b, c ∈ R me a + b + c = 0, apodeÐxte ìti

a2b2 + b2c2 + c2a2 + 3 ≥ 6abc.



426. An a, b, c > 0 me ab + bc + ca = 1, apodeÐxte ìti

3

√
1

a
+ 6b +

3

√
1

b
+ 6c +

3

√
1

c
+ 6a ≤ 1

abc
.

427. An a, b, c > 0 me abc = 1, apodeÐxte ìti

1

a3
+

1

b3
+

1

c3
≥ 1

2
(a + b)(b + c)(c + a)− 1.

428. Na brejeÐ h elĹqisth timă tou pragmatikoÔ arijmoÔ k an gia kĹje
a, b, c > 0 me a + b + c = ab + bc + ca isqÔei

(a + b + c)

(
1

a + b
+

1

b + c
+

1

c + a
− k

)
≤ k.

429. ’Estw tetrĹpleuro ABCD eggegrammèno se kÔklo aktÐnac
√

6cm,
me Â = 60o, B̂ = 45o. ApodeÐxte ìti to embadìn tou tetrapleÔrou eÐnai to
polÔ Ðso me 3

√
6cm2.

430. ’Estw trÐgwno ABC kai shmeÐo P sto eswterikì tou. ApodeÐxte ìti

PA

a2
+

PB

b2
+

PC

c2
≥ 1

R
.

431.


