A PROOF OF THE ERDOS-TURAN CONJECTURE ON ASYMPTOTIC
ADDITIVE BASES

KONSTANTINOS SMPOKOS

ABSTRACT. In this article we present a full proof of the Erdos-Turan conjecture on as-
ymptotic additive bases. The conjecture states that if a set B of non-negative integers is
an asymptotic base of natural numbers of order two and we denote the sequence which
counts the number of ways that a natural number N can be written as sum of two elements

of the set B as Rg(IN), then we have that limsup,_,., Rg(N) = co.

1. INTRODUCTION

By [2], in 1937 I. M. Vinogradov succeeded in solving the original Goldbach problem
for all odd N which are sufficiently large. Before him, G. H. Hardy and J. E. Littlewood
made a serious attack by means of a then new circle method. In the article [1] of Erdos
and Turan in 1941 the Erdos-Turan conjecture is stated. It states that for every set B of
non-negative integers which is an asymptotic base of the natural numbers of order two, the
sequence which counts the number of ways that a natural number N is written as a sum
of two elements of the set B, is unbounded.

In this paper we prove Erdos-Turan conjecture. Here, we denote as Rp(N) the sequence
which counts the number of ways that a natural number N is written as a sum of two
elements of the set B. We use only the starting point of the circle method and using

analytical tools we present a full proof of this conjecture.
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2. PRELIMINARY RESULTS

Write Rp(N) = 3, myep? 1. Write also B(t) =3, cp < 1.
n+m=N B

Lemma 2.1. Let B be an infinite set of natural numbers. Then,

For every p € (0,1), we have

1 log? 2 ‘
Rp(N) = — B(t A 8dtds d
BV = = f{z_p S [ m s dz

Proof. Take the complex analytic function f(z) = > .p2" for |z] < 1. It is easy to see

that the powerseries has radius of convergence 1. Then, we have

=30 N = ;( o= ;RB(k)zk

neBmeB (n,m)€B?
n+m==k
By the Cauchy integral formula, we get
1 f2(2)
Rp(N) = — d
B( ) Q71 2l=p ZN+1

This holds for every p € (0,1). Let a complex number z eith |z| = p € (0,1).
Then z = pe’, where § € (—m,7]. Let fi(z) = Zﬁ:l xB(n)z". Here, the function xp is

the characteristic function of the set B.

We use Abel’s summation formula which can be found in [3]. We have,
k
= (3" xp(n)se™ / S xs(n)(pte ™ dt =
n=1 n<t

k
— B(I{J)pkeik‘g _/ B(t)( t 'LOt) dt =
1
— B(k)pkesz / B(t)(pt logp 6191& +pt67,0t H)dt —
1

. k . .
B(k)pFe? —/ B(t)pte log(pe')dt =
1

k
B(k)z* — logz/ B(t)z'dt
1
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Here, we use the branch of logarithm that is real on every positive real number.
We adopt the convention that B(t) = 0 for every t < 1.
Therefore, using the fact that limy_,o, B(k)zF = O(since |z| < 1 and 0 < B(k) < k), we get

() = lim fy(2) = —log 2 /1°°B<t)ztdt

k—o0
Therefore,
=log? 2 / / )2 e dtds
Thus, we have
Rp(N) = 2; le p 1;% - / / )t dtds dz
This completes the proof. O

Proposition 2.2. Let

72 cos(zm m(cos(mx) — sin(mwx sin(mx
A<m):_4 x( ) 4m(cos( 9)32 ( ))+4 xg )

Then, we have
1 & N N
R N—/ / Bt + —)B(s + =)dH(t, s)e ™ A(X)d\
5(N) 2V21 Joo N Jips=x ts>1- X ( 2> ( 2) (t:5) N

Here H' stands for the one dimensional Hausdorff measure in R2.

Proof. From the previous Lemma, we have that

1 log? 2 s
RB(N) = % o= ZN+1 / / dtds dz
Therefore, we get
1 ™ log?(pe'? fl t)pte® dt)%ipe’?
Rp(N) = 2m/ pN+1ez(N+1)9 df =
/ (log p +i0)([;° B(t)p'e'dt)? g —
27T pNezNH -

= 5% / (log p + i0)*( / B(t)pte' =20 dt)2dp =
TP - 1

1 (7 > N ;
— 1 -\ 2 B t it0 2 —
Py /_W(ogp—i-w) (/1_]; (t+f2 )pe’™dt)*do
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1 (7 N N .
=5 (log p + i6)* / B(t + E)B(s + g)pt“e’(t“)@d(zﬁ, s)df
T J—n [1-& 00)2
Now, since the function (log p + i0)?B(t + §)B(s + §)ptTseit+9) is integrable for
(t,s,0) € [1 — &, 00)? x [, 7], by Fubini Theorem we have
N ™

N .
Rp(N) = 1 / B(t+ =)B(s + =)p'** / (log p + i0)2e*9)0d0d(t, s)
27 [1_%700)2 2 2 -

This holds for every p € (0,1). We set p = e~™ and we have

N N 4 :
Rp(N) = 1 / B(t+ —)B(s + = )e ™+ / (= +10)2e'9)0a0d(t, 5)
2 M- o0)2 2 2 .

Now, we have

Re(/ (—m + iﬁ)Qei(H—s)GdQ) _ / Re((—n +Z~6)26i(t+s)€)d9

_ / " (72— 02) cos((t + $)8) + 2xOsin((t + 5)6)d6

—T

Therefore, we get

Ru(N) = % /[1_N )QB(t—l—];[)B(s—i—J;f)e_”(t*s) /_ " (72262) cos((t+5)0)+ 2r0 sin((t-+5)0)dbd(L, 5)

Also, we have

/n 2 cos((t + s)0)do = tfs(sjn(w(t + 5) — sin(—w(t + s))) = QWQM

By integration by parts we get

T g osin((t + s)m) 2 /” )
= — df =
/Tr 0“ cos((t + 5)0)dh = 27 o el sin((t + s)0)

_ 27Tzsin((t + s)m) i 2 2 cos(m(t + s)) 1 /n

t+s T s i P e _Wcos((t+s)0d9):

5 osin((t + s)m) 47
=27
t+s (t+s)?

cos(m(t+s)) —

i —:15)3 sin((t + s)m)

Therefore, we have

/_7T (w2 — 6%) cos((t + 5)0)df = — i j—ﬁs)Q cos(m(t +s)) + i —:Ls)?’ sin((t + s)m)
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Also, easilly we can see that

g 2 t
[ osin(t 4+ 5)0)d0 = g sin((t+ s)) - 27TC°S(§++83)”>
Therefore, we see that

m(t+s)
Rp(N) = 5 /[ ¥ e B(t+ D) )B(s + 5 )e A(t+ s)d(t, s)

By integration on level sets(which can be found in [5]), we can see that

1 e N N
Rp(N) = / / B(t+ =)B(s+ =—)dH"(t, s)e ™ A(X\)dA
BN = o [ Bl Bl NG s)e A
This completes the proof. O

Let
N N
B*(\,N) = / B(t+ —=)B(s + —=)dH(t, s)
Fe=A t,s>1- N 2 2

We have
A+N—1

B*(\,N) = \/5/ B(t)B(A —t 4+ N)dt = B*(A + N)
1

for the function B*(z) = ff*l B(t)B(x — t)dt. We continue with the following Lemma.

Lemma 2.3. Assume that c1\/x < B(x) < coy/x for x > My, where My is the least
element of the set B. Then, there exist wy,wg > 0 such that

wiz? < B*(z) < woz?
for x > 2Mj.

Proof. We have

x— M, 2
" VivE —idt = / \/:i— - 2dt
M() MO

—Mo 2t N
ch/ 1 (2~ 1)2dt = 2% V1—t2dt =
2 My xr 4 210 1
222 2My . [4My  4M 2M, 2 2M, 4My  4M, 2M,
C; (=== - x20)+arcsin(1—70))—c2%(( 1) - aresin(T 2 1)) =

2 2M,
02% arcsin(1 — =) + O(x %)
T
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By assumption we can see easily that there exist wi,wy > 0 such that
2 * 2
wiz® < B*(z) < wax
for x > 2Mj. This completes the proof. ]

3. RESULTS TOWARDS THE FINAL PROOF

We have
1 [o.¢]
Rp(N) = - / B*(A 4 N)e ™ A(N)dA
™ —00

By changing variables, we get

Rp(N) ! / B*(N)e mTANAN = N)d = ™ 2i /0 B*(\)e ™ A(X — N)dA

2 J_ T

B 412 cos(Am)  4m(cos(m)) —sin(wA))  4sin(mA)

A(A_N):(_l)N( N_ N - ()\—N)Q +()\*N)3)
Let
. _ An?cos(Am)  Am(cos(wA) —sin(w))) | 4sin(mA)
MAN) === N - (A — N2 TNy
Then we get,
N 00
Ry(N) = = / B*(A)e " ANMA*(A, N)dA
2t Jo

Therefore, if we denote by

1
o

W(N) /0 b B*(A\)e "A=NIA* (X, N)dA

we have Rg(N) = (—1)VW(N). Since, Rg(N) > 0 for every N, we can see that W (N) > 0
if N is even and W(NN) < 0 if N is odd.

Proposition 3.1. There exists a constant C' > 0 such that for every natural number N,

we have

W(N) =
S B (\)e " ANMA* (A, N)|dA—— / B (\)e " A-M|A* (A, N)]dA
27T J(A—N) cos(mA) <0 2T J(A=N) cos(7A)>0

1
+0 / B*(\)e ™ Nmin(1, —————)dA
( [A—N|| cos(mN)|<C ( ) ( ()‘ - N)Q) )
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Proof. We have,

W(N) = — / B*(\)e AN A* (A, N)dA —
2 0
1 B*(\)e ™ ANIAR (), N)dA+i B*(\)e TANIAF (X, N)dA =
27T J(A—N) cos(mA) <0 2T J(A=N) cos(wA)>0
1 1

B*(\)e AN A*(\, N)[dA—— B*(\)e AN A% (X, N)|dA—

% (A=N) cos(w)<0 2m /()\—N) cos(mA)>0

B*(N)e ™M maz(—A* (A, N), 0)d\+

7
T J(A=N) cos(m\)<0
1

/ B*(A\)e ™ N maz(A* (X, N),0)dX
T J(A=N) cos(mA)>0

We have
2 o . .
AL N) = _4r*cos(Am)  dm(cos(mA) —sin(mA)) | 4sin(wA)
A= N (A—N)? (A—N)3
Assume that A*(A\, N) <0 and (A — N)cos(mA) < 0. Then, we get
4sin(\
I\ — NJdr2| cos(mA)| < dm(cos(m)) — sin(m))) — i“i(];r)

Similarly, if A*(A\,N) >0 and (A — N)cos(wA) > 0, we get that

A — N|472| cos(m\)| < —4m(cos(m)) — sin(7\)) + 4;1?(?\?)

Since, the function 47 (cos(7w\) — sin(7\)) is bounded and the the function 4Sin)5’\7r) is also

bounded and using the fact that

4 sin(Am) _ (- )N4sin(()\—N)7r)
A—N A—N

, we have that there exists a constant C' > 0 independent of N, such that in both cases
A — N||cos(mA)| < C
Therefore, we have

B*(A\)e " MM maz(—A*(\, N),0)d\ = O( / B*(A\)e "A=N) A% (X, N)|d))

/(/\N) cos(mA)<0 [A=N]|| cos(m)|<C

and

B*(N)e ™ NMmaz(A*(X\, N),0)d\ = O( / B*(\)e AN A% (X, N)|dN)

/(A—N) cos(mA)>0 [A=N]|| cos(mA)|<C
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Now, since limy_,o A()) exists and it is a real number and also lim)|_, ;.o A(A) = 0, we get
by continuity, that the function A(\) is bounded.
Now, using the fact that A*(\, N) = (=1)YA(A — N), we have that

AT (A, N)| = O(1)

Also, if we have that |\ — N|| cos(mA)| < C, we get that

S B
(A=N)* " [A=NJP

Therefore, we get that for A such that |\ — N||cos(mA)| < C, we have

1
PR

[AT(A V)| = O

IA*(\, N)| = O(min(1,

together with an absolute implied constant.

Therefore, we get

/ B*(N)e ™A M maz(—A*(\, N),0)d\ =
(A—=N) cos(mA)<0

@) B*(\)e ™ Nmin(1, —————)dA
( I\ N]| cos(m)|<C: 2 ( (A—N)Q) )
and
/ B*(N)e ™" Nmaz(A* (A, N),0)d\ =
(A—=N) cos(mA)>0
1
@) / B*(\)e ™M min(1, —————)dA
( [A=N]|| cos(mN)|<C ( ) ( ()‘ - N)Z) )
This completes the proof. ]

We continue with the following Proposition.

Proposition 3.2. We have,
1
2m (A—=2N—1) cos(wA)<0
1

% (A—2N) cos(mA)<0

B*(\)e TA2NIA* (X 2N + 1)dA—

B*(\)e TA2NIA* (X 2N)dA =

1

- B*()\)e_”(’\_2N)||A*()\,2N + 1) — [A*(N\, 2N)||d\+
27 (A=2N) cos(mA)<0,cos(wA)>0
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O( B*(A\)e " A 2Nmin(1, !

——d\
IA—2N|| cos(rA)|<C (A —2N)? )

+0( / B*(A\)e " A=2N)gy)
2N—1

Proof. By Proposition 3.1, we get
1
2 (A—2N—1) cos(mA)<0
1

% (A=2N) cos(wA)<0

B*(\)e mA2NIA* (X 2N + 1)dA—

B*(A\)e " A2N)A* (X 2N )dX =

1
27 (A—=2N—1) cos(wA)<0
1

2m (A—=2N) cos(mA)<0

B*(\)e TA2N) A (X 2N + 1)|dA—

B*(\)e "A2N)|A* (X 2N) | dA+

1
+0 B*\)e ™A 2N min(1, ——————d\)+
( IA—2N —1|| cos(mA)|<C W ( (A—2N —1)2 )
1
O B*(\)e ™A 2N)in(1, d\
( [A=2N]|| cos(mA)|<C ¥ ( (/\—2N)2 )
We have,
1
— B*(A\)e " A2N) A (X 2N 4 1)|dA—
2m (A=2N—1) cos(wA)<0
i B*(A)eiﬂ-(/\izN)‘A*()\,ZN)’d)\:
27 (A—=2N) cos(mA)<0
1

— B*(A\)e " AT2N)A* (X 2N 4 1) — [A*(\, 2N)|dA+
2m (A—=2N) cos(mA)<0,cos(mA)>0

O( / B*(A\)e " A=2N)gy)
2N

This is true because, if cos(mA) < 0, then forces A > 2N in both of the terms and also if
(A =2N)cos(mA) > 0 in the first term and cos(wA) > 0, then surely A > 2N.
Now,
1
% (A=2N) cos(m)<0,cos(mA)>0
1

27 (A=2N) cos(mA)<0,cos(wA)>0

B*(\)e TN\ 2N + 1)| — [A*(\, 2N)|d\ =

B*(A\)e " A72N)||A* (X, 2N + 1)| — |A* (A, 2N)||dA+
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1 / B*(A\)e " A 2Nimag(JA* (X, 2N + 1)] — |A*(\, 2N)|, 0)dA =
T J(A=2N) cos(m)\)<0,cos(m\) >0
1 B*(\)e "N |A*(X, 2N +1)| — |A*(X, 2N)||dA+
2m (A—2N) cos(mA)<0,cos(wA)>0
1/ B*(\)e "2 A*(X, 2N 41)|—|A* (A, 2N)||d\ =
T J(A—2N) cos(m)X) <0,cos(mA)>0,| A(A\2N+1)|>|A(N,2N)|

1

i B*(N)e mA2N) A% (X, 2N 4 1)] — |A* (A, 2N)||dA+
27 (A—2N) cos(mA)<0,cos(wA)>0

1
- / B*(A\)e "AT2N|AR (X 2N 4 1) — A*(\, 2N)|dA+
T JA<2N—1,cos(m\)>0,A(X\,2N—1)>A(\,2N)>0
1
O B*(\)e ™ A2N)in(1, d\
( [A=2N|| cos(mN)|<C ( ) ( (A - 2N)2) )

+0O( / B*(\)e " 2N) gy)
2N—-1

But if we have A < 2N — 1 and cos(mA) > 0 and A(X,2N + 1) > A()\,2N), then
747'(2 cos(Am)  4m(cos(mA) — sin(wA)) 4sin(mA)

>
A—2N —1 (A—2N —1)2 (A—2N —1)3 =

_47r2 cos(Am)  4m(cos(mA) —sin(wA)) n 4sin(mw))
A—2N (A—2N)? (A—2N)3

Therefore,

T T 1 1

—4 - o =
mleosOM (G571 ~ X oon T o aN =T~ o)

1 1 1 1

—47rsin(/\7r)((>\_2N_ ERR=EIE + T(A—2N —1)3 (/\—2N)3)

which, gives that

T 2X—4N -1

sy o —2ny T imav S — oy S

2\ — 4N — 1 +3()\—2N—1)2+3(A—2N—1)+1)
(A —2N —1)2(\ — 2N)?2 (A —2N —1)3(A — 2N)3

Therefore, we get

sin(A)(

(A—2N—-1)2+3A—2N —-1)+1
(A—2N —1)(A — 2N)

| cos(AT)|[A— 2N — 1||A— 2N] < Oy (2A— AN — 1)+ Gy
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, which gives that

2\ — 4N — 1 3 3 1
—2N| <
|cosAmIA=2N] < Oy 3+ Oy N Y o v =) TR e aN — 1)

Using the fact that A < 2N — 1, we can easily see that there exists C' > 0 independent of
N and A such that

|cos(AT)||]A —2N| < C

Therefore, we can easily see that

1

/ B*(\)e TAZNAS(N 2N + 1) — A*(),2N)|dA =
T JA<2N—1,cos(mA\)>0,A(A\,2N—1)>A(\,2N)>0

[e.9]

1
O B*(N)e ™A 2N min(1, —————)d\) + O / B*(\)e "A-2N) g\
( IA—2N]| cos(mA)| <C 2 ( (>\—2N)2) )+ O aN—1 ¥ )

This completes the proof. ]

Proposition 3.3. We have that there exists C' > 0 such that for every natural number N
1

— B*(\)e TA2N AR (X, 2N 4 1)| — |A* (A, 2N)|[dA <
27 (A—2N) cos(mA)<0,cos(wA)>0

1 [e.9]
B* —m(A=2N) i (] / B* —m(A—2N)
(Ne min( ,O\_2N)2)d)\+ , (Ne d\)

W (2N)—e™ W (2N+1)40( /
N—1

[A—2N]|| cos(m)|<C

Proof. By Proposition 3.2, we get

1
- B*(\)e TA2N| A% (X, 2N 4+ 1)| — |[A*(\, 2N)||dA =
2m (A=2N) cos(wA)<0,cos(wA)>0
L B*(A\)e "A2N) A% (X 2N + 1)dA—
27 (A—2N—1) cos(mA)<0

+ B (\)e T A-2M) A% (A 2N )dA+
27 (A—2N) cos(mA)<0

1
@) / B*(\)e ™A 2N )min(1, —————)dA
( A2 cos(xA)|<C ) ( ()\*QN)Z) )

+O / B*(\)e—™-2N) )
2N—-1

Also, we have
eE"W(E2N +1)—-W(2N) =
1

— B*(A\)e " A2N) A% (X 2N 4 1)|dA—
2m (A=2N—-1) cos(wA)<0
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1
1 B*(A\)e A2 [A%(X,2N)|dA—
27
(A—2N) cos(wA)<0
1
27 (A—=2N—1) cos(wA)>0
1

% (A—2N) cos(wA)>0

B*(\)e TA2N) AR (X 2N + 1)|dA+

B*(\)e "A2N) A (X 2N)|dA+

1
O / B*(\)e TA 2N min(1, ————)d\)+
( IA—2N]| cos(mA)| <C *) ( ()\—ZN)2) )

O( / B*(\)e ™A 2N) gx)
2N—-1

Therefore, we get
1

27 (A—=2N) cos(mA)<0,cos(mr)>0

1

"W (2N + 1) — W(2N) + /
2T (A—=2N—1) cos(wA)>0

B*(N)e TO2NAM(N 2N + 1)| — [A*(N, 2N)]|dA =

B*(\)e TA2N)A* (X 2N + 1)|dA—

1

o B*(\)e mA2N) | A* (X 2N)dA |+
(A—2N) cos(wA)>0

1
O B*(\)e ™A 2N)in(1, d\
( [A=2N|| cos(mN)|<C ( ) ( (A - 2N)2) )
+0( / B (\)e—"-2N) g
2N—1

It suffices to show that

L B*(\)e ™ A2N|A* (X, 2N)|dA—
27T J(A—2N) cos(7A)>0

1
2 (A—2N—1) cos(7A)>0
2e"W (2N + 1) — 2W(2N)

B*(\)e ™ A2MIA* (X, 2N +1)|d\ >

,which is true if and only if

1

/ B*(\)e ™A2N) | A* (X 2N + 1)|dA—
T J(A=2N—1) cos(mA)<0
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1

/ B*(A)e AN |AT(X, 2N)|dA—

™ (A—2N) cos(wA)<0

1

27 (A—=2N—1) cos(wA)>0
1

27 (A—=2N) cos(mA)>0

B*(A\)e " AT2N)|A*(X 2N 4 1)|dA+

B*(\)e TA2N) A (X 2N)|d\ <

1
0] / B*(\)e TA2N)in(1, —————)d\)+
( IA—2N]| cos(rA)|<C *) ( ()\—2]\7)2) )

+0( / B*(\)e ™A 2N)gy)
2N—-1

, which is true if and only if

1
% (A—2N) cos(mA)<0

1
2 (A=2N) cos(mA)>0

1

2 (A—2N—1) cos(m\) <0

1

% (A—2N) cos(wA)<0

B*(\)e " A2N|A* (X, 2N)|dA—
B*(\)e ™A2N) A (X, 2N)|d\ >
B*(\)e TA2N) A (X 2N + 1)|dA—

B*(\)e mA2N) | A* (X 2N)|dA+

1
2 (A=2N—1) cos(wA)<0
1

% (A=2N—1) cos(wA)>0

B*(\)e TA2N) A (X 2N + 1)|dA—

B*(A\)e " A2N) A (X 2N 4 1)|dA+

1
O( B*(A\)e ™A 2Nmin(1, ————)dA\)+
IA—2N]| cos(rA)|<C (A —2N)?
+0( / B*(A\)e " A72N)gy)
2N -1
This always holds, firstly because W (2N) > 0, therefore always
1

— B*(\)e "A2N)|A* (X, 2N)|dA—
2m (A—2N) cos(wA)<0
S B*(\)e "A2N) A (X, 2N)|d\ >
27 (A—2N) cos(mA)>0

1
0 / B*(\)e TA 2N min(1, ——— )d\)+
( [A—2N|| cos(mA)|<C ( ) ( ()‘ - 2N)2) )

13



14 KONSTANTINOS SMPOKOS
o0
+0( / B*(\)e—"-2N) g
2N—1
Secondly, we have e"W (2N + 1) < 0. Therefore

1

o B*(N)e "A2N)A* (X 2N + 1)|dA—
(A—=2N—1) cos(wA)<0

1

— B*(\)e mA2MIA* (X, 2N +1)|d\ <
27 (A—2N—1) cos(wA)>0

of B (\)e ™32 (1, 1

)+
IA—2N]| cos(m\)|<C (A= QN)Q) )

+0( / B*(\)e ™A 2N)gy)
2N—-1

and finally because as we showed in the previous Proposition we have

1

o B*(\)e TA2N) AR (X 2N + 1)|dA—
(A—=2N—1) cos(mA)<0

1

— B*(\)e TA2N) A (X, 2N)|d\ <
2
(A—2N) cos(mA)<0

1

O B*(\)e ™A 2N)min(1, d\
( IA—2N|| cos(rA)|<C *) ( (A — 2N)2) )
+0( / B*(A\)e " A=2N)gy)
2N—-1
This completes the proof. O

4. PrROOF OF THE ERDOS-TURAN CONJECTURE

In this section we will present a full proof of the Erdos-Turin Conjecture on Additive
Bases.
This conjecture states that if for a set B of natural numbers we have that Rg(N) > 0 for
N sufficiently large, then we must have that lim supy_, ., Rp(N) = oc.

From now on we will write

LA) = [AA = 1) = [A(N)]
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Now, for every asymptotic additive base of the positive integrers B, we have B(\) > V)
for every A > My, where My is the least element of B, where ¢ > 0 is a constant, by [4].

Also, for every B with Rp(N) = O(1), we get that
{(a,b) € B*:a,b < A} C Ug<orken{(a,b) € B* :a+ b=k}

,which gives

for some constant v > 0. This shows that
B(\) < VA

for some constant ¢ > 0.
Therefore, by Lemma 2.3, we get w1 A2 < B*(\) < weA?, for some constants wy, ws > 0

and every A > 2Mj.

Proposition 4.1. Assume that for a set B of natural numbers we have
N? f>\<2N,cos(7r)\)>0 B*()‘)eiﬂ-)\’[’()‘ - 2N)|d)‘
N (Jirx—2n| cosmn < B M)min(1, m)e‘“ﬁ)(ffﬁ_l B*(\)e™ 22d))

as N — oo. Then, limsupy_,., Rp(IN) = co.

— 00

Proof. Assume for the sake of contradiction that Rp(N) = O(1).
Therefore by Proposition 3.3, we get that
1

— B*(\)e mA2N)IA* (X, 2N 4 1)] — |A* (A, 2N)||dA <
27 (A—2N) cos(mA)<0,cos(wA)>0

W(2N) — "W (2N + 1)+
1 e ¢]
O B*(Ne ™ 2N min(1, ~———)d\ + / B*(A)e"—2N) g\
( [A—2N|| cos(wA)|<C W ( (A—2N)2) ON—1 (A) )

Therefore, we get that
1

— B*(\)e TA2N) A% (X, 2N 4 1)| — |A* (A, 2N)||dA <
27 (A—2N) cos(mA)<0,cos(wA)>0

W(2N) — "W (2N — 1)+
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1 oo
O B*(\)e ™A 2N min(1, ————)dA + / B*(\)e ™A2N) g\
( IA—2N|| cos(rA)|<C ¥ ( ()\—QN)Q) ON—1 ™ )

By assumption, we get
W(N)—-€e"W(2N -1)=0(1)

Therefore, we can write the following

/ B (\)e T2V |A%(, 2N 4 1) — [A*(A, 2N)[|dA <
(A—2N) cos(mA)<0,cos(mA)>0

0(1)+O( B*()\)eiﬂ()‘sz)min(l, 12)dA+/ B*(A)eiﬂ-(A72N)dA)
[A—2N|| cos(wA)|<C (A—2N) ON_1

Changing variables we have that

0< / B*(\ +2N)e ™ |L(\)|d) <
A<0,cos(mA)>0

1 o0
O(1) +O( B*(A+ 2N)e ™ min(1, —)d\ + / B\ + 2N)e ™))
[A]] cos(mA)|<C A _1

The inequality B*(A +2N) > (A + 2N)?X (2015 00) (A + 2N) also shows that
/ B*(A+2N)e ™d\ > uN?
-1

and

/ B*(A+2N)e ™ d\ > u'N?
[All cos(ma)| <C

for some constants u,u > 0 independent of N and N sufficiently large.

Therefore, dividing this asymptotic double inequality by
1 > 1
( / B*(A + 2N)e ™ min(1, — )dA)( / B*(A+2N)e ™ d\)—
I\l| cos(mA)| <C A 1 N

we get
N? f/\<0,cos(7r)\)>0 B*()\ + 2N)67WA’L()‘>‘dA

B*(A 4 2N)e=™d\) ([ B*(A + 2N)e~™d\)
= 0(1)

(i costmayi<c

Also, we have

(/ B*(A 4 2N)e ™ min(1, )\12)d)\)(/ B*(A42N)e ™\d\) =
[Al] cos(mA)|<C -1
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1 oo
edmN / B*(N)e ™ min(l, ————)d\ / B*(\)e ™)) <
( [A—2N]| cos(mA)|<C ( ) ( ()‘_QN)Q) )( 2N—-1 ( ) )

, 1 % .
C 3N / B*(\))e ™ min(l, —————)dA\ / B*(\)e 2 d\
( A 2N||cos(m)\<c( ) ( ()\—QN)Q) ) 2N—1 W )

for some constant C" > 0. We have

/ B*(\)e ™ L(A — 2N)|d\ = e~ 2™V / B*(A+2N)e ™ L()\)|
A<2N,cos(m) A<0,cos(mA)

By assumption we have that for every W > 0

/ B*(\)e ™ |L(X — 2N)|dA
A<2N,cos(mA)>0
ﬂ'N

J
N2 JIx—2N]| cos(mr)|<C
for N large enough.

>we B*(N)e ™ min(1, 1)dA)(/OO B*(\)e~22d))
) 2

=2 MV

Therefore, we get that for every W > 0
/ B*(A\2N)e ™ L(\)| > — / B*(A+2N)e ™ min(1, )d/\)( /
A<0,cos(mA)>0 [A]] cos(mA)|<C A2 -1
for N large enough. This contradicts the fact that
N? f)\<0,cos(7r)\)>0 B*()‘ + 2N) _W)\’L( )|dA
(I\A|\cos(7r>\)|§c B*(A+ 2N)e~™min(1, 33)dA) (/] B*(A + 2N)e~™d)\)

= 0(1)

This completes the proof. [l

Theorem 4.2. Erdos Turan conjecture is true.

Proof. We have by Fatou’s Lemma

lim inf / N2B*(\)e ™ |L(A — 2N)|d\ >
A<2N,cos(mA)>0

N—o00
/ lim inf(B*(A)N?|L(A — 2N)|e™ ™ X (s 2y (A) )dA
cos(rA)>0 V=00
Also, by a computation on Mathematica we get

lim N?|L(\— N)| =

N—o0

1+ cos(2m\)

§ S

B*(A+2N)e " ™\d))
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Therefore, it is easy to see that

/ B*(\)e ™|L(A — 2N)|dA > ~—
A<2N,cos(mA)>0 N

for some constant w > 0 independent of N. Then, we have
N? Jrcan cosry=0 B" (Ve _W/\’L( —2N)|dA -
€ N(f\/\*QNHCOS(fr/\)ISC B*(A)emmmin(1, 2N 2N )N (fon_y B*(Ne 2MdA)
w
€ N(f\)\—ZNHcos(W)\NSC’ B*(N)e~™min(1, D2N)Z 2N VAN (fon B*(M)e™ 22d))
Since B*(\) < O\%, we get

/ B*(Ne 2%\ < C A2em 22\ = O(N2%e™ ™)
2N—1 2N -1

Therefore, we get
N? f)\<2N,cos(7r)\)>O B*( ) 770\’[’( _QN)’d)‘ >
E3 —1T - — T\ i
€ N(f\)\—2NHCOS(ﬂ')\)|§CB (Ae~™min(1, D—2N)2 2N )dAN)(fon—y B*(Ne™2d))

w
B*(N)e~™ min(1

N? [\ N[ cos(mr)|<C ; m)w\ B

w

h 1
N? f\)\—2NH cos(mA)|<C A2~ min(1, (A—2N)? )dA

Surely, we have
N? / A2e™™ A = 0
N
as N — oo. Now if A € (1, V), then |\ — 2N| > N Therefore, we can write
w

A2e=m™ \min(1, m

>
N? f)\ 2N|| cos(mA)|<C )d)\

w

= 1
N? f\cos(fr)\)|§%,l</\<N A2e=mAmin(L, gz )dA + o(1)

To prove the Theorem it suffices to show that

1
N2/ ANe ™ min(l, ——————=)d\ = o(1
| cos(mA) [ < S 1<A<N ( (A= QN)Q) M
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Since, A € (1, N), then [\ —2N| > N.

Therefore,
1 1

in(l, ———— ) < —
min(l, S —58E) < N2

Therefore,
1

N? / ANe ™ min(l, ——————)d\ <
\cos(fr)\)|§%,1</\<N ( (A - 2N)2)

/ Ne ™A\ = / MeT™ yay (N)dA
|cos(7r)\)|§%,1<)\<N 1

Here A, = {\ € (1, N) : |cos(m\)| < %} Obviously, we have that
N Xaw () =0

for every A € (1,00) such that cos(w\) # 0.
Additionally the Lebesgue measure of the set {\ € (1,00) : cos(mA) = 0} is equal to 0.

Thus, by dominated convergence theorem, we conclude that

/ Me ™ d\ = o(1)
[ cos(mA)|< T, 1<AN

<
N

This completes the proof. ]
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