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ΑΣΚΗΣΗ: 'Estw sun�rthsh f : R −→ R, gi� t n opoÐa, gi� k�je x ∈ R, isqÔei
f(x + 1)f(x) + f(x + 1) + 1 = 0.

N� apodeiqjeÐ ìti:

(a) ìti h exÐswsh f(x) = −1 eÐnai adÔnath kaÐ

(b) h sun�rthsh f den eÐnai suneq c.

ΛΥΣΗ: Gi� k�je x ∈ R, isqÔei: f(x + 1)f(x) + f(x + 1) + 1 = 0 (1).

(a) f(x + 1) · (f(x) + 1) = −1 ⇒ f(x + 1) · (f(x) + 1) < 0 ⇒ f(x) + 1 6= 0.

(b) f(x + 1) · (f(x) + 1) = −1 ⇔ f(x + 1) = − 1
f(x) + 1

(2).

Gi� t n sun�rthsh g(x) = f(x) + 1, x ∈ R, apì t n (1) prokÔptei
g(x + 1) g(x) = g(x)− 1 = f(x). 'Estw ìti gi� k�je x ∈ R, isqÔei f(x) > 0.

Tìte
1

f(x) + 1
> 0

(2)⇒ f(x + 1) = − 1
f(x) + 1

< 0. 'Atopo.

Epomènwc up�rqei α ∈ R, tètoio ¸ste g(α + 1) g(α) = f(α) < 0 (3).
'Estw ìti h sun�rthsh f eÐnai suneq c. Tìte kaÐ h sun�rthsh g eÐnai suneq c kaÐ
lìgw t c (3), apì tì Je¸rhma Bolzano, prokÔptei ìti up�rqei x0 ∈ (α, α + 1),
tètoio ¸ste g(x0) = 0 ⇔ f(x0) = −1. 'Atopo.
'Ara h sun�rthsh f den eÐnai suneq c. ¤
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