Yelida 1 amo 6
H Oswpia ora MabnpaTika kareuduvong :
Opwopol — Iowtnteg - lpotdoeic — Oewpnnoato — AmoodeiEers

ZT. OAORANPOTIRKOG AOYLONOG

1. Tiovoudlovpe apyikn pog cuvaptnong f oe éva diotua A4 ;

Anavinorn

Apywkn] ovvdptnon 1 mapdyoveo ¢ f oto A  ovoudlovpe kdBe cuvvaptmon F mov eivon

nopaymyiciun oto 4 kot oyvet

F'(x)= f(X), v kile X €A

2. Ozsnpnpa

‘Eoto f o cuvaptnon optopévn o éva dtdotua 4. Av F givor po tapdyovoa g f 010 4,
va amodeitete Ot :

e O\ec o1 cuvaptnoelg TG LOPPNG
G(x)=F(Xx)+c, ceR,
elvar mapdyovoeg g foto 4 .
o KdéBe aAAN mapdyovca G g f 010 4 maipvel T Hopen|
G(x)=F(x)+c, ceR.

Anavtnon

e Kd0e suvapmon mg popeng G(x) =F(x)+c, 6mov c€ R, eivar o mapéyovso mg

foto 4, apod
G'x)=Fx)+c)'=F'x)=f(x), yaxade x €A.
e 'Eoto G sivon pio GAAn mopdyovsa e f oto 4. Tote , yio kébe X € A 1oydovv ot oyéosig
F(x)=f(x) xka G'(x)=1(x), ondre :
G'(x)=F'(x), yiaxibe X €A.

Apo vrdpyet otabepd ¢ TéTol, MOTE

G(x)=F(x)+c, yiaxade X €A.
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Xelida 2 amd 6

3*. Na ddhoete TOV 0pIGHO TOV OPIGUEVOD OAOKANPOUOTOC [10G cuvexovg cuvaptnong f oe
éva kKheloto dotnua [o, B].

Anavinorn

‘Ecto pia cvvéptnen f cove x5 ¢ oto [a,f]. 7V
Me 1o onpela  a=x,<x <X, <.<x,=pf
yopilovpe 10 Sbotnua [a,f] o& v 1coufkn A :\\y=f(x) /f

| |
VTOOLOOTNLATA UKOVG Ax = pa . /i 5 i\ /i

% I I I / I

! i i 7 1 X
I ovvégewn  emdéyovpe  avbaipeta  Eva =y g X &% ~J | TV xa & B
Eoelx,x.], @ ka0e xefl2..v}, Kot N4

oynuatifovpe to GOpocua
S, =f(§)AX + (&) Ax +---+f(§)AX +---+f(E,)Ax

T0 omoio cvpPoriletat, cvvtopa, ®¢ €ENG:

S, =Y f(E)Ax

Ta o 6plo tov abpoicpatog S,, dnAadn to lim(z fE, )AxJ VIAPYEL GTO R «ou givar aveEaptnto anod
v s

NV EMAOYN TOV EVOLANECOV oNpEiV E_,K.
To mapandve 6plo ovopdletol opLopEVO OLOKANPONE TNG CVVEXOVS cvvaptnong f oand 10 o 610 S,

p
ovpuPoriletar pe JA f(X)dX Kot dtofaletat “orokAnpopo g f and 10 a oto 7. Aniadn,
(03

[P f00dx = lim| Yt (e,)Ax

B
4. No ypayeTe TIC IB10TNTEC TOV OAOKANPMUOTOG I f(x)dx .

Anavtnon
a) Ioyvel ot :
o [Pf(x)dx =] “fdx e [TR0dx=0
o Av f(X)20ywkate X €[a,PB], tote _[Bf(x)dx >0.

B) 'Eoto f,g ocvveyeic ovvaptioels oto [a, f] kar 4, ue R . Téte woydovv

o [Pafeodx =2 f(x)dx
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Xelida 3 amd 6

o [0+ eelx = [ f0dx+ [ glx)dx
KOl YEVIKA

. :S[Kf(x) +ug(x)]dx = XJ: f(x)dx + uj: g(x)dx

Y) Avn f givar oo veyn¢ ogdbotnpa 4 xat a, ff,y € 4, 101€ 1oYVEL
p Y p
j f(x)dx = j f(x)dx + j f(x)dx
a a Y

8) Eoto fua oo ve y i ¢ ovvaptnon oe éva didotnua [a, 1. Av f(x)>0 yia kaOe x €[a, f] kot n
ovvaptnon f dev givat Tavtod undév oto dtdotnpa avto, 1oTE

jjf(x)dx >0.

5. Na ypayete v napdywnyo g cuvaptnong F(X) :_[ f(x)dx ,xeA , émov f eivon

ocvveyfic cuvdptnon oto didotnua A .

Anavtnon
Ioyvel 0t :
F’(X):( | "f(t)dtj =f(x), yaxite XEA.

TxO0Ala

a) Tevikotepa £xovpe o €€Ng Bedpnpa :

Av [ eival pio cvveyxng cvvaptnon og £va ddotnpa 4 Kat o givar éva onpegio Tov 4, 1dtE N GLUVEPTNON
X
F(x)= j f()dt, xea,
o
elvat pa mapdyovosa g f oto 4. Anhadn toyvet:
!
X
j f(0)dt | =£(x), yaxise X €A.
a
B) And 1o mapandve Bedpnuo kol To Oedpnpa Tapaydylong GHVOETNS GLVAPTNONG TPOKVITEL OTL:
!/

([ ewar] =te00)- g0

pe v mpovimdBeon O6TL Ta Ypnoilponotlovpeve cOUPOAN ExOVV VO L.
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Xelida 4 amd 6

Oswpnpa

5. Eoto f wo ovveyng covaptnon o’ éva didotnpa [a, f]. Av G gival po Tapdyovsa g f o670
[a, B], va amodeilete OTL :

J.f(0dt=G®)-G(w)

Anode1gn

X

Yoppova pe yvootd OBsopnua, n ocvvdpinon F(X) ZJ. f(t)dt givalr o mapdyovoso g f G10
o

[a, p]. Eredn ka1 G eivan pa mapdyovosa tg f 610 [a, f], B0 vadpyel ¢ €© 1€1010, ®OTE

G(x)=F(x)+c. (1)

Am6 v (1), e x=a, égoopse G(a) =F(a)+c= j OLf(t)dt +C=C, ondte c=G(a).
Enropévog,
G(x)=Fx)+G(a),
omoTE, Yo x = f, éxovpe
B
G(B)=FQPB)+G(a)= Ia f(t)dt+G(a)

Kot dpa

["f(H)dt=G(B) - G(a).

6. No YPAWYETE TOVS TOTOVG TNG TOPAYOVTIKNS OAOKANPMOONG KOl TNG AVTILIKOTAGTACNG Y10 TO OPIGUEVO
oAOKApOUQ.

Anavinorn

a) loybvet 6t :

Iff(x)g'(x)dx =[f(x)g(x)]? - Ij f'(x)g(x)dx,

omov f',g' givarl ovveyeic ovvaptioelg oto [a, f].

B) Ioyver 6tu:

[P fetx)g (x)dx =] Pf(wdu,

omov f,g' elvar cvveyeig ouvaptioets, u = g(x), du=g'(x)dx ko u, =g(a), u, =g(B).
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Xelida 5 amd 6

7.a) Na ypayete tov TOm0 mMov diver 10 gufadov tov ywpiov L mov opiletar amd ™
YPOQIKY TapdoTocn g f, TS evbeieg x=a, x=4 kor tov d&ova x'x ,0Tav f(x)>0 yio KaOe
xela, f]1 kor M cvvaptnon f eivar cvveyng .

B) Na anodeitete 6T1 av yu 11ig cuvaptiocelg f,getvar f(x)>g(x) Y1 k6be x ela, f], TOTE
10 guPadov tov yopiov Q mov mepkieietal and TG YPAPIKESG TOPACTACELS TOV f,g KOl TIG
evbeleg x=a ,x=p Olvetal and Tov THTO :

EQ)= [ (f(x) - g(x)dx

Anavinorn

a) Av wma cuvdptmon f eival cvveyng o éva dSdotnua [a, f] Kol f(x)=0 vy k4O x€la, A],
t61E TO EUPadHV TOV YWpiov L oL opileTar Amd TN YPAPIKN TapdoTac TG f, TIC gvbeieg x=a,
x=p KolTov aova x'x givat

E(Q)= [ f(x)dx

B) Eneidn ot cuvapticels f,g eivan cuvexei 610 [a, A1, o vdpyet apBpog c e R térotog, dote
f(X)+c=g(x)+c>0, Yy ka0 xela,B]. Eivar pavepd 611 10 Yopio 2 (Zyx. 20a) €xel to id10
euPadodv pe to ympio Q' .

y
g I S,
| Q |
i o i i y=g(X)+Ci
P \2 //)I’ X a o B X
r=g(x)
() B

Enopévoc, cbppava pe tov tomo (1), €xovpe:

E(Q) =E(Q) = [ [(F(x) +¢)— (g(x) +0)ldx = [ (F(x) ~g(x))dx.

EQ) =] (£(x)-g(x))dx
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2elida 6 amd 6

Ixo0Ala
a) Otav n dopopd f(x)—g(x) dev datnpel otabepd Tpdonpo 610 [, f], TOTE TO EUPaddV TOVL
yopiov Q mov mePKAEiETOL OO TIG YPOUPIKEG TOPACTACEL TOV f,g Kol TIG €uBele x=a Kot

x=p eivarico pe E(€Q) = J:‘ f(x)—g(x)|dx

B) To gupaddov tov ympiov 2 mov mepkieietor amd Tov dEova
x'x, TN YPOQIKN TOPACTOON UG GUVAPTNONG g, UE g(x)<0 Yoo V] @
K&Oe x e[a, f] Kot TIG €VOelEG x =a KOl x =4 givan {60 U :

EQ)= —Lﬂ g(x)dx

Anode1gn |
[Ipdypott, enedn o aovag x'x eivor 1 ypaQIKy TopAGTACN TG Y=g (x)

ocuvlptnong f(x)=0, &xovue

EQ)= [ (f(x) - g(x))dx

= ["lre(ldx = g(x)dx.

Emopévmg, av yia o cuvaptnon g woybvet g(x) <0 yia kabe x e[a, f], TOTE

E@Q) =] g(xdx
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