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Background

There are a lot of interesting analysis problems scattered in the Internet World. Navigating through different sites
you may encounter an exercise that will catch your attention and possibly you may want to archive it in your
collection so to have access to it later.

This is the main idea behind this booklet. The attempt started back in 2014 when an effort to collect as many
exercises as possible began. Basic ideas are being recycled frequently and reappear in many exercises although
unrelated at first.

The author ( Tolaso ) started the collection of the problems using exercises that he encountered in his university
classes ( Calculus I, Calculus IT and Calculus IV ) and found to be the most interesting and fascinating. He dediced
to include non trivial problems ( as these have nothing to offer usually and rely mostly on definitions ) but
challenging ones.

The first collection contained 125 problems along with their solutions. That project was in Greek and when it was
translated in English the solution section was frozen and was never translated. Now that the collection expands the
author is trying his very best to keep up with the typesetting of the solutions’ section. Hopefully , it will be
completed one day.
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Foreword
Dear reader,

the following booklet contains a collection of interesting problems in Mathematical Analysis. The problems come from
various branches of mathematics.

¢ Real and Complex Analysis ¢ General Topology

4 Multivariable Calculus ¢ Integrals and Series

In each section the reader of this booklet shall encounter exercises that may find out there. Many of them are known
to you but still they are interesting. However , there do exist exercises that demand creativity in order to be solved.

The level of difficulty varies from exercise to exercise and in no way are the problems ordered according to their level
of difficulty.

The first version of this booklet contained 110 problems and it was launched in the Internet World in March 26, 2017.
Some days later , May 3 , 2017, after some typos were corrected the second version was launched containing 10 more
exercises reaching 120. Following version 2 a third version was launched 9 days later on May , 12, 2017 with 3 more
exercises. Also this third version presented the fontawesome KTEX package which substituted text in the document.
The fourth version , launched July 27, 2017 was actually a typo release version and three minor subversions also
followed three days later.

This is version 5 of the booklet. This new version launched about a month later is a follow up of the previous version.
Thanks to all of the readers some typos were fixed and of course the booklet now contains 200 exercises. This is a
milestone version. The author still has not added the solutions of the problems and he is sorry for that. But, know
this: The solutions are already in progress and are being typed up.

If you still find issues during your reading , feel free to contact the author at his e-mail adress tolaso@tolaso.com.gr .
He will be more than happy to fix the issues you notice at the very next version. Also, if you feel up to it you may
send your solution (s) to any of the exercises presented here. It shall appear in the solution appendix along with your
name when that is ready. For more information contact the author.

Tolaso J Kos

August 30, 2017
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Real - Complex Analysis

1. For which a € R does the sequence

Yn=(1+a)(l+2a%)---(1+na™)
converge? Give a brief explanation.

2. A sequence of real number {xn }ncn satisfies the
condition

1
[Xn —Xm| > — whenever n<m
n

Prove that x,, is not bounded.
3. Prove that

lim
n—-+oo

<(n 4 1))/ (n1) n(n+1)/n) -1

4. Find the value of

5. Let {xnJ_; C R and {yn}_; C (0,400). Suppose
that {xn/ynJx_, is monotone. Prove that the
sequence {zn Jnen defined as

Cxitxg -
y1+y2+

+Xn
+Yn

is also monotone.

6. Let {an}nen be a real valued sequence such that the

(o8]
series Y a? converges. Prove that the series
n=1

o0

an
Zl = also converges.
n=

7. Let {an}nen be a positive real valued sequence. If
o

the series ) a, converges prove that the series
n=1

n/(n+1)
Z an/! also converges.

8. Let « € R\ Z and let us denote with |-| the floor
function. Prove that the series
N )

=3[

diverges.

(16th Cuban Mathematical Olympiad)

9. Let a, be a positive and strictly decreasing
sequence such that lim a, = 0. Prove that the series

anp —a

n n+1

8 Z
an

n=1
diverges.

10. Let P denote the set of prime numnbers. Discuss

the convergence of the series

8:Zsinp

pep P

11. Examine whether the (double) series
sin(sin(nm))
n2 4+ m?

converges.

12. Let {Xn nen be a sequence of strictly increasing
positive integers. For each n > 1 let W, be the

least common multiple of the first n terms

X1,Xo,...,Xn. Prove that , as n — +oo , the series
S = ! + ! +-+ !
W, W Wh
converges.
13. Let {an}tnen be a strictly increasing sequence of
positive integers. Prove that the series
n
1
————— converges. Here [, -] denotes the least
[aiv a1'.+ 1]

i=0
common multiple.

EHint: Let X1y..eyXn €

i (1—xy) 1—1_[x1
i=1

(0,1). It holds that

i appears that this problem is quite difficult. It appeared in
several fora including math.stackexchange.com as well as mathemat-
ica.gr. In both went answered till today. In math.stackexchange.com
they suggest that the series converges and its limit is 1.

24 2
SHint:

i (ai, aiv1)
AiQit1

=0

Qiy1 — Q4
Y G
o @iGi+1

a1.7 a1+1

2w
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14.

15.

16.

17.

18.

19.

Let f: (0,400) — R be a positive differentiable
function such that its derivative is positive. Prove

o
1
that the series Z —— converges if-f the series
n=1

f(n)
— f~'(n)
=

Let H,, denote the n-th harmonic number. Study
the convergence of the series

converges.

for the different values of o > 0.

Let H,, denote the n -th harmonic number. Prove
that the series

o0
Vlogn!
S — Z (_1)n7g
el log (Fn+1)
converges.
Let {annen be a positive real valued sequence such
o0

that the series ) a;, converges. Examine the

n=1
convergence of the series

Let {xn nen be a real valued sequence of positive
o0

terms such that )  xy converges. Set

n=1
1 1 1
Sn=—+— -+t —
X1 X2 Xn
Prove that the series Z 5 converges.
XnS4

n=1

Let o € R. For which values of o does the series

8:;<Q—arcsinn+4)

converge?

20.

21.

22.

23.

24.

25.

26.

What is the monotony of the function

0 00 .k
)= 1Y o jez
i=—j k=0

Let f: [—m, 7] — R be a Riemann integrable
function. Prove that

7T 7t

f(x)cosnxdx = lim
7T n—+oo [_

lim
n—+oo J__ -

Prove , without using special functions, that the

) T Inx
integral —— dx converges.
0o X+

Let fn(x) : [0,1] — R be a sequence of functions
converging uniformly to a function f. Prove that

1
lim
n—-+oo

1
1/nfn(x)dx:/o f(x) dx

What can you say about the uniform convergence of
the series

(_1)n+1

8§ = Z ———— sin(nmnx),

n

xeR

n=1

Let f,g: R — R be 1 periodic and continuous
functions. Prove that

1 1 1
lim f(x)g(nx) dx = / f(x) dx/ g(x)dx
n—+oo fq 0 0
(a) Give an example of a bounded function
f:(0,+00) — R such that the limit

¢ = lim f(x) does not exist.
x—0F

(b) If f is a function such as described in (a) then
examine if the following limits exist.

€ Hint: It holds that

7T
% , 0<x<1
- (-t B
Zl n SN N7tX = 0 , x=1
n— —9
ﬂWQ ) cx<e
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(i) (ii)
¢y = lim xf(x)

x—0+F x—0+

27. Let f: [a,b] — R be a continuous function. Prove
that
b b
f 1
lim ¢dx = / f(x) dx
n—+oo [ 34+ 2cosnx V5 Ja
28. Prove that

1
1
i " ax™ T an] dx= —
5?&%/“ +ax™ 4ty n

29. Let x € R. Consider the series

o0 .
sin nx
§=D_
o logn

(1)

(A) (a) Prove that 8 converges forall x € R.

(b) Prove that (1) is not a Fourier series of a
Lebesgue integrable function.

(B) Examine if the function defined at (1) is
continuous. Give a brief explanation to
support your argument

cosnx |

(C) Prove that the series Z s both

logn
Riemann and Lebesgue 1ntegrable as well as a
Fourier series.

30. Let a € Z. Define the function

f(x) = sinax, x € (0,7)

Prove that f can be expanded into a Fourier cosine
series and that it holds

cos(2n + 1)x

o
— —_ , aeven
m 44— a?—(2n+1)?
sin ax ~ A “1*0 . 5
a cos 21x
— | = —— dd
T [2(12+TIZ_1 a2—4n2] @0

31. Let p, q be two points and y be a curve passing
through these two points. Prove that

sinnx
nlogn’

€Do the same question for the quite similar series Z

lo = lim (1—x)f(x)

(a) v'(t) -u < |[y'(t)]]| where u is an arbitrary unit

vector.

(b) that the segment of the curve y between the
points p and q has length at least equal to the
distance ||q — p|| by considering as u = ”J;EE—H.

32. Let {antnen be a bounded sequence. Prove that the
o0

a
sequence of functions defined as Z Tn converges
n=1 n-
absolutely and uniformly on (0, +o0) to a

differentiable function.

(Question from a Real Analysis Exam

University of loannina , Greece)

33. Let f: [—m, 7] — R be defined as f(x) = |x|.

(a) Expand f in a Fourier series.
(b) Prove that

> 1 7T
> 2n—1)2 8§

n=1

(c) Apply Parseval’s identity to evaluate the series

34. Let f: R™ — R be a smooth function. Prove that
there exist functions gi, i=1,...,n such that

f(x1,%X2,...,%Xn) —T(0,0

n
=Y %91 (x1,%2,...,Xn)
i=1

35. Let f: R — R be a differentiable function such that
f’(x) = 0 forall x € Q. Does it necessarily follow
that f is constant throughout R? Explain your
answer.

36. Find all functions f: R — R that preserve
convergent series. (That is a function preserves
convergent series in the sense mentioned above if
> f(an) converges whenever Y an converges.)

€The conclusion of this exercise is to show that the line is the
shortest distance between two points.

€The answer to this difficult question is that the only functions
with this property are of the form f(x) = Ax, x € (-9, d).

Typesetting I TEX

Page 7 of 22

Editor: Tolaso J. Kos



Mathematical Analysis ...

... A collection of problems

Version 5

37. Examine if there exists a function f: R — R such
that

f(f(x)) =x?>+ 1 forall x € R

38. Examine if there exists an 1 — 1 function f: N — N

such that Z f(g)

converges.

n=1

39. Examine whether the series

S = isin [7T<2+\/§>n}

n=1

converges.

40. Examine whether the series

5:§<e—(1+}1)“>

converges.

41. Given a continuous function f: R — R such that
forall x € R\ {0, 1}

x 1
/0 (1) dt > /x f(t) dt (1)

prove that £1 f(t)dt = 0.

42. Let f: [a,b] — R be a continuously differentiable
function such that f(a) = f(b) =0 and

j:lb f2(t) dt = 1. Prove that:

43. Let

f(x) = sinxsin(2x) sin(4x) - - - sin(2™x)

Prove that

#(x)] < jg (%))

44. Prove that for every x € R the inequality

2n 2n—1 2

45. Prove that for arbitrary real numbers aj, as, ...
the following inequality holds.

, An

s ama
Sz
m-+n

mmn=1

46. Let {an}tnen be a sequence of positive real numbers.

Prove that
n
a;+a
Jim sup <1+n+1> Se

n—+oo an

47. Let € denote the Cantor set. We define the function
xe : [0,1] — R as follows:

_17
Xe—o’

(a) Prove that xe is Riemann integrable.

(b) Evaluate LIX@(X) dx.

x € C
elsewhere

48. Let {annen be a real valued sequence such that the

o
. an
series E — converges. Prove that
n
n=1
ap+ag+---+an

lim =0
n—-+4oo n

49. Prove that the function f : R™ \ {0} — R defined as

a>0

f(x) =

B

is a vector field but its domain is not star-shaped.

€A solution goes along these lines:

k k 1
Z Aman _ Z / amant'““‘*l dt
m,n=1 m+n m,n=1 0
1 k
:/ ( Z amantm+“1> dt
0 m,n=1
1 k 2
:/ (Z amtm1/2> dt
0 \m=1
>0

k
In fact the above inequality tells us that the matrix { } is
m+n mn=1

X X X ositive semidefinite.
e S x+1>0 bog
(211)! + (2T1 — 1)! + + 21 Tx+ =This is a very difficult exercise. One solution may be found at M.
Hata’s notes. Another solution is to contradict the result and move
holds. along those lines.
Typesetting WTEX Page 8 of 22 Editor: Tolaso J. Kos
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50. Does the ordered field of the rational functions 58. Let o« > 0. Prove that:
satisfy the axiom of completeness? Explain your
answer.
1 1 1\*
51. Let f:[2,4+00) — R be a uniformly continuous nLIYEOO logn Z ) X <1 — n) = min{l, a}
function. Prove that the integral Isksn
©  f(x) 59. Let us denote with ¢ the Riemann zeta function
J= / ﬁdx with ¢(0) = —%. Let us also denote with (™) the n
2 xtlog X — th derivative of zeta. Evaluate the limit
converges.
¢™(0)
52. Let f:[a,b] — R be a Riemann integrable function. {= lim '
If f(x) = 0 forall rationals of the interval [a, b] then notee M
b
prove that j; f(x)dx = 0.
53. Prove that there exists no rational function such 60. Let I' denote the Euler’s Gamma function. Prove
that that
1 1
fn)=1+-4-- 4= I () __V5+1
" TR ) IR
forall n € N. 61. Consider the real valued sequence {yn nen such
54. Let f: R — (0, +00) be a function such that forall that forall real valued sequences {xn}nen with
. o0
x € R it holds that limx,, = 0 the series )  xnyn converges. Prove
n=1
o0
f(x) log f(x) = e (1) that the series ) |yn| also converges.
n=1
Evaluate the limit 62. Let {anthen be a decreasing sequence of positive
terms. Prove that the series Y an sinnx converges
. | < logx> flx)/x uniformly throughout R if and only if na,, — 0.
= lim (1+
X f(x) 63. Let {antnhen be a decreasing sequence of positive
o0
(Romania , 1986) terms. Prove that the series nél a, COS X converges
o0
) uniformly on R if and only if the series Y  an
55. Let n € N and let f: [—1,1] — R be a continuous n=1
function such that CONVETEES.
. 64. Given the sequence of functions
/ x?™Mf(x) dx = 0
—1 frn(x) =cosx, 0 <x<m
Prove that f is odd. Prove that
56. Let G denote the Catalan constant. Prove that .
(a) limfy,(x) = 0 but f,,(7t) does not converge.
1 tanh x (b) Prove that f, converges pointwise but not
log (1 + \f2> < /0 ™ dx < § uniformly on [0, 7t/2].
57. Let @ denote Euler’s totient function. Evaluate the ~ 65. Let f:[0,+00) — R be an integrable and uniformly

limit

l « . [7k
(= Lm o Z sin (n> @ (k)

lim 5
k=1

continuous function. Prove that lim f(x) =0.
X—+00

Does this result hold if we drop the assumption of
the uniformly continuous 7 Explain your answer.

€The above limit tells us that ™ (0) ~ —n!.
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66.

67.

68.

69.

70.

Define a function f : R — R such that for every
q € Q must hold f(q) € Q but f'(q) ¢ Q.

Given the sequence of f, : R — R where n € N

defined as

prove that

the serieses Z fn and Z !, converge
n=1
uniformly to functions f g: R — R.

the functions f, g are continuous.
f'=g.
it holds that

1 © 4
i f(x)dx =2 —— arctan
o f, o

n—

(ii) /7T xg(x)dx = 0.

1
nyn

Let £:[0,1] — R be defined as:
0, xe[0, 11N (R\Q)
””‘{ml,x—qn 0,10 Q

where x,, is a sequence such that limx,, = 0 and
0 < xn <1 and qn be an enumeration of the
rationals of the interval [0, 1]. Prove that f is

Riemann integrable and that L x)dx =

Let f be holomorphic on the open unit disk D and
suppose that
e

) < 400

o0
If the Taylor expansion of f is of the form }  anz™

n=0

lan|?

] converges.

o
then prove that the series Z

Let f,, be a sequence of real valued C!' functions on
[0, 1] such that forall n € N the following hold:

- o
=What can you say about the integral j; -~ f(

verge?

t) dt? Does it con-

71.

72.

73.

74.

75.

7.

. Let

Prove that f,, has a convergent subsequence that
converges uniformly on [0, 1].

Let xg denote the characteristic function of the

rationals in [0, 1]. Does there exist a sequence of
continuous functions fy, : [0,1] — R such that
converges to Xg pointwise?

Let f:[0,1] — R be a continuous function such that

1 1
/0 f(t) dt:/o tf(t)dt =1

Prove that l;l f2(t) dt

(1)

> 4.

Let f:[0,1] — R be a continuous function such that

/01 f(t) dt = /01 tf(t) dt

Prove that there exists a ¢ € (0,1) such that

(1)

Let f:[0,1] — R be a continuous function such that

/01 f(t)dt = /01 tf(t) dt

Prove that there exists a ¢ € (0,1) such that

(1)

0
cf(c) = 2/ f(t) dt
C
Let f: R — R be a differentiable function such that
(1)

Find an explicit formula for f.

:[0,1] — R be a continous function such that
[ty dt=1and

1
/ (1—f(x)) e T dx
0

Prove that f(x) = 1 forall x € R.

N

0 (1)

Let f: [a,b] — [0,4+00) be a continous and not
everywhere 0 function. Prove that

fb () dt
a

lim & — "~ =

sup f(x)
norheo m(t) dt

x€la,b]
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78. Prove that

lim nsin(27en!) = 27
n—-+oo

79. Prove that the limit

tann

{= lim
n—-+o00 n

does not exist.

80. Examine if there exists a continuous function
f:[1,+00) — R such that f(x) > 0 forall

o0
x € [1,+00) and ﬁ f(t) dt converges whereas

jl‘oo 2(t) dt diverges.

81. Let x € (—%, %) and consider the function

x X
f(x) :altanx+a2tan§+---+antang

where aj,as,...,an € Rand n € N. If

[f(x)| < ltanx] for all x € (—F, %) then prove that

a a
jar+ 24+ 22 <1
2 n
82. Let f:[0,1] — R be a twice differentiable function
with a continuous second derivative. If n is a
natural number greater than 1 such that

“Zlf<k> O f(0) + f(1)
n) 2

k=1

then prove that

1 2 1 1
(/0 f(t)dt) < 5'n4/0 (f"(1))* dt

83. Prove that every function f: Q — Q can be written
as the sum of two 1 — 1 functions g, h: Q — Q.

84. Give an example of a function f : R — R such that
any rational number is its period but any irrational
is not. Also, prove that there exists no function
g : R — R such that any irrational is its period and
any rational is not.

85. Prove that for an entire function f holding

lim @ = ( then f is constant.
Zz—00

€Do the same exercise with the extra assumption that f is uni-

formly continuous.

86. Let f: C — C be an analytic and 1 — 1 function and
let D be the open unit disk. Prove that

‘f’(z)‘ dz = area(f (D))
I
D

87. Let n € N and f be an entire function. Prove that
for any arbitrary positive numbers a, b it holds that

b

£2n e—inty (ZJr aeit) dt <a)“
L% e ntf (z + belt) dt

88. Let a,b € C such that |b] < 1. Prove that

1 z—al? Ia—bl2
— dz| = 1
om | H=T ot
|z|=1
89. Define
1 1—2 1—10
f(z) = - - z. “

z z—2 z—10

Evaluate the contour integral 5[5 f(z) dz.

|z|=100

90. Prove that there does not exist a sequence
{pn(z)hen of complex polynomials such that
Pnlz) — % uniformly on Cg ={z € C | |z]| = R}.

91. Let f be a meromorphic function on a (connected)
Riemann Surface X. Show that the zeros and the
poles of f are isolated points.

92. Let us prove that 0 = 1. We begin by stating
Picard’s Little Theorem:

If a function f : C — C is entire and non-
constant, then the set of values that f(z) as-
sumes is either the whole complex plane or the
plane minus a single point.

Let us now consider g(z) = e* which is definitely
complex differentiable. Since the composition of
complex differentiable functions is also complex
differentiable then the function

eZ

flz) = g(glx) = e

€This is known as Lusin Area Integral Formula.
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is also complex differentiable. Also, f is not
constant; that is for sure. Since there exists no z
such that e* =0 then 0 and 1 are not in the range
of f. However, this is an obscurity unless 0 = 1.

Find the flaw in the above argument.

93. Let A C R be a set of finite measure.

(a) Find the Fourier series of |sin Ax|.
(b) Evaluate the limit

(= lim | sin Ax| dx
A—r 400
A

94. Let (-,-) denote the usual inner product of R™.
Evaluate the integral

M= /exp (—((x,87x))) dx

RrRmM

where § is a positive symmetric m x m matrix and
a> 0.

95. Let (™) denote the n - th polygamma function and
let n € NU{0}. Prove that

VM(z) w(z)
=
¢(n+1)(z) lI)(n+2)(z)

, z>0

96. Consider the points O(0,0) and A(1,0). Let I'(x,y)
be a point of the plane such that y > 0. Set @(x,y)
to be the angle that is defined by OI' and AT. ( the
one that is less than 7.) Prove that the function
@(x,y) is harmonic.

Multivariable Calculus

97. Given the curve y(t) = e ' (cost,sint) , t >0

(a) Sketch its graph.

(b) Evaluate the length of the curve as well as the
following line integrals

€The flaw is not in the theorem!

€The a = 1 case can be interpreted as (the appropriate constant
multiple of) the density of a multivariate normal distribution.

gActuaully the above inequality is a consequence of a stronger one
namely this:

P 2™ (z) 27 (2)

whenever ™I ¢ N. The proof of it may be found at Joy of Mathe-
matics.

(i) g§(x2+y2)ds (i) yﬁ(—y,x) ()
Y Y

(Question from a Real Analysis Exam

University of loannina , Greece)

98. (a) Let D C R? be the unit disk and 9D be its
positive oriented boundary. Evaluate the
following line integral

%(x—y?’vxg’ —y?) - d(x,y)
oD

(b) Can you deduce if the function

f(x,y) = (x —y*,x* —y?)

is a vector field by basing your reasoning
solely on question (a) ?

(Question from a Real Analysis Exam

University of loannina , Greece)

99. Prove that for every ¢ > 0 the set

Brg =1{(x,y,2) € R*: (x—f(2))*+(y—g(z))* < c, z € [a,b]}

has the same volume for every function
f,g:[a,b] = R.

100. Consider the subset of R3

B={(xy,z2) eR*:x*+y?<z<a},a>0

(a) Evaluate

(i) the volume of B.
(i) the triple integral

T = ///(x2 +yHzd(x, vy, 2)
B

(iii) the area of the boundary of B.
(iv) the surface integral

S:ygx/l—i-éledcr
9B

(b) Express the volume of B through a suitable
continuously differentiable G : R? — R? and
through a suitable surface integral.
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101. Prove that the work

w:_¢ (x,y,2)
S0y 2277

: d(x7y7 Z)

produced along a @! oriented curve y of
R3\ {(0,0,0)} depends only on the distances of
starting and ending point of vy about the origin.

102. Let V(R) be the volume of the ball of center 0 and
radius R > 0 in R™. Prove that for n > 3 it holds

that

Vall) = 2V (1)

103. Let S denote the area bounded by the curves

x?y = 1 and x?y = 2 as well as the lines y = x and
y = 2x and let v denote its negative oriented
boundary. Evaluate

J= yﬁ (e_"2 — Gy) dx+ (4x —7y") dy
J

104. Let u:R? — R be a continously differentiable

function and let G be the circle of origin (0,0) and
radius r > 0. Prove that:

1.
— lim —
2T r—=0 T
Cr

uds =u(0,0)

105. Let f(x) =x' Qx where x| =

and Q is the diagonal matrix

(X1,...,Xn) € R™

q 0 ... 0
0 da2 ... 0

Q=1 . . . . gi€R, i=1,...,n
0 0 ... gn

(a) Give the derivative as well as the Hessian
matrix of f.

(b) Give conditions for the q; such that f has a) a
local maximum b) a local minumum and c)
neither of the previous ones.

(¢) Compute the Taylor polynomial of degree k of
f around x = 0 forall k € N.

106. Let 8 =[0,1] x [0,1]

9= // max{x, y}d(x, y)
8

C R2. Evaluate the integral

Hint: It holds that

X
ER

0<ysx«l
0<x<y<l

max{x, y) = {

Hence

/01 /Olmax{x,y}d(x,y) =/01/0Xxd(y,x)+
+/01/0yyd(x,y)
—2/01 /Oxxd(y,x)
/01x2dx

2
2
3

107. Let M be the interesection of the elliptic cylinder

x2 2
22 S < 1 and the ellipsoid
2 2 2
L+l+i <1 a>0,b>0,c>0

b2
For all n € N evaluate the integrals

I = /// (a?b? —b*x* — a?
M

(Question from a Real Analysis Exam

_1
)" 2d(x,y,2)

University of loannina, Greece)

108. Let € =1[0,1] x [0,1] x

cube. Define the function

x [0,1] € R™ be the unit

X1X2* " Xn
a a a
1+X22+"‘+Xnn

f(Xl,Xg, v 7XTL) =
where a; arbitrary positive constants. For which
values of a; > 0 is the value of the integral f ef
finite?

€An interpretation of this integral; if you have two independent
umform (0,1) random variables, the expected value of the maximum
1s 5. (And the expected value of the minimum is 3 L) More generally: if
you have n independent uniform (0, 1) random varlables the expected
value of the maximum is %5. In more detail: if you order these
random variables after the fact so that Y1 < Yo < -+ < Yy, then
the expected value of Yy is —==. (The general name for this sort of

+1
reasoning is order statistics.)
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109.

110.

111.

112.

113.

114.

115.

116.

117.

Let f: R — R be a function such that f(x) > 0 and 118. Let Rt ={x € R:x > 0}. Endow it with the metric
ST f(t)dt =1. For r > 0 we define

d(x,y) =

Xy

1 1 ’

In(r) = / ' / FOa)flxa) - £en) dlx1, X2, xm) (a) Show that the sequence a, =n is a Cauchy
x2+x3+-+xZ < one.
(b) Is the sequence L a Cauchy one?

Evaluate lim I, (r).
" (c) Show that any sequence a,, in R* converges in

R™ in the metric d above if and only if it
General Topology converges in R in the standard metric |[x — y|

and that the limits in the two cases are equal.
Find a countable and dense subset of R\ Q with

respect to the usual topology. 119. Let us define the following function:

Let X = [0, +00) U{+o0}. We endow it with the f(x) = x , 0<x<1
metric L AR b ., ox>1

p(x,y) = |arctan x — arctan y| as well as dm (x,y) = f(x —yl).

(a) Show that d, is a metric on R. You may call
it the mole metric. If points are close (closer
than one meter), their distance is the usual

Prove that under this metric X is separable ,
complete and compact.

Does there exist an enumeration {q, € Q:n € N} of one, but are they far apart (more than one
Q such that meter) we do not distinguish between their
distances; they are just far apart.
R Oo 1 1 (b) Show that R endowed with the above metric is
& Ul qn — n’ dn + n complete and bounded but not compact. Is it
ne

totally bounded? Why / Why not?
Prove that there does not exist an 1 — 1 and

Continuous mapplng from RQ tO R 120. Prove that the Set R2 \{07 0} iS nOt Slmply
connected.
Let Q be a metric space. Suppose that every

bounded subset of Q has at least one accumulation 121. Find a sequence of open sets {Gn}nen of R such that

point. Prove that Q is a complete metric space.

(a) Let (X, p) be a compact metric space and let 7 = ﬂ Gn
f: X — X be an isometry. Prove that f is onto. n=1

(b) Prove that the £? space (that is the space of

the sequences for which Y x2 converges) is
n=1
not compact endowed by the metric

Ewell , the problem actually is not of an analysis nature but that of
Algebraic Topology. Try to construct a deformation retraction from

R2\ {0,0} to S ( the unit circle ). For example take f(x) = ”’;—H
00 Then the fundamental groups are isomorphic , however m; (S!) = Z
p(xTU yn) = Z (xn — yn)2 and hence the fundamental group is not trivial. Therefore , the set is

not simply connected.

n=1 -
=Simply take
Prove that there exists no continuous and 1 —1 map G = | ( 1 1)
.. . n — m——,m+ —
( depiction ) from a sphere to a proper subset of it. ez n n

Is the set § = R?\ Q x Q complete? Give a brief
explanation.
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122. (a) Let 6 € R\ Q. Prove that the set

D (0) = {(cos 2n70, sin 2nm0) € R? : n € N}

is a dense subset of the circle S! : x? 4 y? =

(b) Find a countable and dense subset of R\ Q
with respect to the usual metric.

Integrals and Series

123. Evaluate

© 2 —dx
/1 nZ_O(nmS

124. Let a > —1. Evaluate

/2
J= / log (1 + asin®x) dx
0

125. Let n € N|n > 2. Prove that

S| 1
/ 08 () 4o 1
o (14+x)m n—

Evaluate the integral

n—2 1
1 D k
k=1

126.

arctan

g = x+1

dx
1+ 2x — 2x2

0 arctan

(Russian Mathematical Olympiad)

127. For any positive integer n , let (n) denote the
closest integer to y/n. Evaluate the sum

2 9(n) 4 9—(m)

S f—
n=1 2n
(Putnam 2001)
128. Prove that
47'[\/3 sinh ”\ﬁ
H (1—x" \ﬁ
V23 cosh “T

129. Evaluate the integral

_/1 arctan v/2 + x2 dx
0 (1+x2)vV2+x2

130. Let a € R. Evaluate the integral
cos ax
9 / eX + e X
131. Evaluate the integral
g— / — 4 sin 2x
x2+4 x
132. Evaluate the double series
o0 oo
(=)~ 1
§=2_
= - k2m +1
(Putnam 2016)
133. Evaluate the integral
' 1 1
Jd= +— ) dx
1—x Inx
0
134. Let V) denote the trigamma function. Evaluate
the sum
e 2
(v Mm)
n=1

(Cornel Toan Valean)

where (?)

EThis integral is known with the name ” Ahmed’s integral” .
€The evaluation of this integral allows to tell that

Re {11)(0) (Z — %) — 0 (i — %)} = msech (%)

is the digamma function.
=]
=One can also evaluate the general form

1
1 1\™
+ — dx m>1
b 1—x Inx
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135. Let Lis denote the dilogarithm function and T
denote the Gamma function. Prove that

(Enkel Hysnelaj)

Let H,, denote the n-th harmonic number. Prove
that

2 K
2w

n=1

CCRNIEE S

k=1

where ( is the Riemann zeta function.

Let H,, denote the n-th harmonic number. Prove
that

Prove that

R

j=2k

This series may be called as ”The harmony of the
harmony” . Evaluate the series

1 o Ko m3e
(n+2)2“+2];k+lmz_m 6

k > 1. Prove that

1 k+1
/ In*(1—x) Inx dx = (—1)** k! <k+1— Z C(k))
0

m=2

where ( denotes the Riemann zeta function.
(Ovidiu Furdui)

Evaluate the series

> cos“?)7T
S:ZQ_4n2

143.
1 (3)
/ <Li2 (efzm") + Ligy (e2mx) > logT'(x) dx = 5
0
where C is the Riemann zeta function.
136. Let Lis denote the dilogarithm function. Prove that
144.
00 2
3¢(3
/ Lis (e*m‘) arctanx dx = T M
0 18 8
137. Prove that
145.
i arctan 10n =In3— T
(3n2+2)(n2—-1)) 4
n=1
138. Let ¢ denote the Riemann zeta function. Prove that
146.
= k((2k) 2
Z g1 4
k=1
139. Let Lig denote the trilogarithm function. Prove that
5 s - 12
— 360 2
(Seraphim Tsipelis)
140. Prove that
2—3
arctant T 2G
dt = - log (2 V3) + =
/0 t gl (2-V3) + 5
148.
where G denotes the Catalan constant.
141. Prove that
o0
(2 1
Z ntl g, 149.
m+1)2n+1)
n=1
where y stands for the Euler - Mascheroni constant.
(Seraphim Tsipelis, Kotronis Anastasios)
142. Evaluate the following double series

— — ym amln(m+n)
- Z Z ' (m+mn)3

m=1n=1

€The more general identity

ﬁ (1+ sint ) _
coshn

n=—oo

for Re(r) = 0 seems to be true as pointed out by Tintarn at AoPS.com.
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(H. Ohtsuka) 158. Calculate

o0
. inh 1
150. Evaluate S = Z arctan (sinhn) arctan (sm >
= coshn
/°° arctanx dx
oo X2 X A1 (H. Ohtsuka)
151. Let I denote the Gamma function. Evaluate the
integral 159. Let {-} denote the fractional part. Evaluate
1 /2 {tan x}
(log I'x) +logT(1 —X)) log I'(x) dx J= tan x
0

160. Calculat
152. Evaluate the integrals alettate

/2
H:/ x In tan x dx
0

o o ]
(i) / X gx (ii) / X ax
o ex+1 o ex—1
161. Let v denote the Euler - Mascheroni constant.
153. Let erf denote the error function. Prove that Prove that
o0 2
© 2/2 1 cosx* —cosx . Y
/ e Xerf?(x) dx = V2 arctan — / — dx = )
0 us V2 0
154. Evaluate 162. Calculate
o
00 L B 1 % / IOgQX dx
0 eX —e X 2/ x2 0 (2X+1) (X +X+1)
155. Prove that 163. Let {-} denote the fractional part. Evaluate

= Dogoc(3) — =2
1—x 5 1082C(3) — g

1 2
/ 1 ! dx
/1log(1+x)log2xdx_7 19 4 0 x 1—x
0

164. Let Q denote the root of the equation xe* = 1.

(Cornel Toan Valean) Prove that

156. Let H,, denote the n-th harmonic number. / » 5 S =
_ — 1+Q
Evaluate the sum oo (X —x)" + 7

165. Evaluate the series
o0 o0
_ k+n k+n
5-3 3 (e .
k=1n=1 § = E
nZ+n-1

n=—oco
(Cornel Toan Valean)
as well as the product

00 2
-1 ()
iﬁ 1+ klogk n=1 nf4+n—1
n:1k212+ (k+1)log(k+1)

157. Calculate
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166. Let C denote the Riemann zeta function. Prove the

167.

168.

169.

170.

171.

172,

173.

identity:
Lia (e 2%) =1lo (2n)f1f5£fi( 1)(2n
o 2 g 22 n@nt )

where Lis denotes the dilogarithm function.

Let G denote the Catalan’s constant. Prove that

7_[00
§Z 2n+1 =9

TL:()

where ( denotes the Riemann zeta function and

C(0) = —1.

Let s € C such that fRe(s) > 1. Evaluate the
following double Euler sum

1
2 Grer

(3,%)€Z2\{(0,0)}

S =
Evaluate the integral

/2
J= / sin’® x log (sin2(tan x)) dx
0

Let 0 < o, 3 < mand k > 0. Prove that

/Oollog (xz+2|<xcos[3+|<z> de— o
0 X X% 4 2KX cos & + K

Let v denote the FEuler — Mascheroni constant.
Define F(x Z x2"

1
F(x)
=1— d
v=1- [ e

Let B, denote the n -th Bernoulli number.
that

. Prove that

Prove

n L.BQnX

2n (2n)!

. X
log sin —

X
:1 —_ —
og 9

2

25

Evaluate the integral

174. Prove that

i cothnmt 1977
n? 56700
n=1
175. Evaluate the sum
X Jogn+ 1
S — Z g i il
ne——oo T + 4
(Seraphim Tsipelis)
176. Let H,, denote the n-th harmonic sum. Evaluate
the sum:
o0
1 1
= Z (J{n—logn—y—% + 121’12)
n=1
(M. Omarjee)
177. Prove that
n(n+1)
on+3
H (H (k4 1) Jk“(z)) _ Te)/202(2)
where (¢ denotes the Riemann zeta function.
178. Let R 3 s > 2. Evaluate the ( double ) sum:
2 4 2
oy e
(maez{o0) T
(Kent Merryfield)
179. Let a € [—m, 7] and let us denote with Ci the Cosine

integral function. Evaluate the series

5

n=1

1)~ 1Ci(na)

€The most straight forward approach is to use Fourier series be-
ginning by equation (2) at the link. The final answer is
yrn?  m?lna w2ln2 C'(2)

§=-—+ — — ¢
12 12 12 2 8

where y denotes the Euler - Mascheroni constant.
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180. Let o, p € R such that 0 < o« < 3. Prove that

©  dogx .1 oo,
/0 (x+ o) (x + B)dx_g(ﬁ_(x) [log p —log ‘X]

(Grigorios Kostakos)

181. Let v denote the Euler - Mascheroni constant.

Prove that

® cogx™ — cos x2™
log
0 X

Calculate

<[]

Let H,, denote the n -th harmonic number. Prove
that |z| < 1 it holds that

12y? — 2

dx =
T T un)?

182.

]_[ cos(Xm)

Xm
1

ﬁl\’lﬁ

183.

3y 2ket1 arctanzl

2
N+ 1 5 log (1+27)

>

184. Let B, denote the n-th Bernoulli number.

that

Prove

i LBQnX =lo E—lo sinl(
o (2n)! 65 T 0BG

25

Let G denote the Catalan’s constant and H,, the n -
th harmonic number. Prove that

185.

i Hin—z  Han—2) _ ﬂj mtlog 2 n S
n—3 4n—-2/) 64 32 2
n=1
3log?2  3mlog?2
16 32

(Cornel Toan Valean)

€The interested reader might as well give a try the following inte-

gral
=], 1

log X
(x+ a)(x+B)

d(Xl,Xg,. ..

186. Let A denote the Glashier - Kinkelin constant and y
the Euler - Mascheroni constant. Prove that

(— 1)k+m+n
k+m+n frd

o0 o0 o0
HH H (k+n+m)
k=1n=1m=1

A3/2
(7/124v) log2+% log? 2

m3/4el/8—

(Cornel Toan Valean)

187. Prove that
il 1_1+1_._2_
n\n+l1 n+2 n+3 N
n=1
@n2 In®2
SE L an®
6 3 4
7XTL)

(Ovidiu Furdui)

188. Let k be a positive integer. Evaluate the multiple
sum

S =

y :
i (i 4 -

11,0121

-+ ix)?

(Ovidiu Furdui)

189. Evaluate

/OO /Oo d(x,y)
o Jo (eX+ey)?
(Ovidiu Furdui)

190. Evaluate the integral

-1 *+1
/ ex 1k (€ + dx
o ex+1 ex—1

§Currentl‘y I do not have a solution on this but the most straight
forward idea is to actually try to find the number of ways n can be
written as a sum of three numbers and reduce the triple product into
a single one.

(k+1D)C(k+2)

2 whereas for k > 2 the

€For k = 1 the sum equals

sum equals

k—1
k+1 1
£r- 2) — = 1—1 1
k( L(k+ Q;CkJr )i+ ))
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191.

192.

193.

194.

195.

196.

Let p denote the Mobius function. Evaluate the
series

2 (—1)mm)
= Z —

n=1
where Re(s) > 1.

Let n € N and C denote the Riemann zeta function.
Prove that

n!'¢n+1)

/2
. n o n
/0 (logsinx)" tanxdx = (—1) PLES]

Let G denote the Catalan’s constant. Prove that

o 6“
Z -

(2n+3)* (2n+1)2 (>

27

== (7(:(3) +(3—28)m— 12>

Let H,, denote the n - th harmonic number. Prove
that

Express in terms of dilogarithm the series

o0
= Z (narccotn —1)

Let lem denote the least common multiple. Prove
that for all s > 1 it holds that

&)
((2s)

where ( is the Riemann zeta function.

EThe above series was proved by Jacopo D’ Aurizio , an MSE

user.

The series goes deeper and is actually a closed form of the

hypergeometric function

197.

198.

199.

200.

The n -th Fibonacci number is defined as Fg =0
F1 =1 and recursively via the relation

Frio =Fnp1+Fn forall m>0

Prove that

(="
n+1 (Fn + Fn+2)

Z arctan (F > = arctan (\/5 — 2)
n=0

Let ¢ denote the Riemann zeta function and let
N > s > 2. Prove that

2((s) (25 —2)T(s+1)
45

1
/ arctanh®(x) dx =
0

Evaluate the product

B ﬁ 2 m+ 1 (=1
N ] 4n n+1+(—1)n-1

Let T,, denote the n - th triangular number.
Evaluate

o0

(8Tn — 8Tn+1—3)

n:l
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Appendix

In this appendix we shall present some open problems.

1. Can we cover a unit square with % - L rectangles?

k+1
Here k € N.

2. Is the sequence (%)n mod 1 dense in the unit inter-
val?

3. Is it true that

S 1+ 14n+76n2 +168n3 (2n\ 7 32
Z 220n n/
n=0

4. (The following is called Giuga Conjecture or Agoh-
Giuga Conjecture and its origins can be traced back
in 1950.) A positive integer p > 1 is prime if and
only if

p—1
Z iP"l=—1 (mod p)

5. Why is it so difficult to prove that e+ 7t is irrational?

6. Let ( ) denote the Legendre symbol. Is it true that

o0

an &
og| IV = Y (F) 3

2 7'(/2

VT =

n=1
7. Is the Catalan’s constant defined as
o0
B (="
5= Z (2n+1)2
n=0

irrational?

8. Let H,, denote the n - th Harmonic number. Is it
true that for all n > 1 it holds that

D d < Hn + (logHp)e™

dn

€This kind of identity is amenable in principle to automatic
theorem-proving methods, but (using known techniques) is out of
reach of current computers. Another such formula is the Cullen’s Pi
Formula that can be found here.

€Actually Jeff Lagarias showed that this is equivalent to the Rie-
mann hypothesis!

9. Let xg = 2. Is it true that the sequence {xn}nen

defined as
1
Xn4+1 =Xn — —
Xn
is unbounded?
10. Does the series
-y o
n n3sin?n
n=1
converge?
11. Is it true that
1
lim —— =0

n—+oo n2sinn
12. Let pn, denote the n -th prime. Is the series

s-y

n=1

n 1

convergent?

13. Is there a dense subset of a plane having only rational
distances between its points?

14. For every odd prime is it true that one has

O+ 1+ +(p—1)#0 (modp)

15. (The following is known as Littlewood’s conjecture.)
For v, 3 € R is it true that

liminf(n - [[n«ll - [mB]) =
n—-+o00

Here || - || denotes the distance to the nearest integer.

16. What is the largest possible volume of the convex
hull of a space curve having unit length?

EWe would expect this to tend to zero, but the proof is beyond
what is currently known. It is expected that the irrationality mea-
sure of 7 is 2 (it is known that all but a zero-measure set of real
numbers have irrationality measure 2). Therefore, it is expected that
the sequence tends to 0 but currently there is no proof for that.

€The origin of this problem traces back to Paul Erdés .

€This is known as Kurepa’s conjecture. A proof was claimed and
published in 2004 but the claim was withdrawn in 2011.
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References

Here is a list of references that indicate , potentially , the
source of the majority of the problems or that of the
appendix.

®) International Fora

@ Mathematics Stack Exchange

Description: Mathematics Stack Exchange is a
Q& A site that allows users to ask and answer
questions. It is quite reach in interesting questions
of all levels from trivial up to very challenging ones.

@ Art of Problem Solving

Description: Art of Problem Solving ( abbrev:
AoPS ) is a site that is a great resource of
mathematical competitions. It also has a college
forum with plenty of interesting questions and
answers.

@ mathimatikoi.org/forum

Description: mathimatikoi.org ( from the greek
word that means mathematicians ) is an English
forum of university mathematics. Its main focus is
in college level mathematics and some branches of
Euclidean Geometry.

@ Integrals and Series

Description: Integrals and Series is a forum on

discussion on Integrals and Series only. It has many
topics on the evaluation of challenging integrals and

series as well as studies on special functions.

®) Local Fora

@ mathematica.gr
Description: mathematica.gr is a greek site on
mathematical discussions. It is a great resource on
mathematical competitions , mathematical news,
teaching technics as well as university and applied
mathematics.

& Other Sites

@ tolaso.com.gr

Description: The editor’s personal site.

i Institutions

A University of loannina, Ioannina, Greece

»

University of Athens , Athens, Greece

A University of Wisconsin , USA

2

University of Michigan, Michigan , USA

M Books / Journals

& American Mathematical Monthly

& Romanian Mathematical Monthly

& Asymmetry

& Rudin W. Principals of Mathematical Analysis

& Principals of Multivariable Calculus , Giannoulis
Ioannis , University of loannina

& Complex Analysis , Stein E.M and Shakarchi R

& Other References

These other references may include facebook groups.
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