Why does multiplying two negative numbers make a positive?
Τι γίνεται όμως με τον πολλαπλασιασμό (-4)x(-5); Τέσσερα βήματα προς τα αριστερά, πολλαπλασιασμένα με πέντε βήματα προς τα αριστερά; Και αυτό να δίνει είκοσι βήματα προς τα δεξιά; Στα παιδιά, και σε οποιονδήποτε έχει ρωτήσει και πολύ δικαιολογημένα: «Πες μου πώς γίνεται;» θα μπορούσαμε, βάζοντας στην άκρη αξιωματικούς ορισμούς και μηχανιστικές αποδείξεις, να εξηγήσουμε ότι αυτό το πλην μπροστά από έναν αριθμό μπορεί απλά να το ερμηνεύσουμε και ως εντολή να αλλάξουμε κατεύθυνση. Αν δηλαδή είμαστε επάνω στην ευθεία,4 σημαίνει να πάμε τέσσερα βήματα προς τα πίσω. Πολλαπλασιασμένο αυτό επί-5 σημαίνει αυτή την ποσότητα βημάτων να την επαναλάβουμε πέντε φορές σε αντίθετη κατεύθυνση. Πόσα βήματα έχουμε κάνει προς τα δεξιά; +20. Ελπίζω να υπάρχουν αντιρρήσεις και γι΄ αυτήν ακόμη την απόδειξη. 

Αν δεν υπάρχουν, τις παρουσιάζω εγώ. Εδώ ο ένας αριθμός συμβιβάζεται με την έννοια των βημάτων, αλλά ο άλλος αριθμός αλλάζει φύση και μας δείχνει απλά επανάληψη, πόσες φορές. Αυτό δεν το είχαμε στην πρόσθεση όπου και οι δύο αριθμοί δείχνουν αριθμό βημάτων. Πρόκειται βέβαια για τις δυσκολίες που συναντάς προσπαθώντας να εξηγήσεις μακριά από τους αυστηρούς ορισμούς τους τα πράγματα. Μπλεχτήκαμε όμως οικειοθελώς με αυτό, θέλοντας να δείξουμε μέσα από πόσες δυσκολίες και αντιφάσεις οι άνθρωποι κατάφεραν να δημιουργήσουν εργαλεία που τους εξυπηρετούν, αν και τους δημιουργούν προβλήματα (η Κβαντομηχανική είναι ένα άλλο τεράστιο παράδειγμα). Κάποτε, μεγάλοι μαθηματικοί δεν μπορούσαν να δεχτούν καν την ύπαρξη αρνητικών αριθμών, διότι δεν χωρούσε στο μυαλό τους ότι ένας αριθμός μπορούσε να είναι μικρότερος από το... τίποτα. 

Διαβάστε περισσότερα: http://www.tovima.gr/default.asp?pid=2&ct=33&artid=355406&dt=19/09/2010#ixzz112h7lVGT
ΜΗΧΑΝΙΣΤΙΚΕΣ ΑΠΟΔΕΙΞΕΙΣ ΓΙΑ ΤΟ «ΠΛΗΝ ΕΠΙ ΠΛΗΝ ΚΑΝΕΙ ΣΥΝ»
Δεν είναι ακριβώς 1) Από την επιμεριστική ιδιότητα έχουμε: α* (β+γ)= α*β+α*γ.Αν βάλουμε όπου α και γ το-1 και όπου β το +1 προκύπτει: (1)*(1+(-1))= (-1)*1+(-1)*(-1) και στη συνέχεια (-1)*(0)=-1+(-1)*(1) για να καταλήξουμε στην 0=1+(-1)*(-1),άρα αν έλθει αριστερά το-1 θα γίνει +1, οπότε: 1= (1)*(-1),δηλαδή το γινόμενο των δύο αρνητικών έδωσε θετικό αποτέλεσμα. 

2) Ο πολλαπλασιασμός με θετικό αριθμό είναι ως γνωστόν επανειλημμένες προσθέσεις,ενώ με αρνητικό αριθμό μπορεί να εκληφθεί και σαν επανειλημμένες αφαιρέσεις,άρα: 

(-3)*(-4)= 0- (-4)-(-4)-(-4)= 12 3) (-α) + (-(-α))= 0.Προσθέτουμε και στα δύο μέλη το α: α+(-α) + ((-α))= α και αυτό δίνει: 

0 + (-(-α))= α άρα (-(-α))= α

Διαβάστε περισσότερα: http://www.tovima.gr/default.asp?pid=2&ct=33&artid=355406&dt=19/09/2010#ixzz112hHSngS
	α/α
	Ερώτηση
	Α
	Β

	1
	Σε ένα αγώνα ποδοσφαίρου, ο συμπαίκτης (+) του αντιπάλου μου (-) είναι;
	συμπαίκτης μου (+)
	αντίπαλος μου (-)

	2
	Σε ένα αγώνα ποδοσφαίρου, ο συμπαίκτης (+) του συμπαίκτη μου (+) είναι;
	συμπαίκτης μου (+)
	αντίπαλος μου (-)

	3
	Σε ένα αγώνα ποδοσφαίρου, ο αντίπαλος (-) του συμπαίκτη μου (+) είναι;
	συμπαίκτης μου (+)
	αντίπαλος μου (-)

	4
	Σε ένα αγώνα ποδοσφαίρου, ο αντίπαλος (-) του αντιπάλου μου (-) είναι;
	συμπαίκτης μου (+)
	αντίπαλος μου (-)

	5
	Το γινόμενο δυο αρνητικών αριθμών είναι;
	θετικός αριθμός
	αρνητικός αριθμός

	6
	Το γινόμενο δυο ετερόσημων αριθμών είναι;
	θετικός αριθμός
	αρνητικός αριθμός

	7
	Το γινόμενο ενός αρνητικού αριθμού με ένα θετικό αριθμό είναι;
	θετικός αριθμός
	αρνητικός αριθμός

	8
	Το γινόμενο δυο θετικών αριθμών είναι;
	θετικός αριθμός
	αρνητικός αριθμός

	9
	Το γινόμενο δυο ομόσημων αριθμών είναι;
	θετικός αριθμός
	αρνητικός αριθμός

	10
	Το γινόμενο ενός θετικού αριθμού με έναν αρνητικό αριθμό είναι;
	θετικός αριθμός
	αρνητικός αριθμός


http://users.sch.gr/geoman22/a-gym/a-7-5-ask.htm
ΑΚΕΡΑΙΟΙ  ΑΡΙΘΜΟΙ- ΠΡΑΞΕΙΣ ΑΥΤΩΝ
 
 
 
1.1         ΕΙΣΑΓΩΓΗ
 
Ασχολήθηκα 30 χρόνια με τη διδασκαλία των Μαθηματικών του Γυμνασίου, τόσο στην Μέση Εκπαίδευση όσο και σε Φροντιστήρια. Η μέθοδος που χρησιμοποιούσα για  τη διδασκαλία των πράξεων των ακεραίων στηρίζονταν στο τυπικό μοντελοποιημένο πλαίσιο του σχολικού βιβλίου. Ουδέποτε οι μαθητές αναρωτήθηκαν ή αναζήτησαν περισσότερα πράγματα από όσα τους έδινα.
Φέτος διδάσκω το θέμα αυτό στο Β΄ έτος του ΣΔΕ Ιωαννίνων, σε ανθρώπους ενήλικες, όπου το μοντελοποιημένο, φορμαλιστικό, αποδεικτικό πρότυπο δεν τους ικανοποιεί.
Οι ενήλικες είναι σαν την παιδική ψυχή, που αναζητά το γιατί, θέλοντας να στηρίξει τη γνώση που προέρχεται απ’ όσα βλέπει, ακούει, αισθάνεται. Άρα, μια μέθοδος που θα ερευνά και θα ανακαλύπτει το γιατί, που θα  οδηγεί στα θεμέλια της γνώσης, θα την θεμελιώνει και θα κάνει τον μαθητή ικανό να μην την ξεχνά εύκολα, να μην την μπερδεύει και κυρίως να νιώθει σιγουριά, είναι απαίτηση του εκπαιδευόμενου και ζητούμενο του εκπαιδευτικού.   
Ανέτρεξα, λοιπόν, στη βιβλιογραφία Διδακτικής των Μαθηματικών και κατέληξα σε εναλλακτικούς τρόπους παρουσίασης και διδακτικής προσέγγισης του αντικειμένου.
Θεώρησα καλό να γράψω όλα αυτά ως υλικό, για όσους συναδέλφους θα ήθελαν να το συμβουλευτούν.
 
1.2         ΠΡΟΒΛΗΜΑΤΑ ΔΙΔΑΣΚΑΛΙΑΣ ΤΩΝ             ΑΡΝΗΤΙΚΩΝ ΑΡΙΘΜΩΝ
 
Ο Πρώσος μαθηματικός του 19ου αιώνα Leopold  Kronecker είπε ότι: «Οι Φυσικοί αριθμοί είναι δώρο του Θεού προς τους ανθρώπους, όλα τα υπόλοιπα, είναι κατασκευάσματα των ανθρώπων.» Όσο και αν δε θελήσουμε να δεχτούμε τη θεϊκή καταγωγή των μαθηματικών, δε θα μπορέσουμε να αρνηθούμε την αδυναμία μας να περιγράψουμε με φυσικούς αριθμούς όλα τα μεγέθη και φαινόμενα της ανθρώπινης καθημερινότητας.
Η άνεση, η ευχέρεια και εξοικείωση του δασκάλου των μαθηματικών με τους αρνητικούς αριθμούς, δε θα πρέπει να τον οδηγήσει στην παράβλεψη των δυσκολιών της διδασκαλίας τους στο σχολικό επίπεδο. Η παράγραφος αυτή αποδεικνύει, ότι αυτός ο οποίος έχει κατανοήσει τα μαθηματικά δεν είναι κατ΄ ανάγκη σε θέση και να τα διδάξει.
Ο καλύτερος τρόπος για να εξηγήσει κανείς στους μαθητές τις δυσκολίες που εμφανίζονται στους αρνητικούς αριθμούς, είναι εκείνος που βοηθά να κατανοήσουν σε βάθος μια μαθηματική έννοια. Η Γενετική- Ιστορική μέθοδος δηλαδή, που εξετάζει την έννοια στα διάφορα στάδια ανάπτυξης και εξέλιξής της.
 
1.3         ΙΣΤΟΡΙΚΗ ΑΝΑΔΡΟΜΗ ΣΤΗΝ ΕΝΝΟΙΟΛΟΓΙΚΗ ΕΞΕΛΙΞΗ ΤΩΝ ΑΡΝΗΤΙΚΩΝ ΑΡΙΘΜΩΝ
 
Η πάλη των ιδεών γύρω από τη σημασία των αρνητικών αριθμών και ο αγώνας για την τελική της επικράτηση με τη σημερινή τους μορφή, καθυστέρησε το εννοιολογικό τους ξεκαθάρισμα και δυσκόλεψε τα πράγματα.
 Περισσότερα από 1.500 χρόνια χρειάστηκαν, από την εποχή του Διόφαντου, μέχρι να θεωρηθούν οι κανόνες των προσήμων ως αποδεκτοί και να νομιμοποιηθούν (Arcaviet et al. 1982, Hefendehl- Hebeker 1991)
Οι αρχαίοι Έλληνες μαθηματικοί, επηρεασμένοι από την Πλατωνική αντίληψη γεωμετροποίησης των μαθηματικών, γνώριζαν μεν τους αρνητικούς αριθμούς, αλλά θεωρούσαν αδύνατη κάθε εξίσωση με αρνητικές ρίζες.
Ο Διόφαντος (250 μ.Χ) εξηγούσε το « αρνητικό» σαν «αυτό που υπολείπεται».
Οι Κινέζοι χρησιμοποιούσαν ένα υπολογιστικό μηχάνημα στο οποίο οι αριθμητικές σειρές ήταν χρωματισμένες κόκκινες και μαύρες για να ξεχωρίζουν τους θετικούς από τους αρνητικούς αριθμούς.
Οι Ινδοί από τον 7ο αιώνα, φαίνεται να χρησιμοποιούν τους αρνητικούς, σε εμπορικά προβλήματα με έλλειμμα. Δεν χρησιμοποιούσαν το – στους αρνητικούς, αλλά τον αριθμό μέσα σε κύκλο π.χ. ©= -C
Άραβας μαθηματικός του 9ου αιώνα, τοποθετούσε τον κύκλο πάνω από τον αριθμό.
Μέχρι το 15ο αιώνα- αρχές του 16ου, πολλοί Ευρωπαίοι μαθηματικοί, αρνούνται  να δεχθούν τους αρνητικούς αριθμούς. Οι αρνητικοί αρχίζουν να κερδίζουν την εμπιστοσύνη των μαθηματικών από τις εργασίες του Albert Girard (1629).  Αντιφάσεις και σύγχυση επικρατούσε όμως κατά τον 17ο και 18ο αιώνα από πολλούς μαθηματικούς. Τον 19ο αιώνα δόθηκε η πραγματική εξήγηση των ιδιοτήτων των αρνητικών.
 
1.4         ΠΑΡΑΣΤΑΣΗ ΑΚΕΡΑΙΩΝ ΑΡΙΘΜΩΝ
 
Αν θέλουμε να κατανοήσουμε και ερμηνεύσουμε την έκφραση < κάτω από το μηδέν> θα μπορούσαμε να σκεφτούμε τη <σκάλα> των ακεραίων.
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Ομοίως αν συνεχίσουμε τον άξονα- αριθμογραμμή των Φυσικών αριθμών προς τα αριστερά του μηδενός, θα έχουμε τον άξονα των ακεραίων
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Η απόσταση κάθε αριθμού από το μηδέν ονομάζεται απόλυτη τιμή και είναι πάντα θετικός αριθμός.
 
 
1.5         ΠΡΑΞΕΙΣ ΑΚΕΡΑΙΩΝ ΑΡΙΘΜΩΝ
 
ΠΡΟΣΘΕΣΗ  ΕΤΕΡΟΣΗΜΩΝ ΑΡΙΘΜΩΝ
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ΑΦΑΙΡΕΣΗ
 
Αν οι αριθμοί είναι ομόσημοι και ο μειωτέος μεγαλύτερος από τον αφαιρετέο, τότε είναι σαν να αφαιρούμε από έναν αριθμό απόλευκά ή μαύρα τόσα όσα δηλώνει ο αφαιρετέος.
 
Αφαίρεση ετεροσήμων αριθμών, π.χ. (-5) – (+4)
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ΠΟΛΛΑΠΛΑΣΙΑΣΜΟΣ
 
Γινόμενο ετεροσήμων αριθμών π.χ (-3). (+2)
 
Α΄  ΤΡΟΠΟΣ: ΑΝΑΠΑΡΑΣΤΑΣΗ ΤΗΣ ΠΡΑΞΗΣ
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Β΄ ΤΡΟΠΟΣ: ΑΝΑΚΑΛΥΨΗ ΜΕ ΤΗ ΒΟΗΘΕΙΑ ΠΡΟΤΥΠΟΥ
 
Δίνεται το παρακάτω πρότυπο
 
	Παράγοντες
	Γινόμενο

	3.2
	6

	2.2
	4

	1.2
	2

	0.2
	0

	-1.2
	?

	-2.2
	?

	-3.2
	?


 
Οι μαθητές μπορούν να παρατηρήσουν ότι, όταν ο πολλαπλασιαστής ελαττώνεται κατά μια μονάδα κάθε φορά, το γινόμενο ελαττώνεται κατά 2 μονάδες. Έτσι, λογικά, μετά το 0 θα πάει στο -2, -4. -6
Έτσι  (-3). (+2) = -6 Επομένως το γινόμενο ετεροσήμων είναι αρνητικός αριθμός.
 
 
 
Γινόμενο αρνητικών αριθμών π.χ (-3)* (-2)
 
Α΄  ΤΡΟΠΟΣ: ΑΝΑΠΑΡΑΣΤΑΣΗ ΤΗΣ ΠΡΑΞΗΣ
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Β΄  ΤΡΟΠΟΣ: ΑΝΑΚΑΛΥΨΗ ΜΕ ΤΗ ΒΟΗΘΕΙΑ ΠΡΟΤΥΠΟΥ
 
	Παράγοντες
	Γινόμενο

	3.(-2)
	-6

	2.(-2)
	-4

	1.(-2)
	-2

	0.(-2)
	0

	-1.(-2)
	?

	-2.(-2)
	?

	-3.(-2)
	?


 
Οι μαθητές μπορούν να παρατηρήσουν ότι, όταν ο πολλαπλασιαστής ελαττώνεται κατά μια μονάδα κάθε φορά, το γινόμενο αυξάνει κατά 2 μονάδες. Έτσι, λογικά, μετά το 0 θα πάει στο 2, 4. 6
Έτσι  (-3). (-2) = 6 Επομένως το γινόμενο αρνητικών είναι θετικός αριθμός.
 
Γ΄ ΤΡΟΠΟΣ : ΑΙΤΙΟΛΟΓΗΣΗ ΜΕ ΤΗ ΒΟΗΘΕΙΑ ΔΙΑΝΥΣΜΑΤΩΝ
 
               μ
	α
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β
 
 
Αν πολ/σουμε το διάνυσμα  μ με το (-3) παίρνουμε το διάνυσμα
α= (-3) μ. Αν τώρα πολ/σουμε το α με το (-2)  παίρνουμε  το β=(-2)α=(-2).(-3)μ, έχει την φορά του μ και είναι, όπως φαίνεται, εξαπλάσιο του, δηλαδή β=6μ και συνεπώς (-2).(-3)=6
 
 
 
 
Δ΄ ΤΡΟΠΟΣ: Η < ΕΞ ΟΡΙΣΜΟΥ > ΠΡΟΣΕΓΓΙΣΗ
 
 
Οι κανόνες προσήμων δίνονται εξ ορισμού ως:
(+ ).(+)=(+),   (-).(-)=(+),
 (-).(+)=(-),   (+).(-)=(-)
 
Η μέθοδος αυτή δεν πείθει τον μαθητή, γι’ αυτό ο δάσκαλος καταφεύγει πολλές φορές σε κάποια παραδείγματα μοντέλων φυσικής ερμηνείας, όπως:
 
Παράδειγμα 1ο
Συμβολίζω με ( +) τον φίλο και με (-) τον εχθρό, οπότε:
Ο φίλος του φίλου= φίλος     δηλαδή  (+ ).(+)=(+)
Ο φίλος του εχθρού= εχθρός  δηλαδή (+).(-)=(-)
Ο εχθρός του φίλου= εχθρός δηλαδή (-).(+)=(-)
 Ο εχθρός του εχθρού= φίλος δηλαδή   (-).(-)=(+)
 
  Παράδειγμα  2ο  
 
Συμβολίζω με (+) το άνοιγμα του καταστήματος και το κέρδος, και με (-) το κλείσιμο και τη ζημία, οπότε:
Αν ένα κατάστημα κάθε μέρα που είναι ανοιχτό, έχει ζημία 300 ευρώ τότε αν κλείσει 3 μέρες θα έχει κέρδος  900 ευρώ δηλαδή:
(-300).(-3)=(+900)
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Well, first there is the "common sense" explanation:

If I say "Eat!" I am encouraging you to eat (positive), but if I say "do not eat!" I am saying the opposite (negative).

Now if I say "Do NOT not eat", I am saying I don't want you to starve, so I am back to saying "Eat!".

So, two negatives make a positive, and if that satisifes you, then you don't need to read any more.

Direction

It is all about direction. Remember the Number Line?
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Well here we have Baby Steven taking his first steps. He takes 2 paces at a time, and does this three times, so he moves 3 x 2 = 6 steps forward:
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Now, Baby Steven can also step backwards (he is a clever little guy). His Dad puts him back at the start and then Steven steps backwards 2 steps, and does this three times:
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Once again Steven's Dad puts him back at the start, but facing the other way. Steven takes 2 steps forward (for him!) but he is heading in the negative direction. He does this 3 times:
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Back at the start again (thanks Dad!), still facing in the negative direction, he tries his backwards walking, once again taking two steps at a time, and he does this three times:
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So, by walking backwards, while facing in the negative direction, he moves in the positive direction.

More Examples

Money Owed vs Money Owned

Example: You owe 3 people $5 each. So you are "Negative 15" (3 × -$5 = -$15).

They then say "we like you so much we forgive the debt" ... you have just had 3 subtractions of -5, so it is like you have added $15 (-3 × -$5 = +$15).

You now have no debt: -$15 + $15 = $0

 

Tank Levels Rising/Falling

Example: The tank has 30,000 litres, and 1,000 litres are taken out every day. What was the level 3 days ago?

We know the tank has -1,000 every day, and we need to subtract that 3 times (to goback 3 days), so the change will be:

-3 × -1,000 = +3,000

The full calculation is:

30,000 + (-3 × -1,000) = 30,000 + 3,000 = 33,000

So 3 days ago there was 33,000 litres.

	Why when multiplying two negative numbers do you get a positive number?

In: Jobs and Education, Math, Physics [Edit categories]
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Answer

The answer has to do with the fundamental properties of operations on numbers (the notions of "addition", "subtraction", "multiplication", and "division").

Each number has an "additive inverse" associated to it (a sort of "opposite" number), which when added to the original number gives zero. This is in fact the reason why the negative numbers were introduced: so that each positive number would have an additive inverse.

For example, the inverse of 3 is -3, and the inverse of -3 is 3.

Note that when you take the inverse of an inverse you get the same number back again: "-(-3)" means "the inverse of -3", which is 3 (because 3 is the number which, when added to -3, gives zero). To put it another way, if you change sign twice, you get back to the original sign.

Now, any time you change the sign of one of the factors in a product, you change the sign of the product: (-something) × (something else) is the inverse of (something) × (something else), because when you add them (and use the fact that multiplication needs to distribute over addition), you get zero.

For example,

(-3) ´ (-4) is the inverse of (3) ´ (-4) because when you add them and use the distributive law, you get . (-3) ´ (-4) + (3) ´ (-4) = (-3 + 3) ´ (-4) = 0 ´ (-4) = 0

So (-3) ´ (-4) is the inverse of (3) ´ (-4) , which is itself (by similar reasoning) the inverse of 3 ´ 4.

Therefore, (-3) ´ (-4) is the inverse of the inverse; in other words, the inverse of -12 in other words, 12.

The fact that the product of two negatives is a positive is therefore related to the fact that the inverse of the inverse of a positive number is that positive number back again.

plus times plus is plus  (adding many hot cubes raises the temperature)
minus times plus is minus  (removing many hot cubes reduces the temperature)
plus times minus is minus  (adding many cold cubes reduces the temperature)
minus times minus is plus  (removing many cold cubes raises the temperature)
Multiplying Negative by Negative

Date: Sun, 6 Nov 1994 13:09:25 -0500

From: Sally Spencer

Subject: Multiplication of Positive and Negative Numbers

Dear Dr. Math,

I'm trying to make sense of these rules so that they'll be easier to

memorize:

Pos x Pos = Pos, makes sense.  I've been doing it since 3rd grade.  And I

can even think of a situation.  I get six birthday cards with $5 in each.

Pos x Neg = Neg, I can think of a situation for this, too.  I get four bills

for $20 each so I'd owe money.

But, Neg x Neg = Pos just doesn't make sense.  Does it ever happen in 

real life?

My teacher said that you could say it would be the opposite of Pos x Neg 

but that seems like cheating.  It's not realistic.

Thank you,

Sally



Date: Sun, 6 Nov 1994 13:32:02 +0900

X-Sender: mpatter1@cc.swarthmore.edu

Hi Sally!

     Thanks for writing to us.  This is a difficult question.  I wish that I had

a good explanation of it.  Someone else asked us this recently, so I am

going to give you the response that Dr. Demetri wrote.  The specific

example was -6*-6. I am afraid this might seem like "cheating", too.

     So, one way to think about this is to take 6*(-6) (that is 6 times -6),

find the result to this (which is exactly what you have above, ie -36) and

then consider what -[6(-6)] is. This is nothing other than the negative of

6(-6) or, if you prefer, its opposite (opposite numbers are two numbers

whose sum is 0- you may know this, but I said it just in case you don't

know). Clearly, the opposite of -36 is +36, because -36 +36 = 0. Therefore,

-6*(-6) = +36

     I hope this helps.  Please feel free to write back if you have any questions.

-Margaret, Math Doctor on call

From: Dr. Ken

Date: Sun, 6 Nov 1994 13:32:21 -0500 (EST)

Sally!

Thanks for the question!  It's great that you want to actually make sense of

the situation instead of just doing it by rote.

I'll try to give you an example for the Neg x Neg case, based on your

receiving bills thing.

Let's say you got five bills in the mail for seven dollars each.  Then

you're right, you'd have 5 x -7 more dollars, i.e. -35 more dollars, i.e. 

35 fewer dollars.

But what if you had _sent_out_ five bills instead of getting them?  Then, in

a sense, you've gotten negative five bills, so you have -5 x -7 = 35 more

dollars than you used to have.

Unfortunately, I can't think of another example right now to really drive the

point home.  But I'll keep thinking, and I'll try to get back to you soon!

Also, one of the other Math Doctors here might jump in and reply if they

think of anything clever.

Thanks!

-Ken

From: Anonymous

Date: Mon, 7 Nov 1994 14:40:57 -0500

Hi Sally, I think you've gotten some good answers and here's another

variation, again using your own example with bills.

Neg x Neg: Imagine that you buy five gift certificates worth $5 each and

you pay for them using your credit card.  As you point out below, you now

owe money, so that's -$25.  The bill comes from the credit card company,

but I TAKE IT AWAY from you and insist on paying it.  You now have $25 of

gift certificates without having paid anything.  Taking away a debt is

analogous to negating a negative.  Take away five debts of $5 (-5*-5)

equals a gain of $25.

-- steve



From: Tom Rocklin

Date: Tue, 7 May 1996 12:55:48 -0500

Subject: Multiplying negatives

My son found the debt metaphor pretty helpful.  I have since been told

about one I like even better.  Imagine a number line on which you walk.

Multiplying x*y is taking x steps, each of size y.  Negative steps require

you to face the negative end of the line before you start walking and

negative step sizes are backward (i.e., heel first) steps.  So, -x*-y means

to stand on zero, face in the negative direction, and then take x backward

steps, each of size y.



Date: 02/02/98 at 22:34:37

From: Jim Caprio

Subject: Negative times negative

My wife is going to love your site, as she is a high school math teacher (LaSalle Sr. High, Niagara Falls, NY), teaching algebra & geometry.

Here's one that's taught in 7th grade, but is still impossible to

explain effectively: if you know of an intuitive explanation for why the product of two negative numbers is positive, please share it with me (and I'll pass it on to my wife, because her SENIOR HIGH REGENTS

STUDENTS are constantly getting confused about it!).

I think their confusion is on what exactly does it "mean" to multiply

something a negative number of times. Perhaps expanding the product out in the traditional manner might illustrate the "problem":

2 x 3    =  2 +  2 + 2 = 6     Multiply 2 three times - no problem

2 x (-3) = -3 + -3 = -6        Multiply -3 two times - no problem

(-2) x (-3) = ?                Confusion! How do you expand this?

Thanks for the insight,

Jim Caprio



Date: 02/03/98 at 01:26:27

From: Doctor Pete

Subject: Re: Negative times negative

Hi,

Imagine the following situation:

You're standing at a street corner. At exactly noon, a car passes by you, going east, at a constant rate of 20 miles/hour. After one hour has elapsed, that is, at 1:00 p.m., it would be 20 miles east of where you're standing. And one hour ago, at 11:00 a.m., it was 20 miles west of where you're standing.

Now, what would it mean if the car was travelling east at -20 miles/hour? It'd be in reverse, going west, of course. So, if it were going at -20 miles/hour east, at 1:00 p.m. it would be 20 miles west of where you're standing. Finally, if it were going -20 miles/hour east, at 11:00 a.m., where would it be? 20 miles east, of course. What does this mean?

     (-20 miles/hour)(-1 hour) = 20 miles.

Hence here is a "concrete" explanation of why two negatives multiply to make a positive number.

-Doctor Pete,  The Math Forum
http://mathforum.org/library/drmath/view/57865.html
Why is a negative times a negative a positive?

People have suggested many ways of picturing what is going on when a negative number is multiplied by a negative number. It's not easy to do, however, and there doesn't seem to be a visualization that works for everyone.



Debt
Debt is a good example of a negative number. One common form of debt is a mortgage in which you owe the bank money because the bank paid for your house. It is also common for an employer to deduct a mortgage payment from an employee's paycheck to help the employee keep on schedule with the payments.
Suppose $700 is being deducted each month to pay the mortgage. After six months, how much money has been taken out of the pay for the mortgage? We can figure out the answer by doing multiplication.
6 * -$700 = -$4,200

This is an illustration of a positive times a negative resulting in a negative.

Now suppose that, as a bonus, the employer decides to pay the mortgage for one year. The employer removes the mortgage deduction from the monthly paychecks. How much money is gained by the employee in our example? We can represent "removes" by a negative number and figure out the answer by multiplying.

-12 * -$700 = $8,400

This is an illustration of a negative times a negative resulting in a positive.

If one thinks of multiplication as grouping, then we have made a positive group by taking away a negative number twelve times.

This example may not work for you, and you might want to read others by following the related links below.



Visualizing isn't the same as understanding. Let's see how a mathematician might understand what's going on when a negative number is multiplied by a negative number.
A Mathematical Explanation
If we can agree that a negative number is just a positive number multiplied by -1, then we can always write the product of two negative numbers this way:

   (-a)(-b) = (-1)(a)(-1)(b) = (-1)(-1)ab 

For example,

    -2 * -3 = (-1)(2)(-1)(3)

            = (-1)(-1)(2)(3)

            = (-1)(-1) * 6

So the real question is,

   (-1)(-1) = ?

and the answer is that the following convention has been adopted:

   (-1)(-1) = +1

This convention has been adopted for the simple reason that any other convention would cause something to break.
For example, if we adopted the convention that (-1)(-1) = -1, the distributive property of multiplication wouldn't work for negative numbers:

   (-1)(1 + -1) = (-1)(1) + (-1)(-1)

        (-1)(0) = -1 + -1

              0 = -2

As Sherlock Holmes observed, "When you have excluded the impossible, whatever remains, however improbable, must be the truth."

Since everything except +1 can be excluded as impossible, it follows that, however improbable it seems, (-1)(-1) = +1.



Paying bills
1. Let's say you get five bills in the mail for seven dollars each. You'd have 5 x -7 dollars, or -35 more dollars, i.e. 35 fewer dollars.

But what if you had sent out five bills instead of getting them? Then, in a sense, you'd have gotten negative five bills, so you'd have -5 x -7 = 35 more dollars than you started with.

2. Imagine that you buy five gift certificates worth $5 each and pay for them using your credit card. You now owe money, so that's -$25.

The bill comes from the credit card company, but I take it away from you and insist on paying it. You now have $25 worth of gift certificates without having paid anything.

Taking away a debt is analogous to negating a negative. Taking away five debts of $5 (-5*-5) equals a gain of $25.



Number Line
Imagine a number line on which you walk. Multiplying x*y is taking x steps, each of size y. Negative steps require you to face the negative end of the line before you start walking and negative step sizes are backward (i.e., heel first) steps. So, -x*-y means to stand on zero, face in the negative direction, and then take x backward steps, each of size y.



On the Road
Suppose you're standing on a road, and you measure mileage to the east as positive, and to the west as negative. So you are at zero, and a town one mile east is at +1 mile, while a town two miles to the west is at -2 miles.

A car travelling east will have a positive velocity, and a car travelling west will have a negative one. So a car going east at 60 mph goes at +60 mph, and a car going west at the same speed goes at -60 mph.

This makes sense, since if they go for an hour (+1 hour), the east-going car will be at (+1)(+60) = 60 miles, and the car going west will be at (+1)(-60)= -60 miles (= 60 miles west).

Now suppose a car passes you going east at 60 mph. Where was it one hour ago? Or at -1 hour? Just multiply: (-1)(60) = -60 = 60 miles west.

How about a car going west at 60 mph? Where was it an hour ago? Its velocity is -60, the time is -1, so it was at (-1)(-60), and the answer should be60 miles east, or +60.

So (-1)(-60) = +60.



Patterns
Here's a plausibility argument drawn from multiplication patterns:

          3 x -3 = -9

          2 x -3 = -6

          1 x -3 = -3

          0 x -3 =  0

         -1 x -3 =  3



A Proof
Let a and b be any two real numbers. Consider the number x defined by

x = ab + (-a)(b) + (-a)(-b).


We can write

x = ab + (-a)[ (b) + (-b) ]       (factor out -a)

  = ab + (-a)(0)

  = ab + 0

  = ab.

Also,

x = [ a + (-a) ]b + (-a)(-b)      (factor out b)

  = 0 * b + (-a)(-b)

  = 0 + (-a)(-b)

  = (-a)(-b).

So we have

      x = ab
and
      x = (-a)(-b)

Hence, by the transitivity of equality, we have

      ab = (-a)(-b).

http://mathforum.org/dr.math/faq/faq.negxneg.html
Product of Negative Numbers

Date: 02/04/97 at 18:05:04

From: Tapler, Tom

Subject: multiplication of negatives

Hey! Dr. Math is a great idea.

I hope you can help me to formulate a SIMPLE explanation of why a 

negative times a negative is a positive.  I would like it to be along 

the same lines as this explanation:

  (4)(5) = 4 + 4 + 4 + 4 + 4 = 20     <---- 5 additions (times)

  (-3)(5) = (-3) + (-3) + (-3) + (-3) + (-3) = -15

This covers pos x pos and neg x pos. When I explain neg x neg, I FEEL 

that I fudge when I factor out a (-1) and use the "rule" that (-1) 

times a number reverses that number's sign.

Can you show me how to explain this to 8th graders using addition?

Thanks,

Tom Tapler



Date: 02/07/97 at 14:35:35

From: Doctor Pete

Subject: Re: multiplication of negatives

Hi,

This is one of the most commonly-asked questions among students who 

have been introduced to the concept of negative numbers.  There is a 

rigorous explanation for the multiplicative properties of complex 

numbers in terms of what mathematicians call the "field axioms," but 

this is somewhat abstract for students who have not yet been 

familiarized with the concept of variables (e.g., "x").  A more 

"concrete" example is as follows:  

Suppose you film someone walking forwards at 3 ft/s.  Then if you play 

back the film for 4 seconds, he will walk a distance of (3)(4) = 12 

ft.  Now, suppose he walks backwards at 3 ft/s. then playing the film 

for 4 seconds will show that he walked a distance of (-3)(4) = -12 ft.  

Now, if you play the film *backwards* for 4 seconds, the person will 

walk *forward* a distance of (-3)(-4) = 12 ft.

It's probably not a good idea to try to develop an extension of your 

example to explain why the product of two negative numbers is positive 

because this method doesn't really work for various types of positive 

numbers.  How do you explain something like:

     2.145 x 9.2537  or  Sqrt[6] x Sqrt[2] = 2 Sqrt[3]

You can say that (3)(5) = 3 + 3 + 3 + 3 + 3 because of the 

distributive law and the multiplicative identity axiom. You are 

actually writing: (3)(5) = (3)(1 + 1 + 1 + 1 + 1) and distributing the 

3, noting 3 x 1 = 3.  But this only works because 5 is a positive 

integer.  So in a sense, the example is motivated by the axioms, not 

the other way around.

To explain in further detail, we describe these "field axioms" for the 

real numbers: Let F be a set with two operations, called addition and 

multiplication, which satisfy the following properties:

(A1)  If x is in F, and y is in F, then their sum x + y is in F.

(A2)  Addition is commutative:  x + y = y + x for all x,y in F.

(A3)  Addition is associative:  (x+y)+z = x+(y+z) for all x,y,z in F.

(A4)  F contains an element 0 such that 0 + x = x for every x in F. 

(A5)  To every x in F corresponds an element -x in F such that

      x + (-x) = 0.

(M1)  If x is in F, and y is in F, then their product xy is in F.

(M2)  Multiplication is commutative:  xy = yx for all x,y in F.

(M3)  Multiplication is associative: (xy)z = x(yz) for all x,y,z in F.

(M4)  F contains an element 1 not equal to 0 such that 1x = x for     

      every x in F.

(M5)  If x is in F, and x not equal to 0, then there exists an element

      1/x in F such that x(1/x) = 1.       

(D)   x(y+z) = xy + xz for all x,y,z in F.

If all of these axioms hold true, then we call F a *field*.  R, the 

real numbers, is the most familiar field, but by no means is it the 

only one. There are finite fields (i.e., containing a finite number of 

elements), and there are larger fields, namely C, the field of complex 

numbers.

From (A1-A5) one can prove:

     (Aa)  If x + y = x + z then y = z

     (Ab)  If x + y = x then y = 0

     (Ac)  If x + y = 0 then y = -x

     (Ad)  -(-x) = x

From (M1-M5) one can also prove, for x nonzero:

     (Ma)  If xy = xz, then y = z

     (Mb)  If xy = x, then y = 1

     (Mc)  If xy = 1 then y = 1/x

     (Md)  1/(1/x) = x

Finally, from all of these, we can prove:

     (Fa)  0x = 0

     (Fb)  If x and y are nonzero, then xy is nonzero

     (Fc)  (-x)y = -(xy) = x(-y)

     (Fd)  (-x)(-y) = xy

The proofs of these last 12 statements are not too difficult, but 

require some care.  Note that (Fc) and (Fd) are what we are interested 

in.  Also note that there is no mention of -1 in the above axioms, 

only the existence of an additive (0) and multiplicative (1) identity, 

and the existence of an additive (-x) and multiplicative (1/x) inverse 

(the latter only when x is nonzero).  For the proofs of these, see 

Rudin, _Principles of Mathematical Analysis_.

I know this is probably not quite what you were looking for, but I 

felt it was important to point out that it is not always the best 

approach to try to "stretch" a simple model to encompass more advanced 

concepts, especially when the model is actually a consequence of more 

fundamental, albeit abstract, ideas.  In the long run, it would be 

more helpful to one's students to broaden their sense of mathematics 

by introducing them to many examples that point to the same result, 

thereby showing how everything intricately "works" together.

-Doctor Pete,  The Math Forum
http://mathforum.org/library/drmath/view/51925.html
Here's an "argument" you might take a look at.

Claim: (-x)*(-y) = x*y

1. (-y) + y = 0
2. (-x)*((-y) + y)) = (-x)*0
3. (-x)*(-y) + (-x)*y = 0
4. (-x)*(-y) + (-x)*y + x*y = 0 + x*y
5. (-x)*(-y) + (-(x*y)) + x*y = x*y
6. (-x)*(-y) + 0 = x*y
7. (-x)*(-y) = x*y

I'd say we have a theorem (with rough proof). Not a definiton. Not an axiom. Not a rule.

Can you justify the steps?

What's been presupposed here?
Equality axioms? Field axioms?
Some previously proved theorems from field? Like for example, (-x)*y = -(x*y)?

Anyway, don't take any of this stuff on blind faith.
If a negative times a negative equaled a negative, then distribution of negative numbers wouldn't work:

(-1)(1 + -1) = (-1)(1) + (-1)(-1)
0 = -1 + -1
0 = -2

which is an absurdity.
Not at all.
What is silly, is your preconception as to what numbers should be, and what multiplication "means".

To see a "real-life" application of the "minus times minus" is plus, let us consider the relation between the physical quantities "velocity", "measured time" and "traversed distance".

Let a "positive" distance be how far to the right something is from a given point called the origin, whereas a "negative" distance is how far to the left of that origin something is placed.

Furthermore, let "positive" time denote the how much time AFTER some specified instant something occurs, and similarly for "negative" time.

Let a "positive" velocity be given to any object moving in the right direction, whereas a "negative" velocity is given to any object moving the left direction.

Now, suppose that at the given instant t=0, two moving objects are both present at the origin location x=0, the one object moving with positive velocity V>0, the other with negative velocity -V.

Now, after time T, the object with velocity V will be in location x=V*T.

But that must be the same location that the OTHER object had at time -T, that is: V*T=(-V)*(-T)
There is a reason why a negative number times a negative number is a postive number; I will explain it in a way similar to arildno's method:

Picture a lever sitting on a fulcrum. If I apply a downward force to the lever at a position to the right of the fulcrum , the lever will rotate clockwise about the fulcrum. Now let's call downward forces "negative forces", upward forces "positive forces", distance to the right of the fulcrum "positive distance", distance to the left of the fulcrum "negative distance", clockwise rotation "negative rotation", and counterclockwise rotation "positive rotation. 

If I multiply an upward force (positive force) by a distance to the right of the fulcrum (positive distance) I will have the magnitude of a torquethat causes a counterclockwise (positive) rotation about the fulcrum; therefore, the torque is positive. Now, if I multiply an upward force (positive force) by a distance to the left of the fulcrum (negative distance) I will have the magnitude of a torque that causes a clockwise (negative) rotation about the fulcrum; therefore, the torque is negative. Now, if I multiply a downward force (negative force) by a distance to the left of the fulcrum (negative distance) I will have the magnitude of a torque that causes a counterclockwise (positive) rotation about the fulcrum; therefore, the torque is negative; therefore, a negative number times a negative number is a positive number. 

Multiply all the different combinations of forces and distances in this lever example and you will see that a positive times a positive is always a positive; that a positive times a negative is always a negative; that a negative times a positive is always a negative; and lastly, that a negative times a negative is always a positive.

Lastly, stochastic, let me say this. You probably didn't understand negative numbers because you didn't know in what areas of science they are actually used. Don't let anyone tell you that mathematicians just make up rules that we have to follow, and that negative numbers is just one of those rules; THAT'S A LOAD OF CRAP. Negative numbers exist for a reason, and they exist so that we can describe physical quantities correctly; just look back at the example I just gave: there is more to defining torque than just magnitude (such as 5Nm or 15 ftlb), there is also what we engineers call "sense", that is, the direction of the rotation. A negative torque tends to rotate a body clockwise, whereas a positive torque tends to rotate a body counterclockwise.
http://www.physicsforums.com/showthread.php?t=173312&page=2
0 * (-1) = 0
(1 + (-1)) * (-1) = 0
1 * (-1) + (-1) * (-1) = 0
(-1) + (-1) * (-1) = 0
1 + ((-1) + (-1) * (-1)) = 0 + 1
(1 + (-1)) + (-1) * (-1) = 1
0 + (-1) * (-1) = 1
(-1) * (-1) = 1
There are lots of math proofs that explain this, and you have some really good answers here. The only thing I have to add is... I teach middle school math, and this is a little rhyme I have my students learn to remember their sign rules...

When good things happen
to bad people, that's bad ( + x - = -)
When bad things happen
to bad people, that's good (- x - = +)
When bad things happen
to good people, that's bad (- x + = -)
When good things happen
to good people, that's good ( + x + = +)

It's cheesy, but it really helps them!

http://www.answerbag.com/q_view/511491 

