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To «Ewkoo1dndexdedpowv» rtapouoiadet pia ermdoyn ard ta 9épata rou oudnuiovviat otov tototorto http: //www.mathematica.gr. Mropet va avartapaydei kat va
SiravepnOei eAevibepa.

Ewoo18wnekaedpo @rdotexvnuévo aro tov Leonardo da Vinci

To e1k0018wdexraedpo eivat éva 1oAuedpo (32-e6p0) pe eikoot TPyeVIKEG £8peg kat SOdexka reviaywvikég. Exet 30 mavopoldturieg KopudpEG OTig OIoieg oUVAVIOVIAL
8U0 tplywva kat dUo mevidywva kat e§fvia ioeg akpég mou n kabe pia toug xwpilet éva tpiyovo ano éva nevidyovo. Eivat apxiundeto oteped - dndadr) éva
NHIKAVOVIKO KUPTO MOAUESPO OIou U0 1) MEPLO0ATEPOL TUTTOL MIOAUYMVOV CUVAVIOVIAL HE TOV 1610 TPOIT0 0TIG KOPUPEG TOU - KAl e181KOTEPA £ivatl To éva aro ta
6U0 owwvel kKavovikd - quasiregular moAvedpa mou urndapxouv, dnAadr) oteped Tou propet va £xet SUo TUIOUG £8pHOV 01 O1OieG EVAAAACOOVIAL OTNV KOVI] KOPUQI)

(To dAdo ivat to KuBo - oktdedpo). To e1KOOI8OEEKAESPO £XEL EUKOOIEPIKT] CUPHETPIA KA Ol CUVIETAYHEVESG TV KOPUPOV £VOG E1KOOAESPOU e povadiaieg akpég

1+V5
2

etvat ot kurAikég petadioeig wv (0,0, £¢), (i% s i—‘g, il—'g‘e> OTTOU 0 XPUOodG AGYOg eve 10 6uadikd Tou roAuedpo sivat 1o popBikd Tprakoviaedpo.
Inyr thttp://en.wikipedia.org/wiki/Icosidodecahedron

Arnédoorn : ITavog Tavvortoudog

O Siktuakog 1ortog mathematica.gr avrket kat d1eubuvetal cUPPEOVA PIE TOV KAVOVIOHO TOU TTOU UTTAPXEL OTNV APXIKI)
tou oeAida (http://www.mathematica.gr) anod opdda Ateubuvoviov Medaov.

AteuBuvovta MéAn tou mathematica.gr

ZYNTONIZTES 11. Zotupng Ztoylag (swsto)
e Alpeta MéAn 12. AxAAéag Zuvepakoroudog (achilleas)
1. MuixaAng Aaprpou (Mihalis_Lambrou) T'evikog Zuvtoviotng 13. Koevotavtivog TnAéypagog (TnAéypapog Kootag)
2. Nikog Maupoytdvvng (nsmavrogiannis) T'evikog Zuvtoviotr
s pov s ( g ) s 15 14. Anuntpng Xpiotogidng (Demetres)
3. Mrnapning Ztepyiou (Mnidprng Ztepyiou) Tevikog Zuvtoviotng
4. Kovotavtivog Zepipng (k-ser) Owkovopuikog Yrieubuvog MEean
5. Zrwpog Kapbapitong (Kapdapitong Zrivpog) Zuvtoviotig 1. Zmupog BaoAoroudog (spyros)
6. MiAtog ITanaypnyopdkng (m.papagrigorakis) Zuvtoviotrig
2. Kovotavtivog Brjttag (vittasko)
7. ®wpdg PaikogproaAing (Paikogproadng Ompag) Zuvioviotig

3. Tavaywong Tavvortouvdog (p_gianno)
o Movipa MéAn

4. Kwotag Zuyou (kostas.zig)
1. Tpnyodpng Kwotakog (grigkost) Ataxeipiotig § £UVOUPRS s

2. AAEEavBpog Zuykeddkng (cretanman) Alaelpiotig 5. Twpyng Kadabaxng (exdx)
ENIMEAHTEE 6. Xprotog Kapdaong (XPHETOX KAPAAXHY)

1. Avdptag BapBepdxrng (ANAPEAY. BAPBEPAKHY) 7. BaoiAng Maupogppudng (mathxl)
2. Aewvibag @apparidng (lonis) 8. ®avdong MnieAnyidvvng (mathfinder)
3. doetevy KaAdn (Petevn) 9. Maxkng IToAAatog (mathematica)
4. Nixog Katoinng (nkatsipis) 10. Kovotavtivog Pexouung (rek2)
5. Avaotdolog Kotpavng (Kotpovng Avaotdotog) 11. Twpyog Podoroudog (hsiodos)
6. Xprotog Kuptadrg (chris_gatos) 12. Aviovng Zrupidakng (A.Spyridakis)
7. Twpyog MraAoyrou (ghaloglou) 13. Ztaupog Ztauporoudog (Ztaupog ZtaupoItoulog)
8. PodoAgpog Mnidpng (R BORIS) 14. BaoiAng Ztepavidng (bilstef)
9. Twpyog Pidog (Rigio) 15. Zepageip Toutedng (Zepagpeip)

10. Anurtpng Zxoutépng (dement) 16. Xprotog Towpdaxng (xr.tsif)


http://www.mathematica.gr
http://en.wikipedia.org/wiki/Icosidodecahedron
http://www.mathematica.gr
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Alaokedaotikda Mabnpatka

Mabnpatuka I' 'vpvaoiou

ASKHEH 1 (Anuntong Xpiotogidng) 'Exo
UTOWn MOU TSI TPWNPIOUS  aptdUoUs
T1,T2,T3. ©Oa pov dwoete o€l el apr
9uovg y1,y2,ys kar eye 9a oag 6&WO® TOV
apduod x1y1 + Tr2y2 + x3y3. ZKonog oag sivat
va owaféfete ta yi,y2,ys katadinia woote
va umopéoate va unmojloyioete 1oug x1, T2, T3.
Tivetar;

AXKHEH 2 (DPotewn Kaiodn) Ze va woupeio
0 TMefAIng PWINoE TOV KOUpEa Tt ToU o@eiflet
Kat ekeivog anavinoe :« Avoie 1o ouptapt, 6
nooa gxel uéoa, Baie aifa ooa kar tape 10
eypar. To 1610 éywe kar afieg SUO GOPES pe
afjlouvg 6vo meAateg kar v tefevtaia eopad
eV Euetve timota oto ouptdptl. IIooa eupw®
Bprke oto ouptapt o Tpwrog Kat tooa ot djjlot
bvo;

Mabnpatuka A’ T'uvpvaciou

AXKHZH 3 (Mnraunng Xtepyiov) 'Evag ua-
Inmig éxer ypayer oto terpadlo OU TOUG ap-
wuoug 2001, 2002, 20038, --, 2010 kai
nmpoonadel va toug tomodetnost binAa-binfa
X®PIGC KOUUA, OXl UTOXPEDTKA UE auty
ogipd, @ote 0 apuog pue 40 yneia mov Ja
TPOKUYeL va glval mpwiog ; Oa metuyel apaye
Kanowa Ouyurny o uadnmig 10 OKOMO ToU 1
ayovifetal paraia ;

AZKHZH 4 (qwerty) ITooa ynegia £xet o ap-
Wuog 4'7 - 530

Mabnpatka B’ Tupvaoiou

AXKHXH 5 (Mraunng Ztepyiov) Na
OUYKPIVETE TOUG PIOUOUG:

a=1024"°, 8=5"  ~ =243
AXKHZH 6 (Baoifing Mauvpogpudng) Na

Avdel n mapaxdiw efiowon

V360 — 36h = 123 - ovv (1 — h) — 34567 .

AXKHZH 7 (Kootag Karévng) Na Bpeite tqv
TN IOV Tapaotaoe®v:

1 2 /2
' 5—2v6 54216

2. VA+VI5E+V4—V15-2V3-5

AXKHZH 8 (Mnraunng Xtepyiouv) Av a? =
B% + 42, va yiver ywéuevo n mapdotaon :
A=a® 3 443

Mabnpatka A' Aukeiou, AdyeBpa

AZKHZH 9 (ITavaywing Iavvomouiog) Av
T+ i =lrary+ % = 1 va Bpedei 10 yrwouevo
TYZ.

AZKHZH 10 (Baoiflng Mauvpogpudng) Na
Avoete v efiowon

22+ —2/ =2 —1— |z +1]

Mabnpatka A’ Aukeiou, T'eopetpia

AYXKHZH 11 (ITavayiomng TI'avvomoufog)
H éiyotduog tmg ywviag BAA evog map-
afinAoypaupouv ABI'A (tou dev eivar pou6og),
éuver ug evdeieg¢ BI' kar I'A ota onueia K
kar A avuotoiywg. Na 6eixdel ot 10 KEVTPO
0U KUKAou mou mepva ano ta onueia KA
Bpioketar emi tou KUKAoU TOU SiEpxeTal ano ta
onueia B,IA.

AXKHEH 12 (Pwtewn Kajdn) Ze tpiyovo
ABT eivar B = 15°, T = 30°. Zmv nievpa
BT naipvouue onueio A térow,dote BA =

AT'. Na vnofoyioete ) yovia BAA.

Mabnpatka B' Aukeiou, AdyeBpa

AZKHZH 13 (Acutépng Ipwronanag) Ava >
0 xar+/a € R—Q, va efetaoete av undpyet ao-
Buntikn mpdodog wote ot apduoi 1, \/a,a va
eivat opot apdunukng mpoodou (omwotacbrmote

afng).

AYXKHZIH 14 (Zrupog Kapbauitong) Aivetar to
nofvevupo P(x) = 2° + ax® + fa® — 6z — 12
10 onoio Siaipeitai e 10 moAuevuuo T2 — 1
1. Na unojloyioete 1o adpowoua o + f3
2. Na Bpeite 10 tnAiko m¢ Siaipsong tou
P(x) ue 10 moAveévupo x* — 1

Mabnpatukd B’ Aukeiou, 'eopetpia

AZKHEIH 15 (Midjing  Navvog)  Averar
AE = 8, ZB = 6, AZB = 90°. Bpeite 10
eu6adov tou terpayovou ABI'A.

AXKHZH 16 (Nikog¢ Mauvpoyavvng)  Zto
oxnua ta 4 plyova givat .oomisvpa ue tAsvpa
1. Bpeite 10 AB.

Mabnpatukd B' Aukeiou, KateuBuvon

AXKHEH 17 (Maxng Xat{ormouog) 'Eote AA
Siyotouog oryovou ABI. Av oxvet n wo0tnta

(A5 A7) - AT = (R Bt . &F

Bpeite 10 €ibog oU piywvou ABI™ w¢ mpog g
TAgUpES Kal Ti¢ YwUIeg TOU.

AXKHZIH 18 (Xprjotog Awjing) Av woxvouv ot

oxEoES
|25> + F‘ =6u

|5+ 26| = 18— 24

Kat |3+?{:2M2,
0t€:
1. Naﬁps@eito{?—l—?{.

2. Na Bpedet 10 pepo tou dravvouarog o



—

3. Na amoderydei ou ta drtavvopuara o rat

evat ioa.

Mabnpatka I' Aukeiou, Tevikr) ITaideia

AXKHZH 19 (Enupog Kapbdauitong ) 'Eva
oopa kweitar o' éva afova kar n 9éon TOU
oe ypovo t = 0 ivetar and tov wno z(t) =
t(t — 4)2 + 3 omou o ypovog t pepidtal oe sec
rat o x(t) oe m. Na Bpeite:
1. Tnu taxvmia 10U owuatog oe xpovo t
Kat v apxikn T1ov taxvmnia.
2. Tig XPOUIKES OTYUEG KAlA TG OTOIES
10 owua glvat ottypiaia axivno Kadwg
Kar U EMIAXUVON TOU O QUleg TG
XPOVIKEG OTLYUEG.
3. Tlote 10 owua Kweitar mpog mv Jetkn
Karevduvon Kat mote mPog TNV apunTikn

Karevduvon.

4. Tnuv xpouvikny ouyun T kKatd NV
omoia M taxumia TOU OGUATOS
eAayotonoteita.

AZKHZH 20 (Kwotag Tnisypagog) Aivetar n
ovvaptmon
2
a2—(r—a)”, ze€l0,a
o= { Vo mof sea
-2432, z € |a, 3q]

1. Na 6¢eiere oun f ovvexng

2. Av n ypagwkn g mapaotaon eivai
KAUMUAN OXEUKOV OUXVOTHIOV UIaS
Katavoung va Ppeite mv didpusoo mg
Katavoung

Mabnpatuka I' Aukeiou, Katetbuvon,
Muiyadikoi ApiOpot

AXKHXH 21 (math68) Aivetat
elowon :

oo C n

22— (A4+2)V32+5A+6=0

omou A n Swaxpivovoa tng, n onoia xet Piles
ULyadIKES Kal UN TOAYUATUKEG.

1. Na Bpeite ug pileg 21, 22 ¢ TApPATAVE

eflowong.
2. Na vumofloyiogste t™mv uun  mg
napaoraong:
K = 5-2012,-2015 4 —2015 —2012
=% 2 2

3. Na amobeifete ot o1 €kdOveg OTO UL
yaduko eminebo tov pyaditkov a =
21—2012 22—2015 ka b = z 2015 22—2012
glvar onueia OUUUETOIKA &S TPOG TNV
apxn O v alovov.

http://www.mathematica.gr

AXKHZH 22 (Nikog Zageipomnouiog) Aivetaio
utyadikog z ue

|z —4i| <2

rar |z —2i| =2.

Na Bpedei n péyom war n eaxiom uun wouv
UETOOU TOU Z.

Mabnpatuka I Aukeiou, Kateubuvor,
‘Opta, Zuvexela

AXKHIH 23 (Potcwn Kaién) Ymapyouv
ovvapujoeig [ : R — R mou va eivar 1-1 kat
va 1kavomowvv Ty aviowon :

F@®) = (f(@)* = §:

AZKHZH 24 (Baoiflng Mauvpogpudng) Ia
Kade mpayuatko apduo r oragopetud wou 0
rai ou 1, wyver f(z) + f() = 2;(11:2;)).
Na Bpeite tov twno mg f.

Mabnpatuka I Aukeiou, Kateubuvor,
Alapop1kog Aoyiopog

AZKHEH 25 (Xprjoto¢ Kupwalig) Ymapyet
ovvapmon f: R — (0,400) mapaywyiowun
UE OUVEXT TAPAY®@YO yia TNV Omola va O UEL:

"=folf:

AXKHZH 26 (Xprijotog Kapbaong) Av f

ovveyris oto [a,b], ue f(a) =a, f(b) =b kar
" ! . .

wyver f'(z) <1 yia kade x mou aviker oto

(a,b), va 6eifete 6u f(x) = = yia kade x oto

[a, b].

Mabnpatuka I' Aukeiou, KatevBuvon),
OAoKANP®TIKOG AOY1oH0G

AXKHZH 27 (Baoijing Mavpogpuéng) Na ur-
ofoylioete 10 oflokAnpoua

/2 sinx

— dx
0 V1—k2sin’z

omou k € (0,1).

AXKHZH 28 (xgastone) 'Eoww ouvvapton f,
optopévn kar mapayeyiown oto (0,7) pe
f(m/2) = 0 kat yia mv onoia wyver f'(z) =
— (1 + f*(z)). Na Bpedei o wmog mg f.

Mabnpatuka I Aukeiou, Kateubuvon,
Aoxkr)oe1g og 0An Vv 'YAn

AZKHEH 29 ([apyog Towkadovbarng)
'Eoto f, g ouvapujoeig ouveyeic oto Siaotnua
[0, 1] téroweg wote: f(xz) > 0,0 < g(z) < 1,
yuaradex € [0, 1]. @ewpovue ug ovvaptjoeig:
F,.G, H:

o F(x)= [ f(t)dt, = €0,1]

o G(z)= [ g(t)dt, z €[0,1]

o H(z)= [ f()G(t)dt, = € [0,1]

1. Na anoéeifete ou yia kade x € (0,1]
oxvet:
H(z) < F(z)G(x).
2. Na anobeifete ou ya kade x € (0,1)
oxveL:

H(x) H(1)
o < I
1

o < L.
3. AvH(1)+ [ g(t) F(t)dt = F(1) + G(1),

va anobeiete ou vrapyer € € (0,1)

: v L) . 1-F(§)
TET010 WOTE: “;1fy = —T=g(g)
4. Na unojloytotel 0 oplo:
lim 2@
st F@)G(z)

ATXKHZH 30 (Nikog Maupoyiavvng) 'Eotow n
ovvaptnon
fl@)=(x—a)" (B—-x)", xR,
onou a < 3 ikat i, V gUOUKOL QpidUOL.
1. Na anobeifete ou yia kade x € (a, )
oxvet
@ _ v . _»
flz) z—a x-p"
2. Na amnobeifere ou n [ wavonowel tg
umodéoeig tou Yewpnuarog tou Rolle oto
[, B] ®ar 6w 10 € mOU PnSevileL TV f

elvarto & = FHH(X—"_ o B

B
3. 'Eow I(v,p) = [ f(z)dz. Na 6eiete
on
W
I(v =——Iv+1,pu—-1).
p) =7 1v+1u—1)
4. Av u, v aptiot guotkol, va urojloylocte
ovvaptoet 1L o, B, v, [, 10 eubabov
tou xwplou ) mov opietar: and mu Cy,
ug evdeiecr = o, x = [ kat v afova
2z,

Mabnpauka I Aukeiou, Kateubuvor,
®¢pata pe Anatt)oetg

AYXKHZIH 31 (Zotijpng Aouvpibag) Aibovtar ot
apdpol z1,z2 € C pe |z1| = |z2| # 0. Na
Avdel oto ovvofo twv utyadtkev apidu@v 1o

ovomua:
Ty = 21
TY = 29

AXKHZIH 32 (Zwpatog Ilamwadomouiog) Na
Boedei n ovvapmon f : (0, +o0) — R av
wyver f(z) > 0 kat

f(=)
f(x) :x—&—/z 772—L;tdt

yia kade x € (0, +00).
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Mabnpatkoi Atayeoviopoi. Juniors

Mabnpatkoi Atayoviopol yia ®ottntég

AXKHZH 33 (Kwotag Kanéuvng) Iowg
epaynglog otav modjanaciaoctel pe w0 9
Siver anotéfleopa Tov apduo e AvTECTPaupUeva
1a yneia wouv;

AXKHZH 34 (Kwootag Kamévng) Ofua amo
Ivéia: '‘Ava, b, c mpayuatucoi apduoi siapope-
ol puetalv Toug, TETOI0L WOTE : a—!—% = b—&—% =
c + % = t,t € R, 101 va anobeifete ou:
t = —abc.

Mabnpatikoi Atayeoviopoi. Seniors

ATZKHZH 35 (Aviwvng Kupiakomouiog) Na
Ppeite mooeg 10 TOAU mAcUpEG UTOpEL va Exel
éva KUptO0 TOAUY®VO (Ue TEPLOOOTEPES amo
101G TAUPES), TOV OOl TO UNKog va eivat
oo ue o punKog e peyaivtepns diaywviov 1ou
nojluy®vou autou.

AXKHZH 36 (Myajnge Aaumpouv) 'Eotw
0,a1a2a3... 10 dekadukd avamtuyua evog apr
9uou. Mmopeite va TPOTEVETE KATOOV TOOTO
wote afjadovtag ™V oA OV YnPiov tou
ai,az,as, ... Va MPOKUWEL PNTOG APOUOG ;

®¢pata Alayoviopov EME

AXKHZIH 37 (Awiaywviouos «O  Apxundng
2010) Aivertar opdoydvio ABT'A ue mieupég
AB = a ka1 BT = 3. 'Eow O 10 onusio
T0UNG TV dayeviov tou. Ilposkteivouue v
nievpa BA mpog 10 uépog tov A katd murua
AE = AO kaimv 6tayevio A B mpog 1o pépog
tou B rata wwiua BZ = BO. Av 1o piyovo
EZT eivair woonsupo, 1ot va amodeifete ot:

(i) B=aV3
(il) AZ = EO
(iti) EOLZA

AXKHZH 38 (Awiaywviouos «O  Apxundng
2010) Avetar oiyovo AABC eyyeyoauugvo
oe kukio (O) kar éotw I 10 éyKkeviod toU.
Ot mpoextaoeg wv Al, BI, CI téuvovv
v (O), ota onueia D, E, F, avuotoixog.
O kurot (01), (O2), (0s), ue duapstpoug
ID, IE, IF avuotoiyeg, TEUUOUL Tig TAEUPES
BC, AC, AB, ota (Uyn tv onueiov
A1, Az kat B1, Bz kai C1, Cs, avuotoiywg.
Anobeilte ou ta €L auta onueia, avkouv otov
i610 kUKAo éotw (O').

AXKHZH 39 (Putnam 2009) 'Eow A, B,C
tetpaywvikol mivakeg 16iov ueyédoug ue A av-
notoéyipo. Av (A — B)C = BA™! va Seiydel
ouC(A—B)=A"'B.

AXKHZH 40 (HAiag Zabik) Alvetat
ovvapmon f : [0,1] = R pe ug &g t6ioneg:
(1) H f ucavornotei 1o 9eopnua evdiaueoov
uuOv  oe  omotodnToTE KA0TO
vroovvoflo [a, b] tou [0, 1].
(2) Na kade ¢ € R, 10 f~'(c) = {2 €
[0,1] : f(z) = ¢} eivar kiewTo.

Na éeyiet oun f ewar ovvexrg.

‘AAyeBpa AEI

AZKHZH 41 (Avaotaowog Kotpouvng) Avn €
N, va vmodoytiotel 1o (temepaocuévo) adpoioua

> (5)

AXKHZH 42 (giannis1990) Na O6sidel ot
bev undpyer mivakag A € Msx3(R) wote
A2+ T1=0.

AvdlAuon AEI

ATXKHEH 43 (I[pnydpong
anodeiydei Ot N ocpd

Kwotaxog)  Na

1
ovykfiver, omov Hp = >, Z elvar o n-

0010¢ ApHOVIKOG apldUOG.

AZKHEZH 44 (MoV ) Na 6¢iete ot 10 ovvofo
0L yunoiog avéovoamv axoioudidv o : N —
N bev givar apdurnoiuo.

Bewpia ApOpcov AEL

AXKHEH 45 (Zepagein Towréng) Na
avaiudei o apduode 5% — 1 oe ywousvo
WOV akepaiov, kKadévag amd ToUg OToIoUG
elvatr peyadutepog tou 5100

AZKHEH 46 (Nikodaog Katoinng) Na Avdel
otoug Yetikoug akepaioug n eflowon

2 4+y=y*+ux.

[Ipotewvopeva O@¢pata Mabnpatkov (AZEI)

ATXKHZH 47 (Xprnjoto¢ Kupwalig) 'Eoww n
2 2

. T y o

€ﬂﬂ€l1//7] ; + F =1.

Na anobeiete nowg yia kade {eUyog onueiov

A(z1,y1) war B(z2,y2) wm¢e mnapamdvw
EAAewyng woxvet :

Tr1xr2  Yi1y2 T1T2 Y1y2 _
ATXKHZH 48 (Xprotog KupwaQig) Na

anobeifete TwOG:

(14 tan1°)(1 4 tan3°)--- (1 + tan43°) <
2' <

(1+tan2°)(1 +tan4°)--- (1 + tan44°)

O ddaxedog Tou KaOnyntr). Avaduon

AYKHZH 49 (Mnaunng Ztepyiou)

Awabada teflevtaia éva apdpo yia Tg KUPTES
ouvaptnNosls Kar UOU €Kave EVTUM®ON N
napaKdi® pwinon:

Na efetaodei av umdapyouv ouvaptnoelg Ue
nedio opwopov 10 R, kuptée kar yvnoiwg
avfouoeg, TOU Ol YPaPIKEG TOUG TapaoTAOELS
Exouv 5 akpibw¢ Kowad onuela, e KOWES EPar-
TOUEVEG OTa onueia avta.

AZKHZH 50 (Zwarog ITaradonoufog) Av pa

ovvapmon | elvar tapaywyiown oto diaotnua

(a, B) kar wyver lim f(z) = lim f(z) =
z—at =B~

k, omou k mpayuatkog apidudg, tote umdapyet

éva wuvdaxwotov £ € (a,f) oo wote

fe)=o.

O daxedog Tou KaOnyntr). Adys6pa

AXKHZH 51 (Avaotaowog Kotpawuvng) Av z €
C pe |z — 1| = 1, ag Bpedei 0 yewperpikdg
010G TOU 22,

AXKHZH 52 (Znupog  Kameijibng)  Av
z1,22,23 € C e |z1] = |z2]| = |2z3] =7 > 0,
va amoderydel ot

|21 — 22| + |22 — 23]% 4 |23 — 212 < 92,
Av wxver n womra, va amnodeidei Ot 10
Ply@VO TOoU 0pi{oUV Ol EIKOVES TWV 21, 22, 23
eivat 100 Asupo.
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EmpeAntig: INopyog Pidog

AYXKHZH 1 Anuntong Xpwotogiéng

http:/ /www.mathematica.gr/ forum/viewtopic. php?f=44&t=5362

‘Exo untoyn puou 1peig ioupngovg apduovg T, T2, r3. Oa
UOU OWOETE £0€IC TPEIG apOUOUS Y1, Y2, Y3 Kal eyw da oag
6@W0o® OV apduo T1Y1 + Toy2 + T3Y3. ZKOTMOC oag sivat va
Swafétete 1a yi1, Y2, y3 kartaiinia wote va umopgoate va
vumnojloyioete toug 1, T2, r3. Iiverat;

Auon 1 AAéEavdpog TuykeddKrng
@a cou &dooupe toug y; = 100, yo = 10% kat y3 = 1.
Tote n anavinon 9a eivat o 9-wneog a1 byciasbacaasgbscs
KAt ot {nrovpevol apiOpol eivat ot z1 = a1bicr,x0 =
CLQbQCQ, xr3 — agbgcg.
AuUon 2 MixdAng Adprpou
'‘Otav 61a8aoca v eptnon 1ou Anpnipn, oty Blacuvn
pou 8ev mpooeda ot €deye yia PWHPOUS T, T2, 3. H
PAOTN 10U OKEWN )tav, «anokAeietath Mia otypn opeg,
gira péoa pou, yia va potd o Anpuneng, Kat &Epet. Omnote
mpa Xapti Kat poAuBtl kat ...oKEPN, OREWPN, OKEYT, ...
eupnka!
Aeige ot: Ymapyouv yi,¥Y2,ys TETOIOL WOTE AV KAIO10G
€XEL UMOYN TOU TPEIS AKEPAIOUS T1,T2,T3 (0OX1 KAT
avaykn pwpne@iloug, oute Kat avaykn deukoug), 1ote
aro yveon 10U 1Y + T2y2 + T3Y3 , HIIOPOUHE va IPOo-
diopiooupe toug 1, 2, T3.
IMaipvoupe y; = log2,y2 = log3,y3 = logh.
T1y1 + xoyo + x3ys = log 2¥13725%3 Onodte &Epoupe tov
2%13%25%3,

AAAG ano autov ipoodilopidoupe TOUG 1, T2, T3, AOY®
NG PovadiKoTag TG AvAAUong Og TIPWIOUG.
TxO6A10: BéBaia n pébodog yevikeuetal oe 6o0UG va ‘vat
arepatoug. H texvikn autr) dev eivat kawoupyla: 'Exet
XpnowportonOet euputata, I.X. aUIV XProlpornolel o
Godel oty kKe61KOIOINON TV TIPOTACE®Y OTO TIEPiPNI0
Yewpnua tou.

Tote

AYKHZH 2 Detaivy Kaiom

http:/ /www.mathematica.gr/ forum/viewtopic. php?f=44&t=5362

Ze éva Koupelo 0 TeAATNG PWTNOE TOV KOUPEQ TL TOU OPeLflet
Kal eKEVOG amavinoe «avolle 10 ouptdpl, Oe¢ mooa Exel
ueoa, Baie aiia tooa kar tape 10 eypar. To ibio eywe kat
afieg 6Uo @opég ue afioug vo mefateg kKal v teflevtaia
@opa Oev gueive timota oto ouptdpl. I1ooa eupw LonKe oto
oUpTapt 0 TPTO¢ Kat mtooa ot afjlot SUo;

Avon 1 Xprjotog Kupralrg
'Eote 2 1a eUp® TOU UTIAPX0oUV PEoa OTO0 CUPTAPL.

e O mpotog meAdng Palet ¢ supwd katl maipver 10
€Up®. Apa TOPA OTO CUPTAPL UTIAPXOUV : T + T —
10 = 2z — 10 eupw.

e O OeUtepog meAddmng kavetr v ida Kivnon xat
evartobetetl 2x — 10 eup® kat raipvet o 10 eupw.
Zuvenog twpa oto ouptdpt urtapyouv: 2z — 10 +
2x — 10 — 10 = 4z — 30 supw.

e Kt 0 1pitog kavel akpiBug 1o 1610, 0dnyoupevog aro
10 «dapdévior koupéa. Balet 4 — 30 eupw kat
naipvel iom 10 SeKapikAKl. ‘Apa 10 ouptdptl TOPA
riepiéxet: 4ax — 30 + 4o — 30 — 10 = 8x — 70 gupw.
Twpa, £101 OTIOG Ta KATAPEPE 0O KOUPEAG, TO TAPEIO
gpewve oto... ndev. ([IadA1 kadd mou dev eivat..aeiov)

Apa: 8 — 70 = 0 =z = 70/8 = = = 8,75 eupo..
AnAabr) 1o cuptdpt apxika eixe 8,75eupw. (tooa £ibe K1 0
MPWTOG TIEAATNG), OT OUVEXELA, OTO HEUTEPO TIEAATH) EIXE:
2-8,75 —10 = 7,5 eupw. Kat oto dvotrypa tou tpitov,
eixe: 4-8,75 — 30 = 5 evupn..

Avon 2 dwetewvr) Kaddr

Ed0 prmopoupe va okedptoupe Kat «avarodar:

e O 3o0g meAdang ipe 10 gupd,Epuye kat epevav O
€UP® Apa autd mou eixav peivel amno tov 20 Kat dAda
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1600 Tou €Bade autodg eivat 10 sup® o 30g Aowdv
Bprke 5 eupnd

e O 20g mifjpe 10 kat g¢pewvav 5 apa avtda nou eixav
petvel and tov 1o kat dAAa téoa nou €Bade autog

I 7L T I
*  AnoTuniwoupe T yuvia ABB oto Suopavéc yop

+ TonoBerodye To amoTimwpa Ndve o yuwvia
1o K wo np mheupd OA pe

etvat 15 o 20g Bpnke 7,5

e O log mifjpe 10 kat épewvav 7,5 apa autd mou eixav
petvel kat dAAa tooa rou €8alde autog sivatl 17,5 1o
tapeio eixe 8,75 sup®

EmpeAnt)g: Mniapnng Ztepyiou

AXKHZXH 3 Mnraunng Ztepyiou

http:/ /www.mathematica.gr/ forum/posting. php?mode=edit&f=33&p=54 144
'Evag puadniig Exet yoayet oto 1e10adid ToU ToUS apt

Juoug 2001, 2002, 2003, ..., 2010 kai mpoomadel va toug

tonodetnost Oinjla-6injla ywpic Kouua, oyt UToXPE®TIKA

ue auvtny ) oeglpd, wote o apduog ue 40 yneia mwouv 9a

MPOKUWEL va glvar mpwiog ; Oa TetUuyel dpaye Kamola

OTLyUn 0 LadNnTng 10 OKOTO TOoU 1 aywvidetal udraia ;

Avon T-REX

'Onwg Kat va ypayoupe autoug toug 10 tetpayndploug ap-
10poug, ta ynoia v apldpov nmou Sa mpokuYyouv - Kat
mou €yxouv 40 ynoia - Sa £xouv abpolopa 66. Apa ot

Na va unchoyiooupt 10 cufaldr tveg
s PTRMEE | ko Siokou, yopifoupse Tov Kukhixd
o joxo gt 600 MO Wikpd pipn mo-

T
e

me; h%ut oV KUK bd

ol-utvu ot me umpd ioa pipn, MW To teled oyfua)

yyie dAo km iva opBoyio, Tou ool
[!«um: ehven lon e 10 peod Tou pikoug Tou kikAou, Sniol4
T, KO 10 afypods L TV axrive 100 Kihoy

3!
aro S

apOpot Sa dapovviat pe 1o 3 Kat €101 eivat 0Aotl ToUg
ouvOeToL.

AXKHZH 4 qwerty
http:/ /www.mathematica.gr/ forum/viewtopic. php?f=33&t=9362
yneia éxer o apduos 417 - 530

Ilooa

Avon Twpyog Pidog

AvaAutikd yla Toug 1o piKpoug pag padntég:
417530 234530 241030

(22)17530 — 24(230530)

‘Apa o ap1Bpog €xer 30+2 = 32 ynoia.

EmpeAntig: Zotpng Ztoylag

AXKHZXH 5 Mnraunng Ztepyiou

http:/ /www.mathematica.gr/ forum/viewtopic. php?f=34&t=230

Amo 10 mepodikd Revista matematica din Galati emiiéyw mu maparxdio
aoknon. Mmnopei va 60d¢i kat ot I'' T'vpvaoiou 1 arxdua kar omv A" Avkeiou
OTIG OXETKES EVOTNTES e Srataln.

Na ovyrpivete ToUug apOUoOUg :

a=1024"°, 8= = 24390

5200 ’
Avuon Xprjotog Kuplalng

Eivat 1024 = 2'9, 243 = 35, ‘Apa o1 800sioeg Suvdaneig

yivovtat :

o = 102450 — (210)50 910-50 _ 9500
5 — 5200

v = 24360 = (35)60 _ 3560 _ 3300

Agpou bev éxoupe 161eg Paocelg mpoortaBoupe va ep-
pavicoupe 1610Ug ekOETEG
= 9500 _ 95-100 _ (25)100

8= 5200 _ (52) 100

32100

52:100 _ _ 95100

~ = 3300 — 33100 _ (33)100 — 97100
Eivat 25 < 27 < 32. Apa xat 25100 < 27100 < 32100 e

b<vy<a

AYKHZH 6 Baoijing Mavpoppudng
http://www.mathematica.gr/ forum/viewtopic. php?f=34&t=2310
Na fvdei n tapakdte e§lowon

V360 — 36k = 123 - cov (1 — h) — 34567

Avon Ttaupoulitoa

Ivepidoupe ot —1 < gwvve < 1.

Apa kat —1 < ovv(l — h) < 1.

[ToAAarmdaoiadoviag kat ta tpia peAn pe 123 > 0 éxoupe
—123 < owvv(l —h) <123

Agpalpeviag aro ta 1pia péAn 1o 34567 £xoupe

—123 — 34567 < ovv(1 — h) — 34567 < 123 — 34567
—34690 < ovr(1 — h) — 34567 < —34444

To rpwto péAog g eSiomong

V360 — 36k = 123 - cov (1 — h) — 34567

16.10%°
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elvat peyadutepo 1) i0o aro to pndév kat to devtepo pédog  petadu v -34690 kat -34444. ‘Apa n apXikn e&lowon
etvat apvnuxo, agov o cvv(l —h) —

http://www.mathematica.gr

34567 naipvel tipég  eivat aduvarn.
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EmpeAnmig: TMopyog Pidog

AYXKHZH 7 Kwotag¢ Kamnévng
http:/ /www.mathematica.gr/ forum/viewtopic.php 2f=35&t=8760
Na Speite tnv Ty TV TAPAOTACEDV:

L. \/5—5\/6 N \/5+§\/6

2. A+ V15 +vV4— V15 -2V3 -6
Avon 1 Stavros11
lNa o 1 V2 V2 V/5+2V6 V526
V5-2V6 \/5+2\/‘ \/(5+2f)(5 2\/‘)
V2(V/5+2v/6—4/5-2v6)
V/25—24 -

:\/§(¢5+2¢6—¢5—2¢6>:
= V3(/(VB)? 2. VB VE+ (VI
V32 -2 V3 Va4 (VB)?) =

— VB (VB+ V22— /(B - V2 =
=V2(V3+V2-V3+V2)=2V/4=4

Auon 2 Stauroul’itsa

I'a 1o 1: Xpno1omolovie Tov TUTio :

a—+c a—c
Va+ Vb= \/2 i\/ 5

Katl 1oxUel a? — b= xal gxoupe
x:m:w% ERRUR
2= 2V/3-v5 = /12— V80 F F
10 — V2
apa
x+y—z:f \/> \/> \/7 V10 + V2 =

2,/3 - VIO +v2 =2
Fla7:02:x:\/4—|-\/_

D (B - -

_l’_

[\ellé
[\S][SV]

V(-
Vi) =it
2 2
z = 2V3-V5 = \/ ;) —2,/3.
5 1 2 5 1
2 (ﬁ‘ﬁ) =2 5—2\6
dpam+y—z=\/§+\/§+\/§—\/§—2\/§+2\@:\/§
Avon 3 ITavaywwing avvortoulog

1"1c1t01 Avx—\/4+\/ —|—\/4
22=10 = = =10
Matwo2: Avy = v10 —

V15, téte

3 — b, wrey? =22 — 45—

41/30 — 10V/5 = 22—4\/5—4\/52 ~2.5-v54 (V5)?

=22—-4\/5—-4 (5 — \/5) = 2, ontote n 600¢eioa mapaocaon

y=2

AXKHZH 8 Mrnaunng Xiepyiou
http:/ /www.mathematica.gr/ forum/viewtopic. php?f=35&t=218
Av a? = 2 + ~2, va yiver ywiusvo n mapdotaon :

A=+ 33+
Avon 1 Kootag Zepipng

a®+ 0%+ =a(b® + )+ 07 + ¢ =

ab’> +ac® + b3+ =0*(a+b)+cA(a+c) =
(a—c)a+c)(a+b)+ (a—0b)(a+b)(at+c)=
(a+b)(a+c)(2a—b—c).

Avon 2 Xprjotog Kupialng

Eivat ¢2 = (a — b)(a +b) dpa ¢ = c¢(a — b)(a +b).
Avuxkabiote oto depowpq TRV KUB®V Kal X0 :
A+ + S =a®+b+cla—b)(a+b) =
(a+b)(a® —ab+b?) + c(a —b)(a +b) =

(a? —ab+b* + ac — be) =

(b? 4+ c* —ab+b* + ac — be) =

20% + c(a+c) —bla+c)] =

2(a? — ) +cla+c) —bla+c)] =
2(a—c)(a+c)+cla+c)—bla+c)] =
a+b)(a+c)(2a—c—D)
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EmpeAnmg: Aewvidag ®appaAidng

AYKHTH 9 [lavayiwng INnavvonouviog

http:/ /whttp:/ /www.mathematica.gr/ forum/viewtopic. php?f= 1 9&t=9469
1 _ 1 _ , .

Ave + o = I kary + 5 = 1 va Bpedei 1o yrvouevo xyz.

Avon 1 Ax1AAéag ZuvepaKOIouAog

Etvatzy +y+ 1 = 2y +1 = y(m—ki) = y, ondte
Ty + % = (0,amomnov énetat zyz = —1.

Avon 2 Oa BaAe kat ) 61kn pou rpoorndbeia... y + % =
leyz+l=zecyz—2=-1<zy—-1)=-1<&

y—1= =lsrzw+tl=y & zy =
y—l@xyz—é@xyz:—lr’]a)x)ud)g: y—i—%:lxat
x+§zlﬁxy—klzy(:)my—ky—k%:y@xy—kéz
0 ryz=—1

Avon 3 Acwvidbag @apparidng

Mia akopn Auon, Xaptv mAoUpaAiopou:

- —m— AOHEIS n
qﬁqq;m*nitx
A IV 15 I':Ié“ o K \\[I:glim]l,ml

S (\ ( Pm“ﬂ tﬂ \’imn M

. \ [ -\BI Kl AT
o TPTVOL h\\l e

_1 4 1
quqx+y

Jil-.l.\ll/

L apikikevtpo Tow poivos ABLL

Eivall—x:%Kall—y:%onétsi:(1—1:)(1—y)

(1—-2) —y(l— x). 5

6nAadn U—IZ = Zuprnepaivoupe ot
Y - % 6nAadn y—lz = —z. Tedwkd zyz = —1.

L 1=
Yyz

AXKHZH 10 Baoijing Mavpogpudng
http://www.mathematica.gr/ forum/viewtopic. php?f=19&t=4858.
Na Avoete mu efiowon |2 +x — 2| = 2% — 1 — |z + 1].

Avuon AxlAéag Euvsquc')r[oqug

Me tnv poTn pquq apov 23 —1 = |22 42 —2|+|z+1] > 0
givarz > 1. Apa 22 + 2 — 2 = (z — 1)(z +2) > 0 ka1
|22 + 2 — 2| = 22 + 2 — 2, =z + 1. Apa
23— 1 =22 +2 -2+ |z + 1] av kat poévo av z > 1
karzd —1— (22 +2-2)—(z+1) =2 —-2-2) =
z(z +1)(z — 2) = 0. Zuvenwg, ot pideg etvar -1, 0, kat 2,
armno Ti§ OToieg 1) povr dektn eivat n 2.

ErmpeAntg: Avdpeag BapBepakng

AYKHTH 11 IIavaywwing INavvorouviog
http://mathematica.gr/ forum/viewtopic.php?p=41418

H 6&yotduog g ywviag BAA evoe mapadinioypdupou
ABI'A (mou 6gv givar pou6og), teuvel g evdeieg BIN kat I'A
ota onueia K kat A avtiotoiywg. Na Seiydei OtL 10 KEVTPO
0U KUKjlou ou mepva ano ta onueia I'K,A Bpioketar emi
0U KUKAOU Tou diépyetat ano ta onueia B,IA.

Avon lopyog Podoroudog

A A A A A
Bpiokoupe ou A; = Ay = K;y = Ky = A kat akoAoubeg
AN = AA = BI.

'Eote O 1o niepikevipo 10U 10ookedoug (K= I'A) tpryovou
A A A
TKA.Ilpoxurtiet ot ['y = 'y = Ay, Ta tpiyova OAA kat

A A
OrIB civat ioa apou AA = BI',OA =OI' kaw A1 =14
A A

xkat étot Ay = By . Zuvenmg 1o BAIO sivat syypdwipo.
AXKHEH 12 Dwtevn) Kaidm

http:/ /www.mathematica.gr/ forum/viewtopic. php?p=44281

Ze totyovo ABT eivar B = 159, I = 30°.Zmv miecupa
BT naipvouue onueio A tétoo,0ote BA = Al'. Na umn-
ofoyloete ) yovia BAA.

Avon 1 T'wpyog Pidog

Ye tpiyevo ABT pe B = 15°, L = 30° naipvoupe
oto eowtepkd g BI onpeio E, wote AT = AE. Autd
elvatl kataokeudopo, epooov AB > AT, apou ot arévavtt
Y/wﬂsg Toug elvatl opoiwg avioeg. Tote TAE = 120° =

EAB = 135° = 120° = 15°.
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30° 30°

A=E

To 1piyevo AEB eival 100okeAég onote AE = EB. Oniote 1o
E tautiletal pe 1o {nrovpevo onpeio A xkat eivat povadixo,
dpa BAA = 15°.

Avon 2 Twpyog Pidog
Arnté N. Huutovev: Zto AAB:

AA  BE AA  nuld°
nul5°  nu® T BE T qud
2to ATE :
AN AT o AN g0
nu30°  nu (15° +6) AT nu(15° +6)’
. nulbd° nu30° 1 20vv15°
Oortote =

nud - nu(15° +6) nud  nu(15° +6)
& nuld® - ovvld + ovvlh® - nub = 2nul - curlh° &
nulb® - ovvd — ovvld® - nub =0 <

np(15° —0) =0.

O1 AUoelg g eCiowong eivat:

‘?I"K O
£10U-
veppa)

dwipeong eivar  m(x)

3 +H9x'+14

fvwe To mnhiko g

15° B

0 =360°-k+15° n 60 =360° kK — 165°,
agpou 0° < # < 135° eivar 6 = 15°.

Avon 3 MixdAng Navvog
Dépved  TOV  TIEPIYEYPAPHEVO KUKAO Kal €otw K 10
MEPIKEVTPO. AKT = 30° xat AKB = 60° 6161t 10 piyovo
AKB eivat 1oordeupo. To tpiyevo KBI eivat opBoywvio
Kat 1000KeAEG Kat 10 1piyevo AKT sivat 1000KeAEG.

Kk € 7 xat

Ioxuet AEL = 75°, apa 1o piyevo ATE eivatl 100okeAég.
Ta tpiyova TEK kat BAK eivat ioa (II-T-II), apa n AK
etvat dixotopog. Ta tpiywva BAK kat AAK eivat ioa (II-T'-
I1), dpa tpiyeovo BAA eivatl 1000kedég, omnote BAA = 15°.
Ix0Aw0: Auoelg €oteidav kat ot: Kootag ToouBaldg,
Zotmpng Aoupidag (2 Auoeig), Iavvng Toomedag, Mopyog
Maveddng

EmupeAnmug: Paotevn) Kaddn

AXKHZH 13 Acvtépng I[pwronandg

http:/ /www.mathematica.gr/forum/viewtopic. php?p=57693

Ava > 0 kat/a € R — Q, va efetdoete av undpyet ap-
Wunukn mpoodog wote ot apwWuoil 1, \/a,a va eivar dpot
apduntkng mpoodou (orowacdnmote talng).

Avon B©avog Maykog

Ag urnoBéooupe ot o1 1,+/a,a stvat ot 6pot td&ng k +
1,l + 1,m + 1 oe ramowa api®unukn mpdéodo. Tote
ap +kd=1 (1)

ay +1ld=+/a (2)

ar +md=a (3).

Me agaipeon wv (2) — (1) kat (3) — (1) mpoxuret
(k—l)d=a—-1 wat (m—k)d=+a—1. Ané autég

k=1  a-—1 SAABE

pe dwaipeon, AapBavoupe

k—1
Va= e 1, atoro agou 1o v/a eivat dppntog.

m —
ATYKHZH 14 Xnupog Kapbapitong
hitp:/ /www.mathematica.gr/forum/viewtopic.php?p=57479, Alvetatr 1o
nofvevupo P(z) = 2° + ax® + fa® — 6z — 12 10 omoio
Sraipeital pe o moAvevuuo 2 — 1

1. Na vmoAoyioete 10 dadpoioua o + 3

2. Na Ppeite 10 nniko mg &waipgong tou P(x) ue 1o
nofvodvupo 2 — 1

Avon 1, Ztaupoulditoa

AQoU 10 TIOAUGVUHO Siatpeital akpBog pe 1o 22 — 1 =
(z —1)(x + 1) autd onpaivel nog 1o 1 xat —1 da eivat
pideg Tou moAueVUpoU dpa yia = = 1 éxoune: z° + ax? +
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B’ —6r—12=014a+B-6—-12=0<a+ [ =
17, (1). Ta x = —1 éxoupe: 2° +ax®+ fr? — 6z — 12 =
0o —1-a+B+6-12=0sB—a=7, (2). Ané

Avon 2, Xprjotog Aalapibng
Av extedéocoupe 1 Owaipson Kavovika Ppiokoupe
urddouo v(zr) = (a—5)z+—12 xat nndiko

(1) xat (2) éxoupe a +b = 17T xarb—a =7 dapa b =12 7(z) = 2° + (a + 1)z + B. To vunddouto eivat to
kat a = 5. Emnopéveg pe Siaipeon moAuavipmv £xoupe pndsvikd moAlumvupo, dpa o« = 5 wat B =
25 + 523 + 1222 — 60 — 12 = (22 — 1)(2® + 62 + 12) ka1 12. Apa o + B = 5 + 12 = 17 xa
10 rnAiko eivat 23 4 6 + 12. (z) =2® 4 (e + 1)z + B = 23 + 62 + 12.

o, = —a — VATt — s - Prr — 1) =

u S P oKL GEv oy ﬁrr m|m Jna!

E —|\HI| [UI]+[II\.+1IH a
lu; '—Ih '—'n u -p+ 2op = 1.
ErupeAnmg: Avdpéag BapBepakrng

AZKHZH 15 Muycaing Navvog 8w = M2 (a — )\\/5) & 64w? = 2\2 (64 — )\2) &
http://mathematica.gr/forum/viewto;/;i'c.php?p:45740 64 (2)\2 — 36) = 2)\2 (64 — a2) <~ )\2042 = 1152 (1)

Atvetar AE, = 8, ZB = 6, AZB = 90°. Bpeite 10 eubadov
tou tetpayovou ABT'A.

z

Avon 1 Petevr) Kaddn
To AZBA eivat gyypaywo,orote LAAE = ¢ = LEBZ
kat ZEAB = 45 — . 1o tpiyovo AZB 1oyUet

6
45— ) = ———,(1
D45~ ) = (1)
Kat oto EBZ 1oxuet
ZE
cpp = ——,(2)
And autég Ppiokoupe JZE = 2/7T—4 kal tHpa
pe TIIuBayodpelo Oeopnpa oto BAZ mnaipvoupe

E=a%=40+8V7

Avon 2 T'avvng Tooredag

®cwpovpe 1 Staywvio BA kat onpeio M ndve os autrv
wote EM kabetn ounv BA. ®¢toupe MB=), EZ=0, AB=a.
Mpopavds BE = M2 xat AE = a — \W2. Zwo
eyypayippo AZBA amo Ssopnpa TEPVOUO®V EXOUHE:

A6 1o ITuBayopelo Sewpnpa oto tpiyovo AEA éxoupe:
0+ (a— A2)2 =64 X2+ a2 =80 (2).
Ao (1), (2) mpoxkurttet ou ot A2, o2 eivar piles g
eflooong: 12 — 80t + 1152 = 0 xat A2 < o? dpa:
2 =40+ 4v28.
Avon 3 MiydaAng Navvog
Eotw = n mleupd tou tetpayovou. H Saywviog BA =
\/_ 2z xat 1o Tepareupo AZBF elvat eyypaypo ne
I'ZB = I'AB = 45° xat ZAB = ZI'B = ¢. 'Eow TH
n mpoBoAn tou I' otnv ZB. To tpiywvo ZI'H eivat op-
Yoywvio kat 1oookeAég pe mAeupég ZH = HI' = 6 + ¢
kat vnoteivouoa ZI' = v/2 (6 + 7). Ané 1o mubaydpeto
Sedpnpa oto ptyevo BTH éxe: 22 = y? + (6 + y)Q(l).
Amo v opoomnta v Ipyovev I'BZ kat AEB éxe:
‘f\(ﬁzy) 985 = 2% = 8(6+y) (2).

(1), (2) mpoxurret 10 TPWOVURO: Y2 4+ 2y — 6 = 0 10U
éxel oav 9etikn) Avon myv y = /7 — 1, onéte ané my (2)
naipve 6t Euf. = 2% = 40 + 87 t.p.

ATo TG oxéoelg

AYXKHZH 16 Nikog¢ Maupoyiavung
http://www.mathematica.gr/ forum/viewtopic. php?p=50444

Zto oxnua ta 4 tpiyeva sivar wonfsupa pe misvpd 1.
Bpeite 10 AB.

e B

Avon 1 Eukleidis

10


http://mathematica.gr/forum/viewtopic.php?p=45740
http://www.mathematica.gr/forum/viewtopic.php?p=50444

http://www.mathematica.gr

Egpappoloupe to Nopo tov ouvnuutovav. Ilpopaveg ta
tpia «wate» onueta eivat ouveubeiakd (AB )2 =14+4-2.
2. (1) apa (AB) = V7

Avon 2 lNwpyog Pidog

)

N e X

Y& 0pBOKAVOVIKO OUCTNHA CUVIETAYHEVOV PE Kopudrn A
Kat povada ion pe v ImAgupd TOU 100TIAEUpOU, eivatl
5 V3 »_3_ s

2" 2 4 4
Auon 3 Avbpéag ITouAog
To péoco M tou AB eivat kat 1o pécov tou tprpatog KA rou
€XEL PNKOG (¢, 000 KA1 1] TIAEUPA TOV 100TIAEUP®V TPIYDVDV.
To cuunépaocpa autd MPOKUITIEL A0 TV 1810V TRV
napadAndoypdppev (o1 diayovieg toug dixotopouviatl).
Eniong 1o AM eivat 81ap1e00g £vog TPYOVOU HE TTAEUPES
a, a,ay/3, érou /3 sivat n Slay®viog Tou popBou 1mou
aroteAeitat anod 10 peb Kat 1o Kitpvo Tpiyevo. Ao 1o 1o
Yewpnpa dapéoou yia 10 maparndve IPiy®vo IIPOKUTTTEL
ot AM = 4 ‘Apa, AB = \/7
Auon 4 Nikog Maupoyiavvng

B , apa (AB) =

r

N

[
</

A € .

100mAeupa  KaAt

ZUPIMANP®OVOUPE PE  HEPIKA  aKOUDN
2

Bpiokoupe (AB)? =(AI')? + (BI')? = 22 + (2 . §>
44 3 = 7 enopévag AB = V7
Avon 5 Nikog Maupoyiavvng
ZUpnAnpovoupe pe PEPIKA 100TTAEUpA OTI®G OTO OXIHd.

Ano ug wowmteg 11 = Ts, T3 = T, PAérioupe ou 1o
oorAeupo ABT exet epBadov 7-mAdacio tou gpBadou tou

2 2 ,
UBPVS _ 7223 4pq (AB) =

apa

HMKpOoU 1o01tAgUpou. Apa
V7.

Avuon 6 Avbpéag ITouAog
Yta téooepa 100mAeupa Iply@va mpooBEtoupe Kat va
népmto. 'Etot, €xel oxnpatiotel éva 1000KeAEG TpATtEdLo,
10 ortoio eival eyyeypappévo oe KUKAO Kat £xel 10oeg O1-
ayevieg (tng piag amo avtég {ntdpe to prkog). Ot Asupég
10U tparediou £Xouv PUnkog 2a, a, 3o, . TUPd®VA Ue 10
1o Sewpnpua ITtoAspiaiou ya eyyeypappéva tetpanisupa
gxoupe: 3a-2a+a-a =z -z, dpa 7a® = 22 = x = a/T.
Avuon 7 Avbpéag ITouAog

'Evag ddlog tpomog Tmpootyylong mou Paociletat otn
nébobo twv enbabov. Ovopaloupe T tnv kKAt 6e81a Ko-
PUQT) TOU TEAEUTAIOU TPIY®VOU TOU APX1KOU OXHATOG KAt
Qv TO PNKOG TG MAEUPAG KAOe 100TIAEUPOU TPLY®VOU. ATIO
TOV TUII0 T0U £pBadou Tply®vou £Xoupe

(ABI) = Qa.a.Z/LIQOO — oz22\/§, (1).

Ao tov turto tou ‘Hpwva yia 1o epBadov 1ptydvou xouie
(ABI) = \/t(t — a)(t — 2a)(t — ) ka1 pe dedopévo ou 1

nuuepiperpog ¢ tou prywvou ABTL wooutat pe t = 3“%
naipvoupe Tov Turo:

(ABr) = Y2 ) o,

pe z > 3o

Ot tunot (1) kat (2) pag odnyouv otnv adyeBpikn) e§lowon
z* — 10a%2% + 21a* = 0, n oroia éxet 6Yo Avoelg TG
2?2 = 3a? xa1 22 = 7a?. And autég Sextr) eival povo 1)

22 = Ta? Aoyw 10U TIEPlop1op0U,8nAadn) £xoupe & = aVT.
Avuon 8 Avbpéag ITouAog

Mia dAAn mpoogyylon g AoKnong oupd®vn pe v ot-
daxktéa UAn wng B’ Auxkeiou, eivatr aut) mou Baocietat
oto arokaloupevo dewpnua tou Euler: «Ze vaBe map-
aAAnAoypappo 10 dBpolopa IOV TEIPAYOVOV TV O1-
ay®vi®v Tou 1ooutal pe 10 abpolopia TV TEIPAYOVOV TV
MAEUP®V TOU» YTIOWT T0 9€pa auto UTTApXEl KAl @G A0KN 0T
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PETpeV piyadikov aptdpov oto BBAio Kateubuvong tng
I Aukeilou. Eekwvape Aowov. Qg mapadindoypappo
Yewpolpe 10 oxnua rou aroteAdeital and 1a Tteooepa
1o6rAgupa tpiyova. Ot MAEUPEG TOU £X0UV PAKN KAl 2
Kat 1 pia Srayoviog (1 pikpen) £Xel pHKog aV/3, apou eivat
dutAdola aro 1o UYPog 100ITAEUPOU TPLY®VOU TTAEUPAS Q.
Stngeva pe 1o 9edpnpa Euler éxoupe: 202 + 2(2a)? =
(aV3)? + 22 = 100> =3a®> + 22 = Ta®> = 22 = o = V7.
Avon 9 Kootag Brittag

Mia mapaddayn g 6eutepng Avong tou Nikou Mau-
poylavvn.

L
v

[Tpoxurttet eukoda ot (ABC) = 7(DEZ), apou xkabe éva

() Mo wmadhergres dru g 5 cpammeTe s T wisdan €,

A¥E

a6 ta piyova ANABE, ABCZ, NCAD, éxet gpBadov
100 pe 1o P1od tou gpBadou tou mapaiAndoypdppou mou
OUVOETOUV Ta T€00epa 100TTAEUPA TPIY®VA NG EKPOVNONG.

Ioxver 6ndadn (ABE) = (BCZ) = (CAD) =
2(DEZ).

Enedr) twpa o Adyog twv epBabwv 6Uo opoiwv

TPY®OVEV, 100UTdl HE TO TEIPAY®VO TOU AOYOU 1ng

opodtntag ( = 10 TEPAY®VO TOU AOYOU T®V OHOAOY®DV

- ) ) . (ABC) (AB)? _
€UP®V TOUG ), €xoupe OTl (DEZ) = (DE)? =7 =

AB =7, ( yiatt DE = 1) xat to {nrovpevo €xetl BpeOet.
Avon 10 Mopyog Pidog

H AB 1piyotopeitat armd tug ZI' kxat AE oto map-
aAAnAdoypappo AABZ (tetpippévn aoknon tng Feopetpiag
V3

2V7

7
A’ Aukeiou). Omote AP = % Y10 ABK eivat nue¢ =

AP
Zto tpiyovo APT (amé Nopo Huttovev) etvai =
npu60°
V7
I'P - TP 1
—_— 8= I'P = —, ontéte ZP = 2I'P
o V3 3 3
2 2T

Inpeicon: Avo aropn Avoelg npoteivav ot MixdaAng
Navvog kat Nikog Maupoyiavvng

ErupeAntg: MiAtog I[Tanaypnyopdkng

AXKHZH 17 Maxng Xat{omouAog
http:/ /www.mathematica.gr/ forum/viewtopic.php?f=23&t=3019
'Eote AA byotduog totyevou ABI. Av woxvel n 100tnta

(3B &) - 3F = (3% BT . A%

Bpeite 10 gidog tou iywvou ABIN w¢ Tpog Ti¢ TAUpES Kat
¢ YWUIES TOU.

Avon AAéEavbpog Zuykredakng-Makng Xatdornoudog
ﬁ <Al = X\ ka1 A—A> -B
yivetat: A - ﬁ = - AB (mou eivar Baowkry doknon:
A-a = ,u~50w62pn rapdAAnlo oto B.tote, A = w=0).

= [ omote 1 6edopévn oxéon

Av A # Otote ﬁ = £ ﬁﬁr}}xqﬁﬁ H//ﬁnou etvat
atorto, dpa mpértet A = 0.

'‘Opola anodeikvuoupe kat ot p = (0, omote dpa ﬁ .
ﬁ =0 dpa AB L Al'rat A—A> -BI' =0 dpa AALBT.

AnAadr) 1o tpiywvo gival opboydvio Katl 1000KEAEG.

AYXKHZH 18 Xpnotog Awjng
http:/ /www.mathematica.gr/ forum/viewtopic. php?2f=23&t=3569
Av 10)U0oUV 0L OXEOELS

‘23+ﬁ|:6u
S + 28] = 18 — 24
Kat ‘a)+?| :2,u2,
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01€:

1. Na Bpedei 10 \3 + ;|

2. Na fpedei 10 perpo tou dravvouatog o

3. Na amodeiydei ot ta dtavvouara o kat H svat loa.
Avon

1. Xpnotog Aalapibng

6p2 = ‘3&+ 35( = ‘(2&+ B) + (@ + 25)‘

+ 07—1—25‘ <24y — 24 =
612 —24p +24 <0=6(u—2)2<0=p =2
Apa ‘62 + E( =38

2. 'Edeva ®axidapdxkn)
Ia p =2 anod 10 a epeIPa £XOUHE: ‘23 + E‘ =

12, (ahrﬁ ~ 12, (a@?‘ _ 3 ‘25@?‘ _

2 2
12;»(23+?‘ — 144 > (23+?) — 144 >

(l'f;‘{»'»_,\!lxn% IIatBsiiig)

W2+ 4a B + F? =144 1(5@%(;
( 2?( _144¢(a+2?) — 44 = @24

ATF + 432 =144 ( 2

Ao g (1) xkat (2): 4 3? + 32 = 2 +
4a B +4 2:332:332:32232:
2
@P =3 = @=|7|
2 2
(a@?‘ =8 = ‘a@?\ = 64 = <E>+F) =
1@ BT =1 S om2i0a T i
2+ a?zSQ
—2 2
1) ° 53 5A214d 4 = 144
Ot 8Uo tedeutaieg oxéoelg Givouv: a2 = 16 =
AP =16=|d|=4
3. 'EAeva ®axibapdkn
(3) = ﬁ|—4—1? @+ 3| =s=1a|+|7]

apa o Yy F Kat éxouv ioa pérpa omndte eivat ioa.

ErmpeAntig: Zmupog Kapdapitong

AXKHZH 19 Znupog Kapbauitong

http:/ /www.mathematica.gr/ forum/viewtopic. php?f=18&t=4737|

'Eva ooua kweitar ' ¢va aova kat ) 9€on tou og ypovo
t > 0 6iverar and tov wno x(t) = t(t — 4)? + 3 omov o
Xxpovog t uetpictar oe sec kai 1o x(t) oe m. Na Ppeite:

1. Tnu tayxvutnia t1ov oOuarog o< xpovo t Kat tThv apytkn
ToU TaxUINIa.

2. Tig XPOVIKEG OTIYUEG KATA TIC OTOLEC TO OWUA £lval
ouyuaia axivno Kadwg Kat v EMLTAYUVON TOU O
AUTEG TIG XPOVIKEG OTLYUEG.

3. Ilote 10 owua Kweitat mpog v Jetkny Karevduvvon
Kat Tote MPOG TNV apunUkn Kateuduvon.

4. Tnv xpovwkn ouyun tg kata v onoia n 1axvInIa v
owparog eflayiotonoteitat.

Avuon Twpyog Pidog
H ouvaptnon 9¢ong tou oopatog ypagetat:
3 —8t24+16t+3, t>0.

x(t) =

1. H tayumua tou eivat: v (t) = 2/ (t) = 3t* —
16t + 16, t > 0, n apxwkn tou Tayuvinta sivat:
v (0) =16 "/sec

2. To owpa eivat ouypiaia akiviro otav v (t) =0 <
4
. & t:§ sec 11 t=4sec

H erutdyuvor) tou bivetat and tov wrno: « (t) =
/ r 1} ,
v (t) = 6t — 16, t > 0, ondte TG XPOVIKEG OTIYHEG
Katd 1§ oroieg 10 oopa eival ouyplaia akivnro,

4
stvat: o (§> =-8 m/86027 a(4) =38 m/8€C2

3. To oopa kiveitat rpog ta 6e§ia otav v > 0 kat pog
ta aplotepd 6tav v < 0. Etvat: v (t) >0 < 0<

4 4
t<§ nt>0krkuv(t) <0 < §<t<4,

4
omote Kiveital 8e€1d dtav t € [O, §> U (4, 400) kat

4
aplotepd otav t € <§, 4>.

4. H tayuuta edayiotoroteitatl dtav a(t) = 0 <
8
t = —sec.
3

Na &teukpiviow ot oto (4) dev avapepopacte oto PEIPO
g TayxunIag, 1 eAdy10tn TP ToU Oroiou eival aopadng
0, otav 10 owpa sivat akivno, aldd otnv Aax10t T
g ouvaptong u(t) yua t > 0.
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AZKHXZH 20 Kootag TnAsypapog
http:/ /www.mathematica.gr/ forum/viewtopic.php?f=18&t=439
Alvetar n ovvaptnon

a2 —(x—a)?, zel0,a)
—%—1—370‘, x € [a, 3a]

fz) =

1. Na 6é¢ifete oun f ovvexng

2. Av n ypagwkn ¢ Tmapaoctacn eivar Kaumuan
OXETKOV OUXVOTNTI®OV Ulag Kartavoung va fpeite v
blapeoo ¢ Katavoung

Auon Kootag TnAéypagog-Baoidng Maupoppudng

M I
~t‘}e*ﬁejwtﬁ]

[ =i -n,1]

1. To mpwto gpoOTNUA eivatl artAo.

2. Ta 1o 6eltepo epmtnua, mpernet 1o £uBado tou
TETAPTOKUKAIOU Ka1 TOU TPy®VOU TToU oxnpatidoviat
va €xouv dBpotopa 1. Apa

2
412 a=1%a = & q= 2T

71'(12

ETETOlpT - 1

1 _ 2 _ 4a? ma? _
Emw—§2a-a—a _T>_4 —ETeTapT

Auto onpaivel ot np Siapecog da eival £0RTEPIKO
onueto wu [, 3a]. Pépoupe v eubeia x = I
oto oxnpa. Edav ovopdooupe u 10 UYog mou av-
TIOTO1XEl 0TV TAEUPA 1e PAKOG 3 — § Kal KAVOUne
OPO10TNTA TPIYOVAV £XOUNE

73a—5
2

I[Tpéret 1o epBado tou tpyevou va wooutat pe 1/2.

Apa +(3a—d)v = 3 & (6-3a)? =2 4§ =
BatV2=0=3a—-V2& =321 -2

EmpeAntig: Kootag TnAéypadog

AYXKHZH 21 math68
http:/ /www.mathematica.gr/ forum/viewtopic. php?f=51&t=9819
Atvetar oto C n eflowon :

—(A+2)V324+5A+6=0
omou A n draxpivovod g, n onoia gxet Pifeg Uyadikes Kat
UN TOAYUATIKES.
1. Na Bpeite 1g pileg 21, 22 ¢ napanave eElowong.
2. Na vnofoyioste TV Tiun ¢ Tapaotaong:

K = 21_201222_2015 + —20152,2—2012

21

3. Na amnobeifete 011 01 €1KOVES OTO Utyadko eTITESO TOV
Lyadikov a = zf2012z;2015 karb = z,~2015, 2012
glvat onueia CUUUETPIKA ©¢ TPOG TNV apxn O (1ol
afovav.

Auon Anuntpog Katoirodag

14

1. Apxika emedr] ot ediowon €xel piyadikég pideg
éxoupe A < 0. Ymoloyiloupe v Siakpivouoca
mg 22 — V3(A +2)z + 5A + 6 = 0. 'Exoupe
A =3A%2 -8A -~ 12 ométe A = -1 A =

armoppirttetat. Twa A = —1 n eliowon yivetat
— (o : _ V31,
—V/32+41 =0, n ornoia xe1 pideg g 21,2 = 5+ 510
2. 'Eoww 21 = V3 + i xat Z9 = V3 _ 1. (6powa av
\/_ 2 2 \/_ 2 2
_ 1, _ 3
5 — 3l Katzg = + 21)1018 éxoupe 2] =1
Kat zg' = —1 omote

K = 2 2012 2015 + 2 2 2015 2 —2012 _

1 + 1 — 2} 425 B e
22012 ;2015 22015 ,2012 22015 ;2015 12015
—2012 _—2015 __ 1 1
3. Enionga = z z = 20122015 — ,2012,2012,3 —
1 1 2 21T % 21T Ry TR
= - = 7 KAt
3(z122)2012 —
/8 _ 272015272012 1 _ _
— 20122015 — ,2012,2012,3 —
1 2 20 210 ° 210 220 Ziﬂ
]' = l = —1
Z%(zle)zou i

Orote 1 ewova wou « givat o A(0, —1) xat tou
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0 B(0,1) ta onoia eivar ouppetpikd og mpog to  oupreptdapbavopévev kat wv A, B.  Eivat |z|mas

0(0,0).

AYXKHZH 22 Nikog¢ Zagetipomouog
http:/ /www.mathematica.gr/ forum/viewtopic. php?f=>51&t= 10002
Alvetar o piyadukog z ue

|z —4i| <2

Kat
|z —2i| =2

Na Bpedei n pgylom kat n eAAx10TN T TOU UETPOU TOU 2.

Auon chris

H oxéon |z — 4i| < 2 6nAavel oul o1 elkdveg oV 2z eivat
0Aa ta onpeia rou Bpilokovial OT0 E£0WIEPIKO 1] OTNV
niepipépeta tou kukAou C pe kévepo K1(0,4) kat aktiva
Ry = 2 H oxéon |z —2i] = 2 8nlavel 6u ot e1kdveg
wv z eivat Kukdog kévipou K5(0,2) ka1 Ry = 2 Apa
0 V.T TOU 2 TIPOKUITIEL A0 TV OUVaArBsuon twv &Uo

PONYOUHEVOV Kal gival oAa ta onpeia tou tiou AB

(OKi) = 4 yia z = 4i Entiong |z|min = (OA) = (OB) =
V(OK1)2 — R? =16 —4 =23

ErmpeAntg: Midtog ITanaypnyopdkng

AXKHZEH 23 dPotewwn Kaidn

http:/ /www.mathematica.gr/forum/viewtopic. php?f=52&t=2571
Yndaoyouv ovvaptroeg f : R — R mov va givar 1-1 xat va
avoroovy mu aviowon: f(x2) — (f(x))* > 1

Avorn giannisn1990

'Eoto dowdv f : R — R 1-1 ouvdptmon oote f(x?) —
f2(z) > 1 ywa kéBe mpaypatiké apps §, wte Pagov-
tag Sadoyika ug tpeg O kat 1 oy mapandave oxEon
9a mapoupe f2(1) — f(1) + 1 < 0 xar f2(0) — £(0) +
1 < 0 pe pdéodeon v 2 tedevtaiov éxo (f(0) — 3)% +
(f(1) = 3)> <0épa f(0) = f (1) = 5 Spwg n @ ard my
unoBeon ewvat 1-1 ouvaptnon apa 1=0 ATOITIO

AXKHZXH 24 Baoijing Mavpogpuéng
http:/ /www.mathematica.gr/ forum/viewtopic.php2f=52&t=2052

TINa kade mpayuatkd apdud x dragopetiko tou 0 rkat Tou
1, wyver f(z)+ f (ﬁ) = 22

2(i—2) Na peite oV TUTO
mg f.

Avuon AAE§avbpog TuykeAdKrng
1

@ftoupe otV apXiKn OmMou T 10 71— (etvar ermrpernn
avilKatdotaon oUp@®Vr HE TOUG IEPIOPIOHOUS) Kal
naipvoupe:

()

®<¢toupe Kat 1At Orou T 10

1

= ot oxéon (1) (eivat kat
TIAAL ETIITPEITI 1] AVIIKATAOCTAOT)) KAl IIAipVOUE :

2)

1—=x

x(x —

r(55) + i@ =2 )

Av ano ) oxéon (2) apaipéooupe t oxéon (1) naipvoupe

1 2—a41
@)~ f () = —25525
apxikn naipvoupe f(z) = i—ﬂ n ortoia eraAnBevetl tnv
apxKn oxéon dpa eivat kat ) {NTovpevr ouvaptnor).

KAt IPooHETOVIAG TV PE TV
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ﬂ lKCl

' ajﬂﬂ E10U

(KateuBOuvon
Atu‘qmptxog[ Ao\nopog)

T

EmpeAntig: PoboApog Mmopng

AYKHTH 25 Xproto¢ Kupalnig

http:/ /www.mathematica.gr/ forum/viewtopic. php?f=53&t=1801
Yrapyer ovvapmon f: R — (0,+00) mapaywyioun ue
ouvexn mapdywyo yia mv onoia va woxver: f' = fo f;
Avon, PoboApog Mridpng

Aivetat 6u f(x) > 0 yia kaBe z oo R. ®£toviag 6rou x 1o
f(z) matpvoupe f(f(x)) >0,Vz e R= f'(z) >0= f1
oo R [1] Enedryy f(x) > 0 Adyo wmg [1] naipvoupe
f(f(@) > f0) = f'(z) > f(0) = (f(z) — =f(0))
0= f(z) —xf(0) T oo R Av napoupe z < 0 = f(z) —
zf(0) < f(0) —0f(0) = f(x) < (1 +2)f(0) ya xabe
z < 0 [2] Enedny opoeg eixape f(x) > 0= f(0) > 0.Etot
ya z < —1 Ady® ng [2], katadryoupe oe avtigaon
AYXKHZTH 26 Xproto¢ Kapbaong

http:/ /www.mathematica.gr/forum/viewtopic. php?f=53&t=2081

Heparapeier o7

B2 = B = B0 = e [ et = [0 o

Mu i]]mt,txa

Av [ ovveyrig oto [a,b], pe f(a) = a, f(b) = b kar wxver
f(x) <1 ya kade x mou avriker oto (a,b), va beifete ou
f(z) = x yia kade x oo [a, b].

Avon 1, Bacidng Maupogppudng

H g(z) = f(x) — x etvat @Bivovoa o < = < ng (o) >
g(x)=2g(B) e g(@) =0 f(z) =2,z € [a,f]

Avon 2, BacidAng Maupogppubng

'Eote 6t untapyet g oote f(xg) = k # xo. Avk > g tdte
pe OMT oto [a,xo] éxoupe f/(§) < 1 & % <
1 & f(;__o(; <1< k <z, doro Av k < xp tote pe
@MT oto [xg,b] éxoupe f/(§) < 1 & W <l&
—~ <1< k> z( atoro Apa yua kabe g € [a, b] etvar
( 0) = 0, BrAadA f(z) = x

ErupeAntig: Avaotdolog Kotpovng

AXKHZXH 27 Baoijing Mavpogpuéng

http:/ /www.mathematica.gr/forum /viewtopic.php?f=54&t=8057&p=46212

sinx

vV 1—k2sin? x

Na urofoyioete 10 ofokAnpoua foﬂ/ 2 dx, émou

ke (0,1).

Avon 1 lNwpyog Maveddng
To {ntoupevo eivat

I = /2 sinz
0 \/(17k2)+k2 cos?x

w/2
,/1 k? f

sinx

k2
I+ 1—k2

dx

cos?

: k _ . .
®ttoupe iz cosx = tanu, omote u € [0,6], ormou

0 etvai o povqﬁlxég apdpog oto (0,7/2) yua tov onoio
tan§ = \/ﬁ € (0,400). Apa

J—_ f 1 1k 1
\/1 k2 J0 \/l+tan u k cos?u

0 cosu _

k: 0 cos?u du =

_cosu
sinu+1 du =

f cosu _ 1 0 cosu
k Jo 51n2u — 2k JO sinu—1
1— sm9

1+4sin 6

1
—ﬂln

‘Opwg tan? ) = 1512 & sin @ = k kat tedika
1 1 +k
I=—1In
2% 1—k

Avon 2 Baoidng Maupogpubng

nuxde

ke(0,1)
V1i-k2+k2ov2z

O =l

1—k2
mwcdac ovve=t w2

s
1 2
¥ e _
0 k2 ovv?z 75 dt

Vi

f —k pr—
1—k2 1—k2
0

nurdr=—

=
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Ea

1+k
In -

€1
2k
AXKHZH 28 xgastone
http:/ /www.mathematica.gr/forum/viewtopic. php?f=54&t=8003
'Eotw ovvaptnon f, opiopévn kar napayoyioyn oto (0, 1)
pe f(n/2) = 0 kar yia wmu omoia wyver f'(x) =
— (1 + f?(z)). Na Bpedei o tnog g f.

Avuon Baocidng Maupogppudng
Ioyuet
f'(x)

(1 +f2(x)) e |

fe) =~ 1+ f2(x)

~ = AT

K
st pene®
ot Ml

'n:_-\\‘ mM B dux
) Me ™ I:q": “"Anlglkt 1. u for YN0
g ﬁ;}!}o v 'YAn)

1

Aoxnoeig”

en GUY F‘L“‘U

®¢toupe f () = opg (x) pe g(x), x va avhxouv oto (0, )

«aoeg (5) =/ (5) =0

Hapaycoy@ovr/ag Vv OXE0N AUt £XOUNE

(@) = i = /@) = = (1o () g () =
F@) = —(1+2@)d @ > L8 = g @) =
1=¢(x) = g() =x+chaxz = 7/2 Bpiokoupe
g(5) =5 +c=0pg(3) =0p(5+c) =20=cpc=c=
0 oUpgPeva pe TOUG TIEPIOPIOHOUG TTOU TIPETEL va TIANPEl
ng

Apa f(z) = opg(z) =
nBevel ) 60Beioa oyxeon.

—

f ()

= oy (x), n onola eral-

EmpeAntg: ®opag Paikoptoalng

AYKHTH 29 @iwpyog Towcadovdakng

http:/ /www.mathematica.gr/ forum/viewtopic. php?f=55&p=39775

'Eote f, g ovvapujoeis ovveyeig oto biaotua [0, 1] téroieg
wote: f(x) > 0,0 < g(x) < 1, yua kade = € [0,1].
Ozwpovue tg ovvaptoeg: F, G, H :

o Fla)= [y f(t)dt

e G(x) = fo‘” g(t)dt

. — [T r() Gty dt

1. Na anobeiete ou yia kade x € (0, 1] wyver:
H(z) < F(2)G(z) .

€ [0,1]
€ [0,1]

x € [0,1]

2. Na anoéeifete ou yia kade x € (0, 1) wyver:

H(x) H(1)
3. Av H(1l) + flg(t) F(t)dt =F(1)+G(1)., wva
anobeifete ou Unodpxaﬁ € (0,1) térow eote:
f& _ 1-F@)
9(¢) 1-G(§)
o : H ()
4. Na vnofoyiotei to dpto: lim

a—0+t F(z) - G(x)
Avon PodoApog Mrmopng

= [y f®dt = F'(z) = f(z) > 0 ya

qua x € [0, 1] apa n F yvrjoua avgouoa oo [0, 1]

kat enedn) F(0) = 0 éxel 9sukég npég yla kabe
€ (0,1].

= [y9t)dt = G'(x) = g(z) > 0 ya

qua x € [0,1] apa n G yvroua avgouoa oto [0, 1]

kat enedn) G(0) = 0 éxel 9suxég npég yla kabe
€ (0,1].

. =[5 fOG(t)dt = H'(z) = f(x)G(z) > 0
YlCl Kaes x € (0 1], apa n H yvfiola avgouoa oto
[0,1] kat emedny H(0) = 0 €xe1 9euxég Tpég ya
kabe x € (0,1].

1. 'Eow n ouvapwmon w(x) =

x € [0,1], yla mv omoia éxoupe: w'(x) =
H'(z) - F'(x )G( ) — ( )G'(z) = —g(z)F(z). H
ouvaptr]or] F(x fo t)dt eivat yvrjoia avgouoa

o [0,1], onorsqux >0 = F(z) > F(0) =
x>f0 t)dt = F(x) > 0 kat eredyy 0 <
g(x) < 1 yua xabe x € [0,1] éxoupe tedika 6u
w'(z) = —g(z)F(z) < 0 yua xabe = € (0,1],
OIIOTE 1] ouvdaptnon w eivat yvrowa @Bivouca oto
[0, 1] kat apou ®(0)=0 mpoxurtet yia © > 0 =
w(z) <w(0) = H(x) — F(z)G(z) < 0= H(z) <
F(2)G(z) ywa xabe = € (0, 1].

2. 'Eow 1 ouvdpwmon u(r) = , x € (0,1].

[Napaywyilovrag éxoupe:

W (z) = T@F@H@F @) _ H@F@_H@F ) _

F2(x) - F2(x)
_ @G F@)-H@)f(z) _ [f@)(G@)F@)-H@)
F2(x) F2(x) ’
dpa 1 ouvapnon v eivat yvrjoa avgouoa oto (0, 1]
, orote ya x < 1 éxoupe u(z) < u(l) = I;((;f)) <
%ytaxdesxe(() 1). Opwg H(z) < F(x)G(x)
yua xkabe = € (0,1], apaH() () ()
Aei§ape o n ouvapwmon F(z f t)dt eivat
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Yvr]ma au§ouoa orote apou 0 < 1 = F(0) <
F(1) :>f0 t)dt < F(1) = 0 < F(1). Apa n
oxéon H(1l) < F(1)G(1) eivar 10o8uvapn (apou
F(1) > 0) pe myv % < G(1). Méver dowdv
va 6etoupe ot I[(1)'1. @ewpoupe ) OUVAPTNON
¢(z) = G(z) —z, z € [0,1]. Tapaywyiovtag
¢gxoupe ¢' () = G'(z) — 1 = ¢(z) = g(z) — 1,
opeg 0 < g(z) < 1 = g(r) —1 < 0 yua xabe
x € [0,1], apa ¢'(x) < 0, pe ouvénewa n ouvaptnon
g va givat yvriowa @bivouoa oto [0,1], dpa ¢(1) <
q%() =G(1) -1 < GO -0 = G(1) -1 <
g(t)dt = G(1) < 1, enopéveg deitape 6u ya
KGGS z € (0,1) woxvet: II:{((;C)) < % <1
. ®¢toupe v(z) = (1 — F(2))(1 — G(z)), = €
'Exoupe katda ogipd ta egng:

[0,1].

JEM tdt = H(z) < M% € [0,1].
ka0e z € (0,1] : H(z) < F(z)G(x)
ol opot givat Ssukol €xoupe: WG)@) <1l =

(H(x))*

Ioxuet yua
Kat eneldn

H(z)

()é(x) cH(z) < H(x) = saom < H@)
ordte Katadnyoupe otn oxéon: 0 < F(1(*{§2()$) <
H(x) (i( i\){% , y1a21<c168 x € (0,1] , énAadn:

xr
0 < 0@ < M% xat eneidn fi?gﬁrM— =0
, A0 TO KPP0 TApePBoANg €xouple TeAKA OTl

lim @) — g

r—0+ F(x)G(x)

ATYKHZH 30 Nikog¢ Mauvpoyiwavung
http:/ /www.mathematica.gr/ forum/viewtopic. php?f=55&t=429
'Eote n ovvaptnon

o = f (@)= (= a)"(5 — )"
fl F’( )G(t )dt r € R, émov o < B kar u, v puotkol aoiduot.
[F (CC fo t)dt = 1. Na anobeiete o yia kade x € («, 5) toxvet

)G(1) - fo 1 1 (z) _ vk
F(1)+G(1) = 1)+f gt)F(t)dt =F(1)+G(1) = f@) z—-a z-p

1 " 1 2. Na anobeifete ou n f wcavonoiel tig umodéoeig 10U

FOGQA) = fy F(t)g(t)dt + gg (t)dt = ewprjparog tou Rolle oto |« [] rkar 6t 1o § mou un-
F(1)+G(1)=F1)G1) = beviter mu f! eivar 1o € = Vﬁiua + ﬁﬁ.
F1)+G1)-F1)G(1l)-1=-1= 5
F(1-G1)-1-GQ1)=-1= 3. 'Eow I (v,p) = [ f(z)dx. Na 8eifete ou
(I-GM)F1)-1)=-1= a
(1- G(D) (1= F(

— F(1)(1 - G(1))
=(1-F(0)(1-G0) =1

. Twa m ouvapwmon v(z) = (1 — F(x))(1 — G(x)),
x € [0, 1] 1ox0et to Sevpnpa tou Rolle, apa urndpyet
¢ €(0,1) téroo wote:

V() =0=
v(z) = (1 - F()(1-GE)+ (1 - FE)A -
GE) =0=
—F(§)(1 - G(€)) - (1— F()G'(§) =0=
—F'(f)+F'( )G(&) = G'(§) + F(EG'(§) =0 =
—f(&) + f(EG(E) = g(&) — F(§)g(§) =
fE) 1 =G(E) =9(§) 1-F(©) =
(_ _ _1=F()
(&) T T 1-G(9)

. Aei§ape 6u n ouvapwmon ¢(x) = G(z) —z, = € [0, 1]

etvat yviiowa @6ivouoa oto [0, 1], dpa yia z > 0 =

g(x) < q(0) = Gx) —z < 0 = Gx) < =z,

x € [0,1]. Av M to péywowo wmg ¢ ow [0, 1]
0< f(t) <M

Kai
0<Gt) <=z
¢gxoupe: f(t) - G(t) < M -t ya Kdes t E [0,1]
Kdl OAOKANP®VOVIag €XOUE: fo t)dt <

wte: ya kafe ¢t € [0,1] omote

18

I
I (v =——»JIwv+1l,pu—1
W) =7 Iv+Llp-1)

4. Av p, v aptiot UOIKOL, va UTOAoyIOETe oUVapPTHoEL
v, B, v, i1, 10 eu6adov tou ywplou §) mou opiletar:
ano mv Cy, ug evdeieg¢ x = «, x = 3 kai 1ov afova
'z

Avon dwtewvr) KaAdr)

1. @ewpoupe ) ouvapmon f(z) = (x — a)(B — x)*,
n onoia efvat ouvexrg, oto [a, ] kat napayeyioyn
otwo (a, f) pe napayeyo:

—1
flla)=vie—a)" (8-
INa xabe x € («
fx) _
f(@)
v(e—a)" "' (B—z)"

(@=a)"(B—2)"

v K
(z—a)  (B—2)

2. Eivat ipogaveég ou f(a) = f(5) = 0, ondte agouv
@ eivat ouvexng Kat apayeyion oo [a, ], 1oxvet
yla aut] 1o dewpnpa tou Rolle, pe ouvénela va
undpyet € € (o, ) o wote f/(€) =0 =

HE—a) (B - —p(E - ) (B-¢)  =0=
(E—a) (B8 = uE - ) (B - =

2 — (- )" (B — 2) .
,B) etvar f(x) # 0, ondte éxoupe:
v(e—a)" " (B-a) —plz—a)" (B—x)" 1
(z—a)"(B—2)"
_ pla—a)’(B-a) "t

(z—a)”(B—2)"
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v(B—&) =l —a)=vB—v{=pl—pa= Iv,p) = J5I(v+1,p—1) =
—pé —v€ = —vB— po = §(M+V)=—(V5+ua)=> L I(V+2u—2) =
A GG
oont v VJFM = VLH ’ IV+2 ’ 5——1—3 V—i—u I(V + H?O) =
3. Kdvovmg MaPAayoVIIKY) 0AOKAT)p@OT £XOUNE : = VLH . ‘V:; % V—‘:l-u Jo( A V(B — x)odx =
= [ f@)de = _ o p=l op=2 1 [7@—&)”““]’6 _
ﬁ 1/ 8 ,,+1 v+l v+2 v43 v+p v4+p+1
fa a B f ((90 Vi]_ ) (ﬁ — x)ltdx = _ u p—1l p=2 1 (B_a)qu,qul _a
(x,a)l”rl B 5 vl V—‘r% 1/—1—% V—il-u Vl-‘ru—i—l e
i <5—fv>L- R I R RO
—1
fﬁ ( V+1 ) p(B — )" (8 $)/d$ = Av 1, v apuiot guoikot éxoupe f(x) > 0, omdte to
v+1 1 . . , K
V+1 fﬁ (z — ) + (B — )" Lde = uilI (v+1,pu—1) {ntoupevo epBadov etvar:
4. Epappodoviag 61adoykd 1OV avAY®YIKO TUTIO Eq = ff |f(z)|dx = ff fl@)de = I(v,p) =
. -1 p=2 1
gXoupe: - VL-H ’ 5-{-2 ’ 5——% ’ V—il-u ’ ﬁ ’ (’8 o OZ)VJFHJF

ge\;lh&um z

Stnard pt'A

EmpeAnmig: Kovotaviivog Zepipng

AYXKHZH 31 Zwtrijpong Aouvpidbag
http:/ /www.mathematica.gr/ forum/viewtopic. php?p=52685#p52685

Aibovtar ot apduoi z1,z2 € C pe |z1| = |z2] # 0. Na

JUdei 010 OUVOAO TRV Hyadikev apldu®v 10 oOUOTNUA :

e

Ty =21
TY = 22

Auon 1 Owudag Paikogroalng

Ty = =1 B B
{0 = lal=p>0npamto-
Yy _ 2z
v z; (1)

Ty =21 B B
{ .’Ey—Z_Q 7|Zl| - |ZQ| =p> vauyuzlazQ #O =
=%

Ot etionoeg (1) xkat (2) esivalt n kabe pa aueoca

ermAuvoun, onote Bplokoupe toug pyadikoug ., y.
Auon 2 Kovotavtivog Zepidpng
Agou x,y dev etvat 0, to cuotpa eivat 1woduvajio pe 1o

21 T zZ9 ,
Yy=—, — == [Teputtoeg:
T T 2
a. Av zp = —Z] 01 T = —r Kal ouvenog (r,y) =
]
(az, ——2) pea € R*
a
B. Av zo # —Z; TOTe 10 oUcTHua yiverat
Z1 X Z9
Yy=—5 = = =
r TH+x zZ1 + 22
__ z1 € Imac - 2o
-z 2 QRex T Zitaz )
: Imae __ ) . . .
Eivalt o = (52 T % +21) 1 To ortoio, pe ) Ponbesia
Ime _ zZ1—20
G 100UTag TV PETP@Y, elvatl - = )

Etot, av Rex = a t6te: Imx = Zéz , pe a € R*
A6 autd 1o onpeio evkoda mpokurel o (x,y) =

2a29
- )
Z1 + 29

z21+ 2
2a

(

AXKHETH 32 Xwpartog IHarabdomouiog
http://www.mathematica.gr/ forum/viewtopic. php?p=26850#p26850, Na
Bpeder n ovvapton f : (0, +00) — R av wyver f(x) > 0

rat f( )
r t
fl@)=z+ / W I gy

yia kade x € (0, +00).

>psa€R*

Avon 1 Anunipng ZKoutepng
sint
—dt.

f(=)
Tpagpoupe  f(x) —/ = x —/ 57
1 1

Ovonadoupe g oquptr]or] Tou deutepou péAOUG Kat
¢xoupe ¢'(z) = 1 — ST 0, Vx> 0.

Katd ouvénea n g ewvar 1 — 1 (og yv. audouoa) kat
apov g[f(z)] = g(x) yia kabe z, woyver f(z) =z, = > 0.
EnaAnBevoupe 011 OVIiOG 10XUEL.

Avon 2 Baocidng Maupogppubdng
Eépoupe ot [nux| < lz] Vo #0= -1 < LE < 1,Vz €
(0,400) = 22 < 1 < 1,Va > 0, oxéon [1)

/Mdtatxe

(0, 4+00). H 80Beioa oxéon psrqoxr]pqtigatm oy f (z) =

z+g(f(2)—g(x) & f(x)—2=g(f(z))—g(z), oxéon
(2)

Opidoupe v ouvaptnon g (z

19
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‘Eotw 6t umdpyxet wkamowo zg € (0,400)tétoo
oote f(xg) # x0, 1Ot1e o0 Braoupa rou opidouv ot
f(z0),z0 ané ®.M.T. yia v ¢, £X0Upe Vv Urapgn evog
9 (f (o)) — g (x0)

=
f(@o) — o

xz > 0.

touddayiotov £, tétotou aote ¢’ (§) =

2
772_”; 2 1, aroro ané oxéon (1) dpa f(r) = =,

Avon 3 MixdAng Adurpou

)

nut

fz
(@) =l =| [

@ f() . . ’ ’ '
[ |%tdt < [ 3dt < §|f(z) — 2| Ané m oxéon aut
s%KoAa HpOKﬁI‘aEISI 10 {nrtoupevo.
Znpeioon: H npournobeon f(x)
arapaimnt.

> 0 8ev sivai

EmpeAntg: Potevry) Kaddn

AYXKHZH 33 Kaootag Kamévng

http:/ /www.mathematica.gr/ forum/viewtopic. php ?f=49&t=8906 & start=0
Iowg tetpayneiog otav moAdaniaociaoctei pe 1o 9 bivel
anotéfeopa tov apduo Ue avteotpaupueva ta Yneia touv;

Avuon stavrosl1
‘Eotw A = abed € N 0 apiOpsg.
Ioxvet: 9A = dcba = 9abed = dcba pe a # 0,d # 0
Enedr) opog amd Terpayn@lo KATAAnyoupe o€
etpaynPlo, o A sival pikpdtepog 1y icog peto 1111 (apou
1112 - 9 eivar mevtayngog). 'Etot padl pe 1a mapandave
yia ta ynoia a kat d kataAnyoupe o6t: 1001 < A < 1111
Apa a = 1 xat a6 tov noAAardaciaopd d = 9.

To b pe Bdon 1o mapartave uropei va eivar ) 0 1) 1.

‘Exoupe ertiong ot o apddg deba eivatl moAAarAdoto
ou 9 (agou eivat dcba = 9A pe A € N), ou onpaivel
ot 10 abpotopa v Ynoiov tou diatpeitat anod 10 9. Apa
éxoupe ) oxéon 9/a + b + ¢ + d.Avuxkabiotoviag:9/10 +
b+c. Avb = 116te ¢ = 7 xatd = 1179. Auto sivat aroro,

yiati 11én &&poupe ou A < 1112.
Apa b = 0,c = 8 xat A = 1089. O apiBpog tou
wpayvoupe sivat o 1089 agpou 1089 - 9 = 9801.

AYKHZH 34 Kaootag Karéung

http://www.mathematica.gr/ forum/viewtopic. php?f=49&t=8079&start=0
®éua and Ivéia: '‘Av a, b, c mpayuatucoi apiduoi drapope-
urol puetalv toug, TET0L. Wote: a + % =b+ % =c+ é =
t,t € R, 10te va anobeifete ou: t = —abce

Avon chris

1 b? b+1
Ioxvet + abc = a + 3 + abc = % =
abe(b+ 1) +1  abet +1
2 =— ()

Aoulevoviag KUKAKA AapBavoupe v eEng 100tnta :
abct +1  abct +1  abct + 1

b a c
'Opwg yia va 1oxUet i) 100tnta kat Aap8avoviag unoyn)

otta # b # ¢ # 0 npénet abet = —1 xat dpa Adyw mg (1)
€Xoupe 1o {NTtoupevo.

ErupeAnmg: AxiAAéag ZuvepakoOmoulog

AYKHTH 35 Avtwuvng Kuptaxomouiog

http:/ /www.mathematica.gr/ forum/viewtopic. php?f=50&t=895&start=0
Na Bpeite méoeg 10 TOAU TALUPES UTTOPEL va EXEL Eva KUPTO
ToAUY®VO (Ue TTEPIOTOTEPES ATO TPELG TALUPES), TV OOV
0 UNKog va givatr 0o pe 10 unKog g pueyadviepng Ot
aywviov Tou ToAUy@dUoU autou.

Avorn 1 Anunipng ZKoutepng

'Eotw §Eveg petalu toug mieupég AB, TA ot0 moAUywvo
ioeg pe ) péylotn daywvio, tetoleg oote 1o ABIA va
ewvatl Kuptd. Agou TOUAAX10TOV pia amod TG YoVieg Tou
KUpToU tetparidevpou ABIA mpéret va ewvat pn oéeia, to
TeTPATAEUPO (Kat 1o ToAUymvo) da €xel pa Siayodvio pe-
yaAuUtepn amo 1o prkog AB, omdte £€xoupe ATorO.

'Et01, 01 TAEUPEG TOU TTIOAUY®VOU [ag e PNKOG 100 e
autd g péylotng daywviou Se propouv va eivat §Eveg
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petady toug. Omote, av UMAPXOUV TPELS AI0 AUTEG, TO
moAuyavo Sa mpénet va eivat piyovo (aroxkAeietal). Apa,
UITopoUV va UTIAPXOUV TO oAU SU0 Kal MPETEL va £X0UV
KO1VI] KOpuo®r).

Av ndpoupie 100mAeupo piyovo ABT kat onpeio A erut
¢ peookabétou g BIY, 6x1 oto nuieninedo tou A, pe AA
= AB = AT é&xoupe €va 1€to1o tetparnisupo ABAT.

Avon 2 Aviovng Kuplakorioudog

'Eot® 011 ta pnkn 8Uo pun dtadoxikmv acupwv AB kat MN
€VOG KUPTOU TTOAUY®OVOU gival ioa Pe 1o PNKog, £€0t® 8, g
peyadutepng Saywviou tou moAuydvou autou. ‘Exoupe
AB=56 > AM kat MN=6> BN. 'Eto1 £€xoupe

AB+ MN > AM + BN (1).

AMG, av O eivat 10 onpeio topng v AB  kat
MN, 10te amd TV TPWYWVIKY aAvicotnta Maipvoupe
AB+MN<(AO+BO)+(OM+ON), 6niady: AB+MN <
AM+BN, dtorto Aoye g (1). ‘Apa autd propest va
oupBaivel yla 8uo, katr povo Vo, 61adoXIKEG TIAEUPES
TOU TIOAUY®VOU. XUVEN®G, €va (KUpto) moAUuywmvo propet
va €Xel T0 TI0AU 600 TET01EG TTAEUPES.

Inpeicoon. TEétolo (Kuptd) TMOAUYWVO HE v TTAEUPEG
uTtdpxet yla kabe v > 3.

g

N 81775y i-’.-\t
Araypnionov
T
.a_\}:.uu.\__ b -
-k \ = VAT Ny
. Oox! g__n!\,\ NINgy
, 30 um‘szm’ror 2010

AYXKHZH 36 Muyajng Aaumpou

http:/ /www.mathematica.gr/ forum/viewtopic. php?f=50&t=>5 1 &start=0
'Eotw 0,ajasa3... 10 dekadikd avamtuyua €vog aptduou.
Mropeite va mpoteivete Kamolov oo wote adiadoviag
U oglpd TV Yneiov ToU a1, as, a3, ... Va TPOKUWEL PNTOC
apduog;

Zx06A0 Nikog Maupoylavvng

To mpotervopevo mpoBAnpa prnopet va ouvduaotei H16ak-
TIKA PE T0 YVROoTo 1tapddodo yia to &evodoyeio tou Hilbert.
Avon Kootag Zepipng

Ta ynoia ag,ag,as,..., IAPVOUV TIHEG ATIO TO OGUVOAO
A = {0,1,2,3,...,9}. Eivair mpogavég 6t autd, oto
avdantuypa tou apidpou, enavalapBdavoviatl eite aneipeg
(POpPEG elte TEPlOPIOPEVO aApPlOPO QOPRV. XTG TIPOTES
9éoe1g ToU avamuypatog tou aptdpou torobetoupe ta
wnoia, epooov umapxouv, rmou enavaiapBavoviatl rie-
ploptopévo aplBud @opwv. Av by, by ..., b, pe by <
by < < b, ta ynoeia mou smavadlapBavoviat
anelpsg  @opég, Tote ta torobstovpe pe v €8ng
oelpd: biby...bybiby ... by b1ba ... by . ... O apOpog mou
MPOKUITIEL £ival Meplodikog pe mepiodo biby ... b, rat
OUVETIOG P1TOG.

ErmpeAntg: AAé§avipog Zuykeddkrng

AYKHZH 37 Awayouviopog «O Apxundng 2010
http:/ /www.mathematica.gr/ forum/viewtopic. php?p=33045
Atvetar opdoyovio ABTU'A ue misupée AB =
BI' = 5. 'Eotw O 10 onueio tourg tov dayoviov tou.
TMpoexteivoupe v wievpd B A mpog 10 puépog tou A katda
wnua AE = AO kar mu Suayovio AB mpog 10 ugoog
tou B rata uiua BZ = BO. Av 10 wiyovo EZT sivai
wonjleupo, 10te va anodeifete OTL:

(i) B=aV3
(ii) AZ = EO

a Kat

(iii) EOLZA

Avon 1 Ztaupoulitoa

Apxwkda ta tpiyova EAT kat OZI eivar ioa (ZI'=ET,
AE=0T" kat OZ=AI). Enopéveg éxoupe EAT = ZOr
kat AE=AO=0B=0T, dpa ta 1piyova EAO xat BOT sivat
emiong foa. Tuvenayetar 6u AI'B = BEO xat ABO =
OB A xat AO=BO, dpa ta tpiywva EOB kat ABT eivat ioa.
‘Apa OB=AB=A0 kat 10 tpiyovo AOB eival 1oormAeupo.

Kat pe 1o [TuBayopto Oshpnua Bpiokoupe ot a? + 2 =
(2@)2 = 3% = 3a®> = B = aV3 aldd ouyxpoveg
arodeiape 6 EO 1L ZA. Kat ow (ii) €xoupe ta
pilywva BOE kat OZA ioa smedry EB=0Z, AB=0B kat
AOB = OBA.
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Avon 2 lwpyog Pidog

(i) Ta OTZ kat EAT éxouv: OZ = AT, OI' = AE xat
Zr = ET, agpou 1o ZET eivat woomieupo. Eivar ioa,
onote ]ﬁ = F/Z\O (g artévavtt twv OT" = AE). Tote
[ZO + OI'Z = ETA + OI'Z = ZI'E = 60°, apou
ZI'E 1o6mmAeupo tpiyovo. ‘Apa ZOT = 120°. Tro
1oookedég BOT eivat OBT = OI'B = 30°. Two op-

V3 = B=aV3.

Soycvio ABT givat % =e¢30° = 3

(7i) To AOB eival 106rAeupo pe mAeupd a, agou AO
= OB xat AOB = 60°. Ta plyova AOZ xat
EOB éxouv: AO = OB, ZO = EB xai AOZ =
EBO = 60°, 6nAadny £xouv 6uUo ioeg TALUPEG Kat
Vv TEPLEXOPEVT] TOUG Ywviag loeg pia mpog pia.
Etvat ioa, apa £€xouv AZ = EO, og anévavit 1oV ioov
YOVIOV A/\OZ Ko ]53?)

H yovia OAB = 60° ivat ECWTEPIKI] OTO 1000KEAEG
tpiyovo EAO, apa EOA = 30°, onote EOB =
30° + 60° = 90°, dpa n EO sivar k46etn otn AZ.

(iii)

AXKHZH 38 Awaywvioudg «O Apxyndéng 2010

http:/ /www.mathematica.gr/ forum/viewtopic. php?p=32836

Aiverar totywvo ANABC' eyyeypauuevo oe kurio (O) rkai
éotw I 10 €yrevtpo tou. Ot mpoektaoeg tov AI, BI, C1
téuvovv tov (0), ota onueia D, E, F, avuotoixwg. Ot
kuriol (01), (O2), (O3), ue bapérpovg ID, IE, IF av-
uotoixwg, éuvovy ug mieupeg BC, AC, AB, ota {euyn
v onueiov Ay, A kat By, By kai Cy, Cs, avtiotoiywg.
Amnobeilte o ta 6L avta onueia, avrikouv otov 610 KUK/lo

éotw (O).

Avon 1 Kootag Brjttag

Eoww L, M, N, ta péoa teov mievpov BC, AC, AB
avuotoixeg kat X, Y, Z, ta onpela enadrig ou eyye-
ypappévou kukdou (1), oug i6ieg mAeupég.

Enedr) n ID eivar 8uapetpog tou xukdou (Oq)
kat ta onupeia X, L eivat ot 1mpoBoAég tov AKPGOV
autiig g dlapétpou eri mg xopdng tou A As, éxouns
ot 1 pecokdBetn eubeia tou AjAs, eivar ermiong, kat
peooxkdabetn eubeia tou X L

H xowr peocokdaBetn tov A1 A, XL topa, mepvast
ané 1o péocov O tou unpatog O1, 6mou O eivat 1o KEvipo
wu (0), g pecortapddAndn v Bdoewv tou Tparnediov
IXLO.

Me mapopolo TPOro, arodeikvueral ot
peookdaBeteg  eubeieg B1By, CiCsy, (
Heookdbeteg eubeieg emiong v Y M, ZN, avuotoixng
), tepvdve ano 1o onpeio O'.

e 'Eoww 10 onpeio P = AI N EF xat and ZIEP +

Kat ot

TV KOUVEG

ZEIP = LAY 2B+ 20 = 90° = ZIPE = 90° xa1
ZIPF = 90°

ouprnepaivoupe Ot 1o onpeio P avhkel 0ToUg KUKAOUG
(02), (03).

Enedr) topa otoug kukAoug (O7), (O2), ot gubeieg
B1By, PI, C1C5 ouyxdivouv oto A, éxoupe ou (AB7) -
(AB3) = (AP) - (AI) = (AC1) - (ACy) , (1)

Aro (1) oupnepaivoupe TETPATTAEUPO
B1ByC1Cy sivar eyypaymio os kuxkdo éotw (O') e
kévtpo 1o onpueio O/ apou onwg éxer 16n amodeiyOet,
o1 pecokdBeteg wov By Bo, C1Cs, tépvovtat ¢ autd 1o
onpeio.

ottt

Me mapopolo TpOro  arodelkvuetdl  OTt
tetparmdeupa A1 A3 B1 By, A1 AsCiCh, eival eyypayipa
otov kuxdo (O') kat n mpdtaon €xet anodeiyOei.
Avon 2 PoboApog Mridpng
Zinptypévog otnyv
http://www.mathematica.gr/forum/viewtopic.php?p=4568
Vouid® o1t prmopo va d®o® pia Avon pe pyadikoug oto 3
9¢pa tou Apxiundn (6x1 yia ta tadia).

Av wa A, B, C gival ewodveg tov pryadikov u?, v?, w
avtiotoiya Kat o rmeptyeypappévog kuklog tou ABC

Kat tTa

2

22


http://www.mathematica.gr/forum/viewtopic.php?p=32836
http://www.mathematica.gr/forum/viewtopic.php?p=4568

http://www.mathematica.gr

elvat o povadiaiog tote ta D, E, F, I eival ekoveg tov
PWyadikov —wv, —wu, —Uuv, —wWv — WU — UV AVIIOTO1Xd.
Av z4 s1kova gite ou A; gite tou Ay xat K to péoov tou
w? + 02—z A
——
enedny ta 1A, DA 11 1Ay, DAy gival kabesta 9a 1oxUet
ZA — 2]
ZA — 2D
KAt ot av m = —m < m € I ratadnyoupe oe ardo

Ol tote zZ4 = apou ta Ay, Ay € BC xat

€ I AapBavovtag vroyn ou |u| = |v] = |w| =1

YPAPHIKO 2 X 2 ouotnpa (to omoio €\luce 10 pain-

epatga A0yw 1oAdwv 1mpdiemv) Kat va PBpoupe 1o
ZA |ZA_ZK|:‘ZA_Z_21
MouU TPOKUITtel IaAl pe 1o mathematica pia Kuk-
ARG OUPPETPIKY MApdoctacn IOV u,v,w 1on Qe
— (W (v + w) +vw(v +w) + u@? +vw + w?))/(uvw)
OTIOTE TO {NTOUpEVO Bel)TNKE.

orote  urmoAoyidoupe 1O

EmpeAntig: Anuntpng Xptlotodidng

AYXKHZXH 39 Putnam 2009

http:/ /www.mathematica.gr/ forum/viewtopic. php?f=59&t=2255

'Eoww A, B, C tetpaywvikol mivakeg 16iou usyédoug ue A
avuorpéyiuo. Av (A — B)C = BA™! va Seiydei ou
C(A-B)=A"'B.

Avon Zrupog Kapdapitong

Exoupe AC — BC = BA™! ka1 4pa AC — BC + I =
BA~' + I, 6rou I o povadiaiog mivakag. Emedn o
A eivar avuotpéyipog naipvoune (A — B)(C + A7) =
AC — BC +1 — BA™' = I. ‘Apa o mivakag A — B
eivatl avriotpéyipog pe avtiotpopo C + A~ Apa I =
(C+AYHYA-B)=C(A-B)+ 11— A"'B xat dpa
C(A-B)=A"'B.

AYKHTH 40 Hiag Zabix
http:/ /www.mathematica.gr/ forum/viewtopic. php?f=59&t=5832
Aivetar ovvapmon f : [0,1] — R pe ug e&g 1610tneg:

(1) H f wcavonoiel 10 9ewpnua evdlaueoov UGV 0

& =’>:‘IrlD"s‘.

ce every elffme; > may_be “xp ligearly in terms of D-%s% [
L Dt -ewng paﬁ is contained in|

e R-module
MW= "s"ﬁ' s Dy,
Therefore by the theorem s _% | C":' as well as every submodul

re the Sy, and D are polynomials in the s,, and so integral with respect tq

pnultiplving this equation by D*, we obtain

Digy = > DSk, .

onowébrnote Kiewoto urnoovvoo [a, b] wou [0, 1].

(2) Naxadec € R, 10 f~(c) = {x €[0,1] : f(x) =c}
sivat Kkleoto.

Na beiytei oun f ewar ovveyrg.

Avon Nikog KoAAioroudog

'Eote ot = eivatl onpeio acuvéxelag mg f. Tote unapyet
e > 0 xkat akodoubieg (x,), (§,) o1 wote limd,, = 0,
|z — x| < 0 kat |f(z) — f(zn)] = € yia kGO n. Auto
onpatvel ou yua dnelpa n eivat f(z,) = f(z) + € 4 yua
arepa n eivat f(x,) < f(z) — . Oswpoupe xopis PAadn
g yevikomtag ou f(z,) = f(x) + € yua xa6e n. Tote
amnoé v ouvlnkn (1) oto dwaotnpa D, pe dkpa ta x,
Bpiokoupe s, € D, oote f(s,) = f(x) + &. Ewal wopa
lims, = limz, = x kat enedn n S, ewvat akodoubia
tou KAelotoU ouvodou fL(f(z) + &) amd myv cuvenkn (2)
éxoupe lims, =z € f1(f(z)+¢), dpa f(z) = f(z)+e,
atorto. Apa 1 f eivat ouvexrg.

ErupeAnmg: Anuntpng Xplotodpidng

AYKHZH 41 Avaotaoiog Kotpouvng

http:/ /www.mathematica.gr/ forum/viewtopic.php?f=10&t=941

Avn € N, va unofloyotei 1o (temspaousvo) adpoioua

> (51

Py 6k

Auvon MixdaAng Adprpou

Mia yevikr) pébodog yla eupeon «cAAeimovy abpolopdtov

elvat (yla v ouyReRPIPEVT) TEPIMIOOT)), 1] £ENG:
A1o 10 S1evupko Sewpnpa 1oyt ot

e = (o) (e (o) ()

Baloupe topa draboxikd ot 9¢on 10U & T X, WT KAl

w?z émou w etvatl mpetoyevrg KUBIKY pila g povadag,
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Kat npooBétoupe katda péAn. Ot meploodtepot opot Sa
pndeviotovv Adye g tavtotag 1 + w + w? = 0. Oa
HEIvOuV 110VO 01 CUVIEAEOTEG TOU z* érou k moAdarirdoro
tou 3, 61611 w? = 1. Oa mpoxvYet

14+ 2)" + (1 +wz)” + (1 +w?z)" =

3((0) + (5)a" + (§)a° +---) .

Tédog Badoupe z = +1 kat = —1 kat pooBetoupe. H
anavinor eivat
2"+ (1+w)"+ 1+ w?)" + (1 —w)"+ (1 —w?)"
6
5 1E) < =5 U0 = )+ 0nsd) — )+
oo -AvaXuorn
(1 1 )i
nstant) and furnishes tlc mequalities
_W<T+?TT+”. —|—:—-10g?i—6{%.

AXKHZH 42 giannisnl990
http:/ /www.mathematica.gr/ forum/viewtopic. php?f=10&t= 1005

Na beydet 6u bev vndpyer mivakag A € Msx3(R) wote
A2 +1=0.

Avon Xprjotog Kuptalng

‘Eote newg umdpyet. Tote A2 = —I, dpa det(A?) =
det(—I) = —1 wat dpa (det(A))? = —1, drorno yiat
(det(A))? > 0. Zuvendg dev UTAPYEL TETO10G THVAKASG.

EmpeAntig: Fpnyopng Kootaxkog

AXKHZH 43 [pnyopn¢ Kwotakog

http:/ /www.mathematica.gr/ forum/memberlist. php?mode=viewprofile&u=54

Na anobeydei ot n ocipa
“+o00

> "

n=1

V/In(n!)
()

1
ouvykAivet, omou H,, = Zzzl % glvat o n-00t0¢ ApUovIKOg

apduUog.

Avon Avaotdaoiog Kotpovng-Anpnipng ZKoutépng
/In(n!)

H akoloubia Sstikwv 6pwv a, := , n €N, eivat

ln(anJrl)
pndeviky), apou 1oxvet
H
H 1 1) "2 Tl
w1~ ln(n 4+ 1) 7= In(n +1)

K1 XpNolponolmviag tov turo tou Stirling éxoupe o6t

)
n—too  In(ln(n+1))

10 ortoio pe téooepetg popég L’Hospital Siver 0.

lim a, =
n—-+00

Enedry o mapovopaoctig In (f}Cn+1) gwat  augouoa
akodouBia, yua va sivat n axkodroubia a,, n € N,
@bivouoa, apkei va anodeixBet 61 n akodoubia {/In(n!),
n € N, elvat @Bivouoa yla apketda peyda n.
@étoviag s, := In(n!), mpoxurtet
W sn+In(n+1) =

= ()
e e

/o (1 ) < "V

Y5t =

n(n+1)
+1)sp,

In(n +1)

7 > n+tl/ _
(n+1)s, — Snt

n+1/8n (1)

Eniong, amo 1 O.M.T., yia v ouvapmon S; Ot
daotnpa [n+r17 %] IIPOKUITTEL OTL UTtApXeL € € (n+1’ %)
TETO10 MWOTE
E n
o nn/E = 8, In(sy,) > Vsn In(sy) > In(sy) ).

(n+1) n(n+1) (n+1)2

IMa apketd peydda n oxvet

Spn(sy) > (n+ (n+1)2 7~ (n+ s,

e e R G e

Ao 10 kpufplo tou Leibniz mpoxkurtel 6t n ogpd
ouyrAivelr. [

In(sy) In(n+1) @0

In(n+1) =

() Avioétnta Bernoulli, pe avtiotpogn @opd aro t ouvridn
yati o exBéng eivat petagu 0 xar 1.

AYXKHZXH 44 MoV
http:/ /www.mathematica.gr/ forum/memberlist. php?mode=viewprofile&u=89

Na Oo¢ifete ou 10 oUVOAO TV YVNOIwG auouowV
arodovdv o : N — N 6ev givar apidurjouo.

Avon 1 Nikog Maupoyidvvng
Eow =z = 0,&1&...
pop®r).  XLT10 T AVIOTOXOUHE TNV yvnoiwg audouca
akoAoubia detkOV arkepai®V:

tuxov otoiyeio tou [0, 1) oe dexadikn

21+§1’ 21+§1 31+§2’ 21—1—51 31+§2 51-{—53’
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OTIOU OT1§ BACELS XPNOHOITO0UVIaAL TIPOTOL ap1Bpol.

H anewkovion auvt eivar 1-1 810t av ot aviiotoiyeg
axoloubieg &uo apOpov twu [0,1) eivatr ioeg and v
100TTa TOV 0PV TIPOKUITIEL KAl 1 100TNTA TV PnPiov
apou n yvoor g akoAoubiag pag eMmIpENel Vv €UPEOT)
TV Ynoiov.

Apa o0 TANBAP1BPog TV YN oing augouomv akoAoubiov
MPAYHATIKOV aplBpev elvatl peyaAutepog 1 100G ToU TA-
nbapibpou v apBpodv ou [0,1) nmou and v yveot)
Kkat 9pudikr anodedn tou Cantor eival ouvodo urepap-
1Ounowo.

Avon 2 Anurtpng Xplotodpidng

'Eote X 1o §edopévo ouvoro. @a Swom pita erti cuvaptnon
g : X — [0,1] mou anodeikvuel nwg o X ev eivatl ap-

1Ounowo.

Opigw g(a) =0,a(l)a(2)..., érou pe T oupBoAile o
undAotrto tou n otav Stalpedet pe 1o 10.

lNa ke ¢ = 0,z122... € [0,1], n axodouvbia «
N —=N; «a(n) =10n + z, avixel oto X kat ikavorotet
g(a) =z, dpa n g eivar npaypau eri.

Auton 3 MoV

H Suayovia Siabikaoia tou Cantor éxel g e8g :

A =a ill l‘.“"' ’:| ‘_.?.rjr |
f E uiﬂ .16; 1' "ffni I.l
V-1 and this is img

en (10.12.2) has the ratio (&EIIJ"
wwause ¥ is irrational. Hene ;5 and

Ay 4B, y+C =0

ENCE

an equation one of whose roots is q_:l_ A little calculation sho

‘Eotw ot undpyel anapibpnon 6Awv v yvnoing aug-
ouomv akodoubwv o : N — N :

(ao)n == (a0, ao,1, @02, ---)
(a1)n == (a1,0, 11, 12, -..)
(a2)pn = (a2, 21, 2.2, ...)

‘Onwg n akodoubia B, == ., + 14 By—1 1e By = agp.
n

éndabdr B, = n + Zam elvat yvnoing aviouoa apou
Bn+1 — Bn = an+177:+10 + 1 > 0 ka1 tautdxpova drapops-
uKr) and kabe (a;),. ‘Atoro.

Avon 4 Anunipng ZKoutepng

KaBe medio tipwv g « evatl arelpo urtoouvodo tou N.
Emong, ya kabe arepo unoouvodo tou N propet va
Kataokeuaotel pa akoloubwa o (apou to N ewvatl kadwg
dlatetaypevo). Apa 10 oUvolo pag ewvatl 100TIANBOeg e
T0 OUVOAO T®V ArEelP®@V urtoouvodev tou N.  Agou to
Suvapoouvoro P(N) ewvatl unepapiBunoipo kat 1o ouvolo
TV IEMEPACEVOV UTtoouvoAwv tou N ewvat apiBunotpo,
€XOUHE OTL TO CUVOAO J1ag €wvat UrepapldOpnotjio.

ErupeAnmg: Nikog Katoinng

ATKHZH 45 Zcpagein Towmeaing
http:/ /www.mathematica.gr/ forum/viewtopic.php 2f=63&t=4769
Na avajuvdei o apduog (5'%%° — 1) oe ywousvo 1010V arx-

gpaiov, Kadgvag amod Toug omoioug lvat ueyaiutepog Tou
5100.

Avon Ax1AAéag ZUveQAKOTIOUAOG
Eilvat yvooto ot

1= +23 22+ +1).

I'a tov deutepo mapayovia €xoupe
3?4+ 1= (22 +32+1)2 - 5z(z +1)2
Maz =59, 2+ 23+ 22 +2+1= (2?2 +32+1)? -

53%(x 4+ 1)2 = (22 + 32 +1)% — (5'(x + 1))° =

(22 +3z+1 -5z + 1)) (¢® + 3z + 145"z +

Ornote,

2’ —1=(z—1)(2>+3z+1-5"(z +1))

(2% + 3z + 1+ 599z + 1))

Euxkola nmapatnpoupe ot ta

z—1, (22 + 3z +1+5"(x 4+ 1))

eivat peyaAvtepa tou 5190

Emiong,

(ac2 +3r+1-—

1)

5199 (g 4 1)) =

z(z —59) +32 -5 +1>2+0+1> 500

Zx06A10 Ax1AAéag ZuvepaKOrouAog

To npdBAnpa autd mpotabnke amno Vv (Ponv) ZoBletky)
'Eveon yia ) Atebvr) MaBnpatikn OAuvpruada tou 1985.

AYKHZH 46 Nwojlaog Katoinng
http://www.mathematica.gr/ forum/viewtopic. php?f=63&t=3872
Na Avdei otoug Jetikoug akepaioug n e§iowon

t+y=y"+ux.

Avon Anuntpng ZKoutepng

EuUxkoAa napatnpoupe ot 1 ediowon €xel Avoelg oda ta
Zevyn g popenis (z,y) = (¢, ¢), (¢, 1), (1,¢), ¢ € N* kat
a (z,y) = (2,3),(3,2). O®a arodeifoupe ou povo auvtég
elvat ot Avoeig g egiowong.

[Mpaypat, av e = 2 katy > z, tote ¥ > y* (Adyw tou
yeyovotog ott 1 ouvaptnon f(x) = 1“7’3 €XEL PEYIOTO OTO
x=exat f(2) = f(4) xary > z, orote ¥ +y > y* + x,
apa n eSioworn dev €xel Avoeig.

lMa 3 < z < y, ano 1w povowovia g f(x)
ouprepaivoupe ot ¥ > y* kat y > x onote 1) e§lowon
bev €xel Auoeig.
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ErupeAnmg: Xprotog Kupladng

AXKHZEH 47 Xprnoto¢ Kupialng

http:/ /www.mathematica.gr/ forum/viewtopic.php?f=27&t=8258

+ ¥ _

.

Na anobeifete nog yia kade {guyog onueiov A(xy,y1) kat
B(x2,y2) ¢ mapanave éANewyng toxvet :

'Eotw n éAfeyn — x
a?

12 Y1Y2

T1T
+52 ‘ ‘12_1_2113/2_’_172

a? 52

a2

Auon 1 Twpyog MrtaAoylou

Apeon epappoyr)(*) tou €§ng Anppatog: a
(22, y2) etvar onpela g éAdewyng 2—; + ly)—j
—l1< R4 0 <1

Anébeidn Anuparog: IMapatnpoupe xrat apynv Ot 1o
aplotepd OKEAOG TMPOKUITIEL ard 10 8e§ld0 péow g av-
TIKATAOTAoNg T — —T2, Y2 — —Yz (Kat oupperpiag g
é\dewyng mept o (0, 0)). Tia pia yeopetpikyy anddeln
Tou 6eCl0U OKEAOUG ag TMAPATNPOOUHE OTL 1 £8iowoT)
mg epartopévng oto (11, Y1) etvar n T+ = 1,
orote woxvel n 4 + 4 < 1 yia 6Aa ta onpalq (z, y)
mou PBpiloxkovtat 0‘[0 «apvr|r11<c'>» nuerninedo(**) g spar-
topévng (to oroio BeBaing reptiapBavet to (0, 0) kat 6Aa
ta onpela wg éAAewpng mAnv wu (x1, ¥1), dpa Kat to
(22, Y2))-

v (xlv yl)’
= 1 tote

(MAv -1 <c<1lwte|ec—1|+|c+1] = (1—c)+(c+1) =2
(**)Kabe eubeia Ar + By = 1 xwpilet 1o eminebo oto
'Oetiko’ nuierntinedo (0rou Ax + By > 1) xat oto «apv-
nuxko» nuiertinedo (6rou Ax + By < 1).

Avon 2 manos66

:E1:E2+yé?2!2 _1:%<2fcal_2$2_|_2yﬁ;2y2_2> =
1 2x1x2+29192_ﬁ_ﬁ _w_%_ﬁ =
D) _ag 52 a2 52 a2 5 =
1 x%—2$1$2+x% yf—2y1y2+y§ _
2 a? + B2 B
2 2
1 Tr1—T2 Y1—Y2
g (e ) <
‘Opowa
xlxz + y1y2 +1> 0
Onors
x1x2+y1y2 1‘+ %4_%4_1‘:
mlmg

17 —y}f?+1+f"’}%+%+1:2
Auon 3 Xprjotog Kuplalrg

Na 60on k1 ey pua pe auchy Schwarz

"‘Fﬁg

Exo:

2
372

O 1)

‘331372 _|_y}5y2‘ — ’371732 +%%‘
1-1=1

Tuveniog: |73 +

Andadn:

P+ > -1

g <1

Apa:

‘331352 _|_y}532 1‘_’_|$1332 y1y2 _|_1|
152 + 882 41+ 152 4 y;;ﬂ =2

+
S
Il

?Jé?212 S 1

y1y2‘ <1<:>_1< 331332 +

AYKHZH 48 Xprnotoc Kupialng
http://www.mathematica.gr/ forum/viewtopic. php?f=27&t=9347
Na anobeifete nog:
(I+tan1°)(1+tan3°)---
(1 +tan2°)(1 + tan4®)---

(14 tan43°) < 2! <
(14 tan44°)

Avon 1 Zepageip Toutédng
sin(60)+cos(0)
cos(6)

sin(45+60)
cos(6)

— V3.

Tevikd 1oxvet 1 4 tan (0) =

. cos(45-0)
\/’5 cos(0)
Tote
(I+tan(1))- (14 tan(3))-
22 cos(44) cos(42) cos(2)
(\/5) " Tcos(1) " cos(3) 7 cos(43) —
cos(2) cos(4) cos(44)
2! cos(1) ~cos(3) " cos(43) <2t
Kat
(I1+tan(2))- (1 +tan(4)) -
22 cos(43) cos(41) cos(l)
(\/5) " Tcos(2) " cos(d) v cos(44) —
cos(l) cos(3 cos(43
211 ’ cosEQ% ’ cosg4g T cosg44§ > 211
Avon 2 Pwetewvr) Kaddr) ®¢éAoupe va arobeifoupe :

o o o 11
(I+tan1°)(1 +tan3°) - (1 +tan4d3d’) < 2 <
B

-(1+tan (43)) =

-(1+tan(44)) =

A
(14 tan 2°)(1 4 tan4°) - - (1 + tan 44°)

C
Etvat gavepd ot 0 < A < C.
Ioxuet:
1 +tanl® = 1 4 tan(45° — 44°) =
m = (1 + tan 1)(1 + tan44o) =
A.C = ((1 + tan1°)(1 +tan44°)> : ((1 + tan2°)(1 +

tan 430)). N ((1 +tan 22°)(1 + tan 230)) = 92

1-tan44° __

1 + 1+tan 44°

A<C= A <AC<(C?= A2 <22 <0?=A<2 <
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EmmpeAntg: MixdAng Adpmpou

AXKHZH 49 Mnraunng Ztepyiou
http:/ /www.mathematica.gr/ forum/viewtopic. php?f=61&p=41303#p41303

Awabada teflevtaia éva apdpo yla Ti¢ KUPTEG OUVAPTNOELS
KAt UOU €Kave eVTUT®ON N TAPAKAT® EPWOTNON :

Na efetaodei av vndpyovv ovvaptnosig ue tedio oplopuoU
0 R, Kuptéc kat yvnoiwg avéovoeg, mou ot ypagucés Toug
Tapaotaoelg EYouv 5 akpibwg Kowda onueia, Ue KOWES
EQamIOUEVES OTa onueia avia.

Ix06A10 1 AAe§avbpog I'empyaKOrmoulog

Kdt apopoo eixa avapwtndel kat eyw oe malatotepo
oot oto mathematica aAAd pou AuBnke n aropia pe
autd Iou akoloubnoav. LUYKEKPIHEVA POIAYA :

"Eote 6uo ouvexeig kat Kuptég ouvaptrjoelg o 6Ao 1o R.
[TI6oa kowva onpeia propet va €xouv; Alaiobnuka gaivetat
ott ev Ha propovoav va €xouv .. 5 addd ywati oxt;
Tx06Aw0 2 Kwotag Pekoupng

Ao kavéva, péExpt anepal!

Avon 1 Zepageip Tourtédng

1
5 2?4+ nu(z), onote f(z) =1 —

1
nu(z) > 0 dapa n f eivar kupt). g(z) = 3 22, ondte

Mapadeypa: f(x) =

f"(z) = 1 > 0 dpa n f eivar xupty). Emiong f(z) =
g(x) =z =krpek e Z.

Avon 2 Anuntpng Xplotodpidng

[Mapaderypa pe uriepaplOpunoipa onpeia topng (EKtog amno
0 f=g):

r+1)2 z< -1

—1<z<1

r—1)2 x>1

o/

f(z) =0xaig(x) =

—~

Avon 3 MixdAng Adpurpou

MriopoUpe Kat ametpa tétowa onueia: f(z) = 22, g(x) =
z? 4 sin® z. Eivat kat ot Vo kuptés. ILX. 1 Seutepn
éxer ¢'(x) = 2x + 2sinxzcosz = 2z + sin 2z, ¢"(z) =
2+ 2cosx > 0. Ot kaprvAeg tépvovtat otav sinx = 0,
6ndadr § = k.  Tta onueia autd €xoupe KAl KOWEG
epartopeveg kabwg ¢ (km) = 2km + sin2kr = 2kr =
(k)

Enedry eivat dUokoAo va @aviaotouUpe EMOITTIKA
U0 Kuptég KapruUdeg rmou priAékoviat oav rAegoudeg,
6lved évav 1pormo mou 10 anoocadpnvidel. BOswpoupe €va
NIKUKALO Kat p€oa 1o pid MOAUY®VIKY ypappr ABTAE...
. [Maipvoupe twpa onpeia A, B, I', A", E, ... ota evbidpeoa
v 10§wv. Tote n moAuyevikr ypapur ABTAE... (61-
AKEKOPPEVT] OTO OXHPa) €Xel v {nroupevn 1810t1a, Kat
dev pag Tevidel ot «reputdéketal evadddal ooeg @oOpéEg
9¢doupe, akopn Kat ATEIPEG» PE TNV MPWI).

AXKHETH 50 Xwpdarog Ilarabdomouiog
http:/ /www.mathematica.gr/ forum/viewtopic.php?f=61&p=16318#p16318

Av wa ovvapmon f eivar mapayoyiown oto Siaotnua
(o, B) kar wyver lim f(z) = lim f(x) =4k, onov k
z—at z— B~

mpayuatukog apduog, 10Te UTAPXEL €va TOUfdxiotov
€ € (a, B) téroro wote f'(£) = 0.

Avon Nikog Maupoyiavvng

Evélagpépouoa n yevikeuon tou Rolle: Opidoupe v
ouvapmon g : (o, 8] > Rpeg(z) = f (z),z € (o, 8) xat
g (a) = g(B) = k. H g eivar napayoyiown oto («, 5) kat
Ouvexng oto [, ] omdte T0 oCUPMEPACHA TIPOKUITIEL ATd
10 dewpnpua tou Rolle. Evéiagpépouoa eivat ) riepirtoon-
MEPAITEP® YEVIKEUOT-OTIOU KATIO10 Ao Td aKpa 1) ta o
ioa opla bev eival mpaypatikot apidpoi.
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O ®axsdog
tou; Kadnyntn
(‘AAyeppa)

ErpeAnmg: Nikog Maupoyiavvng

AXKHZH 51 Avaotaoiog Kotpauvng

http:/ /www.mathematica.gr/ forum/viewtopic. php?f=60&t=5244

Avz € Cuel|z—1| =1, ag Bpedei 0 yewuetptidg 10m0g T0U
2

z.

Avon Zepapeip TouEdng
Av z € C pe |z — 1] = 1, ag Bpebei 0 yewperpikog témog
tou 22, 'Eotw z = 1+ (cos(t) +i - sin(t)) pe te0,2 - 7).

Tote z = 2 - cos(%) . (608(5) +- Sm(i))

t
Ornte 22 =4- 6082(5) - (cos(t) + 1 - sin(t)) amd onou
TIPOKUITIEL OTL O YEDUETPIKOG TOTIOG va givatl 1 ypappn

HE TIAPAPETPIKEG OUVIETAYHEVEG T = 4 - 0052(5) - cos(t)),

y=4- 0052(3) - sin(t)) pe tel0,2 - )

[Tpoketal yia piia Kapd10e1dr) KapmuAn

IIpooOnkn Nikog Maupoylavvng

'Eva oxnpa 1tou ye®perpikou tomou aro v Geogebra
etvat to akodoubo:

0

To oxfjpa uropet va kataokeuaoBei BrApa-prpa og e§ng:

1. Etoayoupe tov 1010 tou 2z O6nAadn tov KUKAO
(@ -1 +y* =1

2. AwaAéyoupe €va onpeio otov KUKAO. Ag TToUupe OTL 1|
Geogebra 1o ovopadet A.

3. Zto mapdbupo AdlyeBpag kavoupe 6e§i KAk oto A
Kal Petd ermAgeyoupe
[610tnteg—AdyeBpa—r Zuvietaypéveg— Miyadikog
Ap1Bpog

4. Katéruv kavoupe 6e§i kKAk oto A Kat petd
ermAéyoupe Metovopaoia— 2

5. It ouvéxela otn ypappn eviodov divoupe w =
2% kat 9a epPpaviodel o pyadikog apiBpog w oto

niapabupo tng Feoperpiag

6. Katérmv pe 10 moviikt EmAéyoupe Teopetpikog
Tormog (otnv 4n EpyalAeio0rkn)—Aivoupe aplotepod
KAIK 010 w—Atvoupe aplotepd KAK 010 Z.

AYXKHZH 52 Xnupog KamneAn l’67]§
http:/ /www.mathematica.gr/ forum/viewtopic. php?f=60&p=47538#p47538

Av 21,292,235 € C ue |z1| = |22 = |z3| =1 > 0, va
anodeydei ot |21 — 29]? + |22 — 23|2 + |23 — 21)? < 92
Av woxUet 10 =, va anodeiydel OTL TO TPIY@VO ToU 0pilouv ot
EKOVES TV 21, 22, 23 E£LVAL LOOTLAEUPO.

Avon 1 Xprjotog Aalapidng
Av A, B, T o1 ekoveg 1oV piyadikev, TOTE AVI)KOUV OF
KUKAO Kévipou O kat aktivag 7. |z — 2| + |20 — 23] +

|23 — 21| = (;43)2 + (BA)? + (TA)? = 2
(@—ﬁ) n (ﬁ“)—oﬁ n ((74—0_%) 62
2(0A0B + OBOT + OT'OA) =

6r2 — 2r?(ocvva + ovvb + ovve) =

r2[6 — 2(ocvva + ovvb + ovvce)], émou a, b, ¢ yovieg tov
davuopdatev, pe a + b+ ¢ = 360°

Ivopiloupe, 6u: ocvva+ ovvb+ ovve+ovv(a+b+c) =

4UUV“T+I’JUV%JUVC+T“

1 _ a b c
= cvra + ovvb + ocvve = —1 40‘UV§O'UV§O"UV§
Emiong:

a b [ _ a b c~> 1
oUV50UVV50VV 5 < 3= 4O"UV2O"UV20'UV2 > 5 =

ovva + ovvb + ovve > —1 — 1 _3

2 2
2+ L4+ £=180°
6nAadn o1 yovieg Sempouvial yovieg 1piy®vou.
ATO NV apX1Kn] 0XE0T), IIPOKUITIEL:
|21 — 202 4 |22 — 23)* + |23 — 21|* < 612 + 312 = 972
H 106tta woxvet av a = b = ¢ = 120°, onote 10 tpiynvo
etvatl 1001Aeupo.
Avon 2 AxiAAéag ZuvepaKOIOUAOG
Xpnotponoiovtag ot |z|2 = 2z Seixvoupe 6t |21 — 29)% +
‘22—23|2+|23—21|2+|21+22+23|2 == 3(|21‘2+‘22|2+‘23|2),
oToTE
|21 =20 + 22— 232 + 23— 21[* < 3(|21 [+ |22 +]23)*) =
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972 e 10 = av KAt povo av 21 + 2o + 23 = 0, dnA. av kat
povo av 1o Ipiyevo mou opidetatl eival 100mAeUpoO.

Avon 3 Zrupog Kareddidng

Av A, B,C eivat ot eikdveg oto piyadiko erminedo tov
Z1, 22, 3 AVIIOTOIX®G, TOTE O TIEPIYEYPAPEVOG KUKAOG TOU
ABC 9a £xet xévipo v apxtj v afovev O rat aktiva
r. Av G 1o xévipo Bapoug tou tprywvou ABC wat M
€va orolodnrote onpeio tou ermunedou, 101 10 Ospnua
Adwrnvirg Hivet

MA? + MB*+ MC? =3MG? + 3(a® + b* + ¢*),BC =
a,CA=0b,AB =c.

Av 10 epappoooupe, Bdadoviag ot 9éon tou M v apxn
v asovev O 9a xoupe

3r? = 300?41 (a> 40 +c2) = 9r? = 90G? +a? +b>+¢2,
apa 9r? > |23 — 29|? + |23 — z1]? + |21 — 22/

Av 1oxvel 10 <= 9a €xoupe OG = 0, dpa 1o TPiyOvo
100TTAEUPO.

AuUon 4 Avbpéag ITouAog

OePO ©G TO KEVIPO TOU EYYEYPAUHEVOU KUKAOU TOU
tpryovou ABT 1o (0,0) kat wg A(,0) pe a > 0, ag

B(B,v) xat g I'(d,€). Apa a = p, érou p n axtiva tou
MEPLYEYPAPHEVOU KUKAOU, TIOU I AOKIN 01 ovopadel . Ao
TPIY®VIKT) avicotnta oto tpiyevo OAB éxoupe OA+OB >
AB 1008Uvapa 2p > AB, 1008tvapa 4p? > (a— )% +42.
‘Opeg OB = p wodtvana 2 + 72 = p?. Apa

—af < p2 (1).

AT tpyevikn avicdtnta oto tpiyovo OBT éxoupe OB +
Ol > BT, woduvapa 2p > BT, 1co6uvapa

4p? > (B —6)? + (v — €)%, 'Opag OB = p 10060Vvapa
B2 + 4% = p?. Opwg O = p wobtvanpa 62 + €2 = p?.
Apa

— B — ve < p?(2). Ermtiong 1oxvet

—ad < p? (3).

To {nroupevo dBpotopa eivat 1o AB? + BI'? 4+ AT'2. Ano
10 TUITO TOU PEIPOU S1avUOPAT®V £XOUPE OTL T0 Aabpo-
ona autd wovtat pe 6p® — 2a3 — 25 — 276 — 2ad Apa
AB? + BT? 4+ AT? < 6p2 + 3p~ = 9p?

Znueiwon : Anté v 9éon tov onueiov A, B, T oto kapte-
olavo erminedo éxoupe ot @ > B, a > —f rat a > 0,
a > —§, n onuewwon auvty ene§nyet v oxéon (3).
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