
  



www.mathematica.gr ȺɘəɞůɘŭɤŭŮəɎŮŭɟɞɜ ɇŮɨɢɞɠ 21,ɆȺɄɇȺɀȸɅȽɃɆ 2019 

 

1 
 

ɞʅʆʋʎʅɿʖɿʀʆʗʀɿʍʋʉ ʐʀʞʔʋʏ ςρȟ ɫʀʌʐʘʈɼʍʅʋʏ ςπρωȢ 
ISSN: 2241-7133 
ɥʌʋʍʀ ʉɻ ɻʉɻʌɻʍɻʔʃʀ ʆɻʅ ʉɻ ɿʅɻʉʀʈʂʃʀ ʀʇʀʃʀʍɻȢ 
ɬʋ ȺɞʅʆʋʎʅɿʖɿʀʆʀɿʍʋʉȻ ʌɻʍʋʑʎʅʁʀʅ גʈɻʐɻ ʌʋʑ ʔʋʑʉ ʎʑʁʂʐʂʃʀ ʎʐʋʉ ʅʎʐʐʋʌʋ 
http://www.mathematica.gr Ȣ ɨ ɿʅʆʐʑɻʆʏ ʐʌʋʏ ÍÁÔÈÅÍÁÔÉÃÁȢÇÒ ɻʉʆʀʅ ʆɻʅ ɿʅʀʑʃʉʀʐɻʅ 
ʎʈʒʖʉɻ ʈʀ ʐʋʉ ʆɻʉʋʉʅʎʈ ʐʋʑ ʌʋʑ ʑʌʍʔʀʅ ʎʐʂʉ ɻʍʔʅʆ ʐʋʑ ʎʀʇɿɻ ɻʌ ʋʈɿɻ ɝʅʀʑʃʑʉʉʐʖʉ 
ɥʀʇʉȢ 

 

ɫʑʉʐɻʆʐʅʆʙ ɞʌʅʐʍʋʌ 
         
        ɜʅʡʍɾʋʏ ɚʌʝʆʂʏ                                                    ɦʚʆʋʏ ɥɻʑʍʋɾʅʗʉʉʂʏ 
 
        ɮʖʐʀʅʉʙ ɣɻʇɿʙ                                                       ɪʋɿʝʇʒʋʏ ɥʌʝʍʂʏ 
 
         ɫʌʞʍʋʏ ɣɻʍɿɻʈʚʐʎʂʏ                                           ɯʍʙʎʐʋʏ ɬʎʅʒʗʆʂʏ 

         ɯʍʙʎʐʋʏ ɣʑʍʅɻʁʙʏ 
 

ɞʅʆʋʎʅɿʖɿʀʆʀɿʍʋ ʒʅʇʋʐʀʔʉʂʈʉʋ ɻʌ ʐʋʉ ,ÅÏÎÁÒÄÏ ÄÁ 6ÉÎÃÉ 

 

ɬʋ ʀʅʆʋʎʅɿʖɿʀʆʀɿʍʋ ʀʉɻʅ ʉɻ ʌʋʇʀɿʍʋ ɉσς-ʀɿʍʋɊ ʈʀ ʀʆʋʎʅ ʐʍʅɾʖʉʅʆʏ ɿʍʀʏ ʆɻʅ ɿɿʀʆɻ 
ʌʀʉʐɻɾʖʉʅʆʏȢ ɞʔʀʅ σπ ʌɻʉʋʈʋʅʐʑʌʀʏ ʆʋʍʑʒʏ ʎʐʏ ʋʌʋʀʏ ʎʑʉɻʉʐʉʐɻʅ ɿʋ ʐʍɾʖʉɻ ʆɻʅ ɿʋ 
ʌʀʉʐɾʖʉɻ ʆɻʅ ʀʊʉʐɻ ʎʀʏ ɻʆʈʏ ʌʋʑ ʂ ʆʃʀ ʈɻ ʐʋʑʏ ʔʖʍʁʀʅ ʉɻ ʐʍɾʖʉʋ ɻʌ ʉɻ ʌʀʉʐɾʖʉʋȢ 
ɞʉɻʅ ɻʍʔʅʈɿʀʅʋ ʎʐʀʍʀ - ɿʂʇɻɿ ʉɻ ʂʈʅʆɻʉʋʉʅʆ ʆʑʍʐ ʌʋʇʀɿʍʋ ʌʋʑ ɿʋ  ʌʀʍʅʎʎʐʀʍʋʅ 
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ʈʌʋʍʀ ʉɻ ʔʀʅ ɿʋ ʐʌʋʑʏ ʀɿʍʉ ʋʅ ʋʌʋʀʏ ʀʉɻʇʇʎʎʋʉʐɻʅ ʎʐʂʉ ʆʋʅʉ ʆʋʍʑʒ ɉɬʋ ʇʇʋ ʀʉɻʅ 
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ʐʖʉ ( )0,0,°j, 
1 1

, ,
2 2 2

j +jå õ
° ° °æ ö
ç ÷

, ʌʋʑ ה ʋ ʔʍʑʎʏ ʇɾʋʏ 
1 5

2

+
ʀʉ ʐʋ ɿʑɻɿʅʆ ʐʋʑ 

ʌʋʇʀɿʍʋ ʀʉɻʅ ʐʋ ʍʋʈɼʅʆ ʐʍʅɻʆʋʉʐʀɿʍʋȢ 
ɩʂɾ: http://en.wikipedia.org/wiki/Icosidodecahedron  
                                                                                                                               ɚʌɿʋʎʂȡ ɩʉʋʏ ɜʅɻʉʉʌʋʑʇʋʏ 

ȼ Ůˊɘɚɞɔɐ Űɤɜ ŬůəɐůŮɤɜ ŬɡŰɞɨ Űɞɡ ŰŮɨɢɞɡɠ ɏɔɘɜŮ Ŭˊɧ Űɞɜ Ʌɞŭɧɚűɞ ɀˊɧɟɖ. ȼ ŭɘŬɛɧɟűɤůɖ əŬɘ ɖ ŮˊŮɝŮɟɔŬůɑŬ Űɤɜ 

ŬůəɐůŮɤɜ ɏɔɘɜŮ Ŭˊɧ Űɞɜ ɉɟɐůŰɞ ɇůɘűɎəɖ. ȼ űɘɚɞŰɏɢɜɖůɖ Űɞɡ Ůɝɩűɡɚɚɞɡ ɏɔɘɜŮ Ŭˊɧ Űɞɜ ɀɘɢɎɚɖ ɁɎɜɜɞ. 
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ȷɁȽɆɃɇȼɇȺɆ ɀȺ 

ɃȿɃȾȿȼɅɋɀȷɇȷ 

ȹȽȷɆȼɀȺɆ ȷɁȽɆɃɇȼɇȺɆ 

1.( ȷɜŰɑůŰɟɞűɖ ŬɜɘůɧŰɖŰŬ Cauchy - Schwarz)  

ȰůŰɤ f ,g :[0,1]  ɛŮ  

f (x)
0 m M

g(x)
< ¢ ¢ ɔɘŬ əɎɗŮx [0,1]Í . 

ɇɧŰŮ, ɘůɢɨŮɘ: 

1/2 1/21 1
2 2

0 0

(f (x)) dx (g(x)) dx
å õ å õ

¢æ ö æ ö
ç ÷ ç ÷
ñ ñ  

1

0

A
f(x)g(x)dx

Gñ
, 

ɧˊɞɡ  

M m
A

2

+
=  əŬɘG mM= . 

2. ( ȷɜɘůɧŰɖŰŬ Chebyshev)  

ȰůŰɤ f ,g :[0,1]  ɛŮ ŭɘŬűɞɟŮŰɘəɧ Ůɑŭɞɠ 

ɛɞɜɞŰɞɜɑŬɠ (ŭɖɚŬŭɐ, ɖ ɛɘŬ ŮɑɜŬɘ ŬɨɝɞɡůŬ əŬɘ ɖ 

Ɏɚɚɖ űɗɑɜɞɡůŬ). ɇɧŰŮ ɘůɢɨŮɘ: 

1 1 1

0 0 0

f (x)g(x)dx f (x)dx g(x)dx¢ñ ñ ñ. 

3. ( ɀɞɜɞŰɞɜɑŬ ɛɏůɖɠ Űɘɛɐɠ) 

ȷɜ f :[0,1]  ŮɑɜŬɘ ŬɨɝɞɡůŬ ŰɧŰŮ:  

ɔɘŬ əɎɗŮ 0 t s 1< < <ɘůɢɨŮɘ 

t s

0 0

1 1
f (x)dx f (x)dx

t s
¢ñ ñ . 

 

4. (ȷɜɘůɧŰɖŰŬ Abel)  

ȰůŰɤ f ,g :[a,b]  ɛŮ g űɗɑɜɞɡůŬ, ɗŮŰɘəɐ əŬɘ 

ůɡɜŮɢɩɠ ˊŬɟŬɔɤɔɑůɘɛɖ. ɇɧŰŮ ɘůɢɨŮɘ: 

b u

u [a,b]

a a

f (x)g(x)dx g(a)·max f (x)dxÍ¢ñ ñ  . 

5. (ȷɜɘůɧŰɖŰŬ Hermite - Hadamard) 

ȷɜ f :[a,b]  əɡɟŰɐ, ŰɧŰŮ ɘůɢɨŮɘ: 

b

a

a b 1 f (a) f (b)
f f (x)dx

2 b a 2

+ +å õ
¢ ¢æ ö
-ç ÷
ñ  

6. (ȷɜɘůɧŰɖŰŬ Opial) 

ȰůŰɤ f :[0,a]  ɛŮ ůɡɜŮɢɐ ˊŬɟɎɔɤɔɞ əŬɘ 

f (0) 0= .  

ɇɧŰŮ, ɘůɢɨŮɘ: 

a a
2

0 0

a
|f '(x)f (x) |dx (f '(x)) dx

2
¢ñ ñ . 

7. (ȷɜɘůɧŰɖŰŬ Jensen) 

ȰůŰɤ f :[a,b]  ůɡɜŮɢɐɠ əŬɘ g :   

əɡɟŰɐ.  

ɇɧŰŮ, ɘůɢɨŮɘ: 

b b

a a

1 1
g f (x)dx g(f (x))dx

b a b a

å õ
¢æ ö

- -ç ÷
ñ ñ  

8. (ȷɜɘůɧŰɖŰŬ Hardy) 

ȰůŰɤ f :[0, )¤   ůɡɜŮɢɐɠ. ɃɟɑɕɞɡɛŮ  

x

0

1
F(x) f (t)dt

x
= ñ  
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ɔɘŬ x 0>  əŬɘ F(0) f (0)= .  

ɇɧŰŮ ɔɘŬ əɎɗŮx 0>  ɘůɢɨŮɘ: 

x x
2 2

0 0

(F(t)) dt 4 (f (t)) dt¢ñ ñ . 

9. (ȷɜɘůɧŰɖŰŬ Gruss) 

ȰůŰɤ 1 1f :[0,1] [m ,M ]  əŬɘ 

2 2g :[0,1] [m ,M ]  ůɡɜŮɢŮɑɠ ůɡɜŬɟŰɐůŮɘɠ.  

ɇɧŰŮ, ɘůɢɨŮɘ: 

1 1 1

0 0 0

f (x)g(x)dx f (x)dx g(x)dx- ¢ñ ñ ñ  

1 1 2 2

1
(M m )(M m )

4
- -  

ɆŰɖɜ ˊŮɟɑˊŰɤůɖ Űɤɜ ɛɞɜɧŰɞɜɤɜ ůɡɜŬɟŰɐůŮɤɜ 

ŬɡŰɐ ŭŮɑɢɜŮɘ ˊɞɘɞ ŮɑɜŬɘ Űɞ ůűɎɚɛŬ ůŰɖɜ ŬɜɘůɧŰɖŰŬ 

Chebyshev. 

ȷɆȾȼɆȼ    1. 

ɁŬ ŬˊɞŭŮɑɝŮŰŮ ɧŰɘ  

2

4

sinx 2
dx

x 2

p

p

<ñ  

ɄɟɞŰŮɑɜŮɘ: Grosrouvre 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=58908 

ȿɈɆȼ (ȷɢɘɚɚɏŬɠ ɆɡɜŮűŬəɧˊɞɡɚɞɠ) 

ȺɑɜŬɘ 

2 2

4 4

sinx 1 2
dx dx ln2 0,7 .

x x 2

p p

p p

¢ = < <ñ ñ  

ũɘŬ Űɖɜ ln2 0,7<  ŭŮɑŰŮ, ˊ.ɢ. 

http://www.mathematica.gr/forum/viewtopic.php?

f=53&t=7518&p=42736&hilit=ln+2#p42793 

ȿɈɆȼ 2 (ũɘɩɟɔɞɠ ȸɘůɓɑəɖɠ) ȰůŰɤ  

sin x
f (x) ,x , .

x 4 2

p pè ø
= Íé ù

ê ú
 

ȺɑɜŬɘ  

2

xcosx sinx
f (x)

x

-
¡ =  

ŪɏŰɤ  

g(x) xcosx sinx,= -  

əŬɘ ŮɑɜŬɘ  

g (x) xsinx 0¡ =- < 

ɎɟŬ ɖ g  ŮɑɜŬɘ ɔɜɖůɑɤɠ űɗɑɜɞɡůŬ ůŰɞ ,
4 2

p pè ø
é ù
ê ú

 Ŭˊ' 

ɧˊɞɡ ŮɨəɞɚŬ ˊɟɞəɨˊŰŮɘ ɧŰɘ g(x) 0<  ůŰɞ ɑŭɘɞ 

ŭɘɎůŰɖɛŬ, ɞˊɧŰŮ əŬɘ ɖ f ŮɑɜŬɘ ɔɜɖůɑɤɠ űɗɑɜɞɡůŬ 

ůŰɞ  ,
4 2

p pè ø
é ù
ê ú

. 

2 2

4 4

f (x)dx f ( )dx
4

p p

p p

p
< Ýñ ñ  

2

4

sin x 2
dx sin

x 4 2

p

p

p
< =ñ . 

ɄŬɟŬŰɐɟɖůɖ (ŪŬɜɎůɖɠ ȾɞɜŰɞɔŮɩɟɔɖɠ) 

ȼ 
2

ln2
2

<  ˊɟɞəɨˊŰŮɘ əŬɘ Ŭˊɧ Űɖɜ 

https://www.mathematica.gr/forum/viewtopic.php?f=54&t=58908
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=58908
http://www.mathematica.gr/forum/viewtopic.php?f=53&t=7518&p=42736&hilit=ln+2#p42793
http://www.mathematica.gr/forum/viewtopic.php?f=53&t=7518&p=42736&hilit=ln+2#p42793
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x lnx x 1,¢ - ɔɘŬ x 1.²  

ȷɆȾȼɆȼ    2. 

ɁŬ ŬˊɞŭŮɑɝŮŰŮ ɧŰɘ: 

2 4 2
e

e

x e e
dx

lnx 2

-
>ñ  

ɄɟɞŰŮɑɜŮɘ: vassilisg98 

ɆɨɜŭŮůɛɞɠ:https://mathematica.gr/forum/viewtopi

c.php?f=54&t=54505&p=262328#p262328 

ȿɈɆȼ 1 (nikkru) ȼ ůɡɜɎɟŰɖůɖ f (x) lnx=  

ŮɑɜŬɘ ɔɜɖůɑɤɠ ŬɨɝɞɡůŬ əŬɘ ɗŮŰɘəɐ ɔɘŬ x 1> .  

ũɘŬ 2e x e¢ ¢  ŮɑɜŬɘ  

1 1
1 lnx 2 1

lnx 2
¢ ¢ Ú ² ² Ú 

x x
x (1)

lnx 2
² ²  

ɃɚɞəɚɖɟɩɜɞɜŰŬɠ ŰŬ ŭɨɞ ˊɟɩŰŬ ɛɏɚɖ ůŰɞ 2[e,e ] 

ˊɟɞəɨˊŰŮɘ ɖ ɕɖŰɞɨɛŮɜɖ. ( ɇɞ = ˊŬɟŬɚŮɑˊŮŰŬɘ, 

Ŭűɞɨ ɖ ɘůɧŰɖŰŬ ůŰɖɜ (1)  ɘůɢɨŮɘ ɛɧɜɞ ɔɘŬ x e= . 

ȿɈɆȼ 2 (ȿɎɛˊɟɞɠ ɀˊŬɚɧɠ) 

ŪɏŰɤ  lnx y=  

əŬɘ Űɞ ɞɚɞəɚɐɟɤɛŬ ɘůɞŭɡɜŬɛŮɑ ɛŮ Űɞ  

2y
e

1

e
J dy

y
=ñ  

2y 2y1 1 e e
y e

y e y e
¢ Ú ² Ú ² Ý 

2y 2e 2 2e 4 2
e

1

e e e e e e e
J [ ]

2e 2e 2e 2e 2 2

-
> = - = - >  

Ŭűɞɨ    

2e 2 5 3e e e e- > -. 

ȿɈɆȼ 3 (vassilisg98) ŪɏŰɤ  

1
y ln(lnx) dy dx

xlnx
=  = . 

ȷɚɚɎɕɞɡɛŮ ŰŬ ɎəɟŬ ŰŬ ɞˊɞɑŬ ŰɩɟŬ ɔɑɜɞɜŰŬɘ 0  əŬɘ 

1 əŬɘ ŮɑɜŬɘ
yex e= . 

ɇɞ ŭɞɗɏɜ ɞɚɞəɚɐɟɤɛŬ ɔɟɎűŮŰŬɘ  

y1
2e

0
I e dy=ñ . 

ȷəɧɛɖ ɔɜɤɟɑɕɞɡɛŮ ɧŰɘ: 

yy y 2e 2y 2e y 1 2e 2y 2 e e+> +  > +  > 

ɔɘŬ y 0>  əŬɘ ɞɚɞəɚɖɟɩɜɞɜŰŬɠ Űɖɜ ŬɜɘůɧŰɖŰŬ 

əŬŰŬɚɐɔɞɡɛŮ ůŰɞ ɕɖŰɞɨɛŮɜɞ.. 

ȷɆȾȼɆȼ    3. 

ȰůŰɤ ɖ əɞɑɚɖ ůɡɜɎɟŰɖůɖ  

[ ]f : 0,1 R ɩůŰŮ ()f 0 1= . 

ɁŬ ŭŮɑɝŮŰŮ ɧŰɘ 

() ()
1 1

0 0

3 1
xf x dx f x dx

2 4
< -ñ ñ  

ɄɟɞŰŮɑɜŮɘ: ȸŬůɑɚɖɠ ɀŬɡɟɞűɟɨŭɖɠ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=5995 

ȿɈɆȼ1 (ɉɟɐůŰɞɠ ɁŰɎɓŬɠ)  ȰůŰɤ t [0,x]Í , ɧˊɞɡ 

x (0,1]Í , ŰɧŰŮ ɖ ɢɞɟŭɐ ˊɞɡ ůɢɖɛŬŰɑɕɞɡɜ ŰŬ 

ůɖɛŮɑŬ (0,f (0)) əŬɘ (x,f (x))  ɗŬ ŭɑɜŮŰŬɘ Ŭˊɞ Űɖɜ 

Ůɝɑůɤůɖ:  

f (x) f (0)
y 1 (t 0)

x

-
- = - Ú 

f (x) 1
y t 1

x

-
= + 

https://mathematica.gr/forum/viewtopic.php?f=54&t=54505&p=262328#p262328
https://mathematica.gr/forum/viewtopic.php?f=54&t=54505&p=262328#p262328
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=5995
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=5995


www.mathematica.gr ȺɘəɞůɘŭɤŭŮəɎŮŭɟɞɜ ɇŮɨɢɞɠ 21,ɆȺɄɇȺɀȸɅȽɃɆ 2019 

 

5 
 

ȷűɞɨ ɖ f ŮɑɜŬɘ əɞɑɚɖ ɗŬ ɘůɢɨŮɘ ɧŰɘ: 

f (x) 1
f (t) t 1

x

-
> + Ú 

xf(t) (f (x) 1)t x> - + 

ɃɚɞəɚɖɟɩɜɞɡɛŮ əŬɘ ŰŬ ŭɨɞ ɛɏɚɖ ɤɠ ˊɟɞɠ t  ůŰɞ 

ŭɘɎůŰɖɛŬ [ ]0,x  

x x x

0 0 0

x f (t)dt (f (x) 1) tdt x dt> - +ñ ñ ñ 

ɆŰɖ ůɡɜɏɢŮɘŬ ɞɚɞəɚɖɟɩɜɞɡɛŮ əŬɘ ŰŬ ŭɨɞ ɛɏɚɖ ɤɠ 

ˊɟɞɠ x  ůŰɞ ŭɘŬůŰɐɛŬ [ ]0,1  

1 x 1 x

0 0 0 0

1 x

0 0

x f (t)dt dx (f (x) 1) tdt dx

x dt dx

å õ å õ
> - Ö +æ ö æ ö

ç ÷ ç ÷

å õ
æ ö
ç ÷

ñ ñ ñ ñ

ñ ñ

 

əŬɘ ɛŮŰɎ Ŭˊɞ ɛɘŬ ˊŬɟŬɔɞɜŰɘəɐ ůŰɞ ŬɟɘůŰŮɟɧ 

ɛɏɚɞɠ əŬɘ ˊɟɎɝŮɘɠ ɏɟɢŮŰŬɘ Űɞ ɕɖŰɞɨɛŮɜɞ. 

ȿɈɆȼ 2 (ɉɟɐůŰɞɠ ɁŰɎɓŬɠ) ɀɘŬ ŭŮɨŰŮɟɖ ŰɧŰŮ 

Ɏˊɞɣɖ. 

'ȺůŰɤůŬɜ ŰŬ ŭɘŬůŰɐɛŬŰŬ [ ]0, t  əŬɘ [ ]t,x ɧˊɞɡ 

x [0,1]Í  

ȼ f ŮɑɜŬɘ ůɡɜŮɢɐɠ əŬɘ ˊŬɟŬɔɤɔɑůɘɛɖ ůŰŬ 

ŮůɤŰŮɟɘəɎ ŬɡŰɩɜ. 

ȯɟŬ Ŭˊɞ Űɞ ɗŮɩɟɖɛŬ ɛɏůɖɠ Űɘɛɐɠ ɡˊɎɟɢɞɡɜ  

1 1

f (t) f (0) f (t) 1
(0, t) : f ( )

t t

- -
¡x Í x = =  

əŬɘ 

2 2

f (x) f (t)
(t,x) : f ( )

x t

-
¡x Í x =

-
 

ɧˊɞɡ 1 2x <x . 

EˊŮiŭɖ ɖ f ŮɑɜŬɘ əɞɑɚɖ ɖ f 'ŮɑɜŬɘ ɔɜɖůɑɤɠ 

űɗɑɜɞɡůŬ ɎɟŬ:  

1 2

f (t) 1 f (x) f (t)
f ( ) f ( )

t x t

- -
¡ ¡x > x Ú > Ú

-
 

tf (x) xf (t) x t< - + 

ɃɚɞəɚɖɟɩɜɞɜŰŬɠ ɤɠ ˊɟɞɠ t ɏɢɞɡɛŮ: 

x x x x

0 0 0 0

f (x) tdt x f (t)dt x dt tdt< - + Ýñ ñ ñ ñ 

x

0

1 x
xf(x) f (t)dt

2 2
< -ñ  

ȾŬŰɧˊɘɜ ɞɚɞəɚɖɟɩɜɞɜŰŬɠ ɤɠ ˊɟɞɠ x ůŰɞ 

ŭɘɎůŰɖɛŬ [ ]0,1 . 

1 1 x 1

0 0 0 0

1 x
xf (x)dx f (t)dt dx dx

2 2

å õ
< -æ ö
ç ÷

ñ ñ ñ ñ 

əɎɜɞɜŰŬɠ ˊŬɟŬɔɞɜŰɘəɐ ůŰɞ ŭŮɨŰŮɟɞ ɛɏɚɞɠ əŬɘ 

ˊɟɎɝŮɘɠ ɏɢɞɡɛŮ Űɞ ɕɖŰɞɨɛŮɜɞ. 

ȿɈɆȼ 3 (ȸŬůɑɚɖɠ ɀŬɡɟɞűɟɨŭɖɠ)  

ɃɟɑɕɞɡɛŮ Űɖɜ 

() ( ) () [ ]g x f ax af x 1 a,a,x 0,1= - - + Í 

ȼ ɞˊɞɑŬ ŮɑɜŬɘ ˊŬɟŬɔɤɔɑůɘɛɖ ůŰɞ (0,1) ɛŮ  

() ( ) () ( ) ()g x af ax af x a f ax f x¡ ¡ ¡ ¡ ¡= - = -è øê ú 

ũɘŬ 0 x 1< < Ŭˊɧ ŰŬ əɞɑɚŬ ɏɢɞɡɛŮ ɧŰɘ ɖ f 'ŮɑɜŬɘ 

ɔɜɖůɑɤɠ űɗɑɜɞɡůŬ ůŰɞ (0,1) ɎɟŬ 

( ) ()a 1 ax x f ax f x¡ ¡¢ Ý ¢ Ý ² Ý 

( ) () ()a f ax f x 0 g x 0¡ ¡ ¡- ² Ý ²è øê ú  

ɛŮ Űɖɜ ɘůɧŰɖŰŬ ɛɧɜɞ ɧŰŬɜ a 0=  ɐ  a 1=, ɎɟŬ ɖ g  

ŮɑɜŬɘ ɔɜɖůɑɤɠ ŬɨɝɞɡůŬ. 

ȺɑɜŬɘ ɚɞɘˊɧɜ 

() ()x 0 g x g 0² Ý ² Ý 

( ) ()f ax af x 1 a 1 a 1 a- - + ² - - + Ý 
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( ) ()f ax af x 1 a² + -   (1)  

ɛŮ Űɖɜ ɘůɧŰɖŰŬ ɜŬ ɘůɢɨŮɘ ɛɧɜɞ ůŰɞ 0 . 

ȰɢɞɡɛŮ 

()

3

2

1

2

3 11 1x t
2 2

3
0 0dx t dt

2

3
f x dx   f t t dt

2

=

=

å õ
= =æ ö

ç ÷
ñ ñ  

1 11

2 2

0

3
f t t t dt

2

å õ
Öæ ö
ç ÷
ñ  

ȷɝɘɞˊɞɘɩɜŰŬɠ Űɖɜ ůɢɏůɖ (1) 

()
1 1 11

2 2 2

0

3
t f t 1 t t dt

2

è ø
> + - =é ù

ê ú
ñ  

()
11

2

0

3
tf t t t dt

2

è ø
+ - =é ù

ê ú
ñ  

()
11 1

2

0 0

3 3
tf t dt t t dt

2 2

è ø
= + - =é ù

ê ú
ñ ñ  

()
1

0

3 1
tf t dt

2 4
+ñ  

ȿɈɆȼ 4 (ȸŬůɑɚɖɠ ɀŬɡɟɞűɟɨŭɖɠ) ȽůɢɨŮɘ 

()
() ()

()
()F x F 0 F x

F f
x 0 x

-
¡x = Ú x =

-
 

ɧˊɞɡ  

() () [ ]
x

0

F x f t dt,x 0,1= Íñ  

Ŭˊɧ Űɞɜ ɉŬɜŰŬɛŬɟɑŭɖ ɛˊɞɟŮɑŰŮ ɜŬ ŭŮɑŰŮ Ůŭɩ 

http://www.mathematica.gr/forum/viewtopic.php?

f=61&t=1202 

ŬɚɚɎ əŬɘ Ůŭɩ 

http://www.mathematica.gr/forum/viewtopic.php?

f=40&t=6016, 

 ɘůɢɨŮɘ 

()
() ()f 0 f x

f
2

+
x > Ý 

() () ()F x f 0 f x

x 2

+
> Ý 

()
() ()f x f 0

F x x
2

+
> Ö Ý 

() ()
11 1 2

0 0 0

1 1 x
F x dx xf x dx

2 2 2

è ø
> + Ýé ù

ê ú
ñ ñ  

() () ()
1 1

1

0
0 0

1 1
xF x xF x dx xf x dx

2 4
¡- > + Ýè øê úñ ñ  

() ()
1 1

0 0

3 1
f x dx xf x dx

2 4
> +ñ ñ . 

ȷɆȾȼɆȼ    4. 

ȰůŰɤ ɖ ˊŬɟŬɔɤɔɑůɘɛɖ ůɡɜɎɟŰɖůɖ  

[ ]f : 0,1 R ɛŮ ()f 0 0= . 

ȷɜ ɖ f ŮɑɜŬɘ əɡɟŰɐ, ɜŬ ŬˊɞŭŮɑɝŮŰŮ ɧŰɘ  

( ) ()
1

2

0

1 2x f x dx 0- Ö <ñ . 

ɄɟɞŰŮɑɜŮɘ: Ʌɞŭɧɚűɞɠ ɀˊɧɟɖɠ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=52995#p254278 

ȿɈɆȼ 1 (ȿɎɛˊɟɞɠ ɀˊŬɚɧɠ) 

ũɘŬ x (0,1)Í  ɘůɢɨŮɘ 20 x x< < 

ȷˊɧ ŪŮɩɟɖɛŬ ɀɏůɖɠ ɇɘɛɐɠ ɔɘŬ Űɖɜ f ůŰŬ   

2[0,x ]  əŬɘ 2[x ,x] , 

ɗŬ ɡˊɎɟɢɞɡɜ 

2a (0,x )Í  əŬɘ 2b (x ,x)Í  

ɩůŰŮ (əŬɘ ɚɧɔɤ əɡɟŰɧŰɖŰŬɠ Űɖɠ f ) 

http://www.mathematica.gr/forum/viewtopic.php?f=61&t=1202
http://www.mathematica.gr/forum/viewtopic.php?f=61&t=1202
http://www.mathematica.gr/forum/viewtopic.php?f=40&t=6016
http://www.mathematica.gr/forum/viewtopic.php?f=40&t=6016
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=52995#p254278
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=52995#p254278
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2 2

2 2

f (x ) f (0) f (x) f (x )
f (a) f (b)

x 0 x x

- -
¡ ¡< Ú < Ú

- -
 

2 2 2 2 2 2xf(x ) x f (x ) x f (x) x f (x )- < - Ú 

2 2 2 2xf (x ) x f (x) 2xf (x ) 2x f (x)< Ú <  

Ⱥˊɘˊɚɏɞɜ ɔɘŬ x 0=  əŬɘ x 1=, ŰŬ ˊŬɟŬˊɎɜɤ ɛɏɚɖ 

Űɖɠ ŬɜɘůɧŰɖŰŬɠ ɔɑɜɞɜŰŬɘ ɑůŬ.  

ȹɖɚŬŭɐ ɗŬ ɘůɢɨŮɘ   

2 22xf (x ) 2x f (x) 0- ¢, 

ɛŮ Űɖɜ ɘůɧŰɖŰŬ ɜŬ ɘůɢɨŮɘ ɛɧɜɞ ůŰɞ 0əŬɘ ůŰɞ 1. 

ɃˊɧŰŮ   

1 1
2 2

1 2
0 0
2xf (x )dx 2x f (x)dx I I< Ú <ñ ñ  

ũɘŬ Űɞ   

1
2

1
0

I 2xf (x )dx=ñ , 

ɗɏŰɞɡɛŮ   

2x y 2xdx dy= Ý =  

əŬɘ əŬɗɩɠ   

x 0 y 0,x 1 y 1=  = =  = 

1 1

1
0 0

I f (y)dy f (x)dx= =ñ ñ  

ɆɡɜŮˊɩɠ ůŰɖɜ ŬɜɘůɧŰɖŰŬ: 

1 1
2

0 0
f (x)dx 2x f (x)dx< Úñ ñ  

1
2

0
(1 2x )f (x)dx 0- <ñ  

Ɉɔ.ŮɑŭŬ əŬɘ ɛɑŬ ɤɟŬɑŬ ɚɨůɖ ɛŮ ŰɟɘɔɤɜɞɛŮŰɟɑŬ. 

ȿɈɆȼ http://www.serifis.com/forum/viewtopic. 

... 5&start=10 

(ɀŬɟɑŬ) ɃɜɞɛɎɕɤ Űɞ ɞɚɞəɚɐɟɤɛŬ  ȷ. 

ȷɜ ɗɏůɤ ɧˊɞɡ x siny= , ŰɧŰŮ dx cosydy=  əŬɘ ɔɘŬ  

x 0= , Űɞ y 0=  əŬɘ ɔɘŬ x 1=, Űɞ y
2

p
=  

22

0
A (1 2sin y)f (siny)cosydy

p

= - =ñ  

2

0
cos(2y)f (siny)cosydy
p

ñ  

ȷɜ ɗɏůɤ ɧˊɞɡ x cosy= , ŰɧŰŮ dx sinydy=-  

əŬɘ ɔɘŬ x 0= , Űɞ y
2

p
=  əŬɘ ɔɘŬ x 1=, Űɞ y 0=  

22

0
A (1 2cos y)f (cosy)sinydy

p

= - =ñ  

2

0
cos(2y)f (cosy)sinydy
p

-ñ  

ɄɟɞůɗɏŰɤ əŬɘ ɏɢɞɡɛŮ:  

2

0
2A cos(2y)[f (siny)cosy f (cosy)siny]dy

p

= -ñ  (1) 

ŪŬ ɗŮɤɟɐůɤ Űɖ ůɡɜɎɟŰɖůɖ   

f (x)
g(x)

x
=  ůŰɞ (0,1] 

2

f (x)
f (x)

xf (x) f (x) xg (x) 0
xx

¡ -
¡ -

¡ = = > 

ŮˊŮɘŭɐ   

f (x)
f (x)

x
¡ >  ɔɘŬ x (0,1]Í  

ȷˊɧŭŮɘɝɖ Űɖɠ ŰŮɚŮɡŰŬɑŬɠ ˊɟɧŰŬůɖɠ 

ũɘŬ Űɖɜ ˊŬɟŬɔɤɔɑůɘɛɖ ůŰɞ [ ]0,x  ůɡɜɎɟŰɖůɖ f    

Ŭˊɧ ŪŮɩɟɖɛŬ ɀɏůɖɠ ɇɘɛɐɠ ɗŬ ɡˊɎɟɢŮɘ   

(0,x)xÍ ŰɏŰɞɘɞ, ɩůŰŮ   

f (x) f (0) f (x)
f ( )

x 0 x

-
¡x = =

-
 

əŬɘ Ůűɧůɞɜ ɖ f əɡɟŰɐ, ɗŬ ŮɑɜŬɘ   

http://www.serifis.com/forum/viewtopic.%20...%205&start=10
http://www.serifis.com/forum/viewtopic.%20...%205&start=10
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f (x)
f (x)

x
¡ > . 

ɓɔŬɑɜŮɘ ɏŰůɘ ɔɘŬ Űɖ ůɡɜɎɟŰɖůɖ g  ɧŰɘ ŮɑɜŬɘ 

ɔɜɖůɑɤɠ ŬɨɝɞɡůŬ ůŰɞ (0,1]. 

ɆŰɞ (0, ]
4

p
, ɘůɢɨŮɘ  

siny cosy g(siny) g(cosy)¢ Ú ¢  

əŬɘ ɖ ɘůɧŰɖŰŬ ɘůɢɨŮɘ ɛɧɜɞ ůŰɞ 
4

p
 .  

ɆŰɞ 0, Űɞ  

f (siny)cosy f(cosy)siny-  

ɔɑɜŮŰŬɘ    

f (0)1 f (1)0 0- = 

Ůˊɑůɖɠ  

cos(2y) 0²  əŬɘ ɖ ɘůɧŰɖŰŬ ɛɧɜɞ ůŰɞ 
4

p
. 

ɃˊɧŰŮ    

cos(2y)[f (siny)cosy f(cosy)siny] 0- ¢ 

ůŰɞ [0, ]
4

p
 ɢɤɟɑɠ ɜŬ ŮɑɜŬɘ ˊɎɜŰŬ ɛɖŭɏɜ. 

ɃɚɞəɚɖɟɩɜɞɜŰŬɠ ɗŬ ɏɢɞɡɛŮ    

4

0
cos(2y)[f (siny)cosy f (cosy)siny]dy 0
p

- <ñ  (2) 

ɆŰɞ [ , )
4 2

p p
, ɘůɢɨŮɘ   

siny cosy g(siny) g(cosy)² Ú ²  

əŬɘ ɖ ɘůɧŰɖŰŬ ɘůɢɨŮɘ ɛɧɜɞ ůŰɞ 
4

p
. 

ɆŰɞ 
2

p
 ɖ ůɢɏůɖ    

f (siny)cosy f(cosy)siny-  

ɘůɞɨŰŬɘ ɛŮ    

f (1)0 f (0)1 0- = 

Ůˊɑůɖɠ  

cos(2y) 0¢  

əŬɘ ɖ ɘůɧŰɖŰŬ ɛɧɜɞ ůŰɞ 
4

p
 . 

ɃˊɧŰŮ    

cos(2y)[f (siny)cosy f(cosy)siny] 0- ¢ 

ůŰɞ  [ , ]
4 2

p p
ɢɤɟɑɠ ɜŬ ŮɑɜŬɘ ˊɎɜŰŬ ɛɖŭɏɜ. 

ɃɚɞəɚɖɟɩɜɞɜŰŬɠ ɗŬ ɏɢɞɡɛŮ   

2

4

cos(2y)[f (siny)cosy f (cosy)siny]dy 0
p

p - <ñ  (3) 

ɄɟɞůɗɏŰɞɜŰŬɠ Űɘɠ (2) əŬɘ (3) ɏɢɞɡɛŮ   

4

0
cos(2y)[f (siny)cosy f (cosy)siny]dy
p

- +ñ  

2

4

cos(2y)[f (siny)cosy f (cosy)siny]dy 0
p

p+ - <ñ  

2A 0 A 0Ú < Ú <. 

ɄŬɟŬŰɖɟɐůŮɘɠ: (ȸŬůɑɚɖɠ ɀŬɡɟɞűɟɨŭɖɠ)  

ȼ ůəɘŬɔɟɎűɖůɖ Űɖɠ ŭɘəɐɠ ɛɞɡ ŬˊɧŭŮɘɝɖɠ, ŮɑɜŬɘ 

ŭɨɞ ŮűŬɟɛɞɔɏɠ Űɞɡ ɗŮɤɟɐɛŬŰɞɠ ɛɏůɖɠ Űɘɛɐɠ ůŰŬ   

( )2 20,x , x ,x ,x 0,1è ø è øÍê ú ê ú  

ɀŮ ɢɟɐůɖ Űɖɠ ɛɞɜɞŰɞɜɑŬɠ Űɖɠ ˊɟɩŰɖɠ ˊŬɟŬɔɩɔɞɡ 

ɔɘŬ Űɘɠ Űɘɛɏɠ Űɖɠ ˊŬɟŬɔɩɔɞɡ Ŭˊɧ ŰŬ ɗŮɤɟɐɛŬŰŬ 

ɛɏůɖɠ Űɘɛɐɠ ˊɟɞəɨˊŰŮɘ  

( ) ()2...f x xf x< Ý 

( ) () ( )2 22xf x 2x f x ,x 0,1< Í  

ȯɟŬ   
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( ) () [ ]2 22xf x 2x f x ,x 0,1¢ Í , 

əŬɘ ŮˊŮɘŭɐ   

( ) ()
1 1

2

0 0

2xf x dx f x dx=ñ ñ  

ˊɟɞəɨˊŰŮɘ Űɞ ɕɖŰɞɨɛŮɜɞ. 

(Ʌɞŭɧɚűɞɠ ɀˊɧɟɖɠ) ŪŮɤɟɩ ˊɤɠ ɖ ɚɨůɖ Űɞɡ 

ȿɎɛˊɟɞɡ ŮɑɜŬɘ ŰɞɡɚɎɢɘůŰɞɜ ŮɛˊɜŮɡůɛɏɜɖ əŬɘ 

ɧɛɞɟűɖ. 

ȼ ɚɨůɖ Űɖɠ ɀŬɟɑŬɠ ŮɑɜŬɘ ˊɟɤŰɧŰɡˊɖ ɛŬ əŬɘ 

ůɡɜɎɛŬ ɚɞɔɘəɐ (Űɞ 21 2x-  ˊŬɟŬˊɏɛˊŮɘ ůŮ 

ŰɟɘɔɤɜɞɛŮŰɟɑŬ, ɧˊɤɠ ˊɢ Űɞ 2x 2-  ˊŬɟŬˊɏɛˊŮɘ 

ůŰɞɜ 
1

x t
t

= +) , ŬəɞɚɞɡɗŮɑ ɞ ɔɜɤůŰɧɠ ɛŮŰ/ɛɧɠ 

a b x+ -, ɖ ůɡɜɎɟŰɖůɖ 
f (x)

x
 ɡˊŬɔɞɟŮɨŮŰŬɘ Ŭˊɧ 

Űɞ ɕɖŰɞɨɛŮɜɞ əŬɗɩɠ Ůˊɑůɖɠ əŬɘ Űɞ / 4p . 

ȷɡŰɞɑ ŮɑɜŬɘ ɞɘ ɚɧɔɞɘ ɔɘŬ Űɞɡɠ ɞˊɞɑɞɡɠ ɖ Ɏůəɖůɖ 

ɛɞɡ űɎɜɖəŮ ɧɛɞɟűɖ. ɀˊɟɎɓɞ ůŰɞɜ ŭɖɛɘɞɡɟɔɧ! 

ŬɚɚɎ əŬɘ ůŰɞɡɠ ɚɨŰŮɠ! 

(ɄŬˊŬŭɧˊɞɡɚɞɠ ɆŰŬɨɟɞɠ) ŪŬ ůɡɛűɤɜɐůɤ ɛŮ Űɞɜ 

Ʌɞŭɧɚűɞ əŬɘ Űɞɜ ȿɎɛˊɟɞ ɧŰɘ ɖ Ɏůəɖůɖ ŮɑɜŬɘ 

ɧɛɞɟűɖ.ȹŮɜ ɏɢŮɘ ɛɘŬ ŮˊɘűŬɜŮɘŬəɐ ɞɛɞɟűɘɎ ŬɚɚɎ 

ŭŮɑɢɜŮɘ ɓŬɗɘɎ ɘŭɘɧŰɖŰŬ Űɤɜ əɡɟŰɩɜ ůɡɜŬɟŰɐůŮɤɜ. 

ȼ ŬˊɧŭŮɘɝɖ Űɞɡ ȿɎɛˊɟɞɡ ɢɟɖůɘɛɞˊɞɘŮɑ Űɞ ɚɐɛɛŬ 

Űɤɜ Űɟɘɩɜ ɢɞɟŭɩɜ Űɞ ɞˊɞɑɞ ɘůɢɨŮɘ ɔɘŬ Űɘɠ əɡɟŰɏɠ 

ůɡɜŬɟŰɐůŮɘɠ.(ɞ əŬɜɞɜɘəɧɠ ɞɟɘůɛɧɠ Űɖɠ əɡɟŰɐɠ 

ůɡɜɎɟŰɖůɖɠ ŮɑɜŬɘ ɔŮɜɘəɧŰŮɟɞɠ Ŭˊɧ ŬɡŰɧɜ ˊɞɡ 

ŭɑɜŮɘ Űɞ ůɢɞɚɘəɧ) 

ȼ ɛɧɜɖ ŭɘŬűɞɟɎ ŮɑɜŬɘ ɧŰɘ Űɞ ɞɚɞəɚɐɟɤɛŬ ɛˊɞɟŮɑ 

ɜŬ ˊɎɟŮɘ Űɖɜ Űɘɛɐ ɛɖŭɏɜ Ŭɜ ɗŮɤɟɐůɞɡɛŮ Űɞɜ 

əŬɜɞɜɘəɧ ɞɟɘůɛɧ Űɖɠ əɡɟŰɐɠ.ȾŬɘ ŬɡŰɧ ɔɘŬŰɑ ɖ 

ɓŬůɘəɐ ŬɜɘůɧŰɖŰŬ ůŰɖɜ ŬˊɧŭŮɘɝɖ Űɞɡ ȿɎɛˊɟɞɡ 

ŮɑɜŬɘ ŬɜɘůɞɘůɧŰɖŰŬ. 

ȿɈɆȼ 3 (ũɘɩɟɔɞɠ Ʌɞŭɧˊɞɡɚɞɠ) 

ɀɘŬ (ŮɚŬűɟɎ ŭɘŬűɞɟɞˊɞɘɖɛɏɜɖ) ŬˊɧŭŮɘɝɖ Ŭəɧɛɖ. 

ȽůɢɨŮɘ  

( )
1 1

2

0 0

2xf x dx f (x)dx=ñ ñ  

ɞˊɧŰŮ ŬɟəŮɑ ɜŬ ŭŮɘɢɗŮɑ ɧŰɘ  

( )( )
1

2 2

0

2x f(x) 2xf x dx 0- >ñ  

ɐ ɧŰɘ  

( )( )
1

2 2

0

x f (x) xf x dx 0- >ñ . 

ȷɜ 0 x 1< < Ŭˊɧ Űɞ Ūɀɇ ɔɘŬ Űɖɜ f ůŰɞ [ ]0,x  

ɡˊɎɟɢŮɘ ( )k 0,xÍ ɛŮ  

f (x)
f '(k)

x
=  

ŬɚɚɎ  

f (x)
f '(k) f '(x) f '(x)

x
  < Ý < Ý 

 
xf '(x) f (x) f (x)

0 ' 0
x x

- å õ
> Ý >æ ö

ç ÷
 

ɞˊɧŰŮ ɖ 
f (x)

h(x)
x

=  ŮɑɜŬɘ ɔɜɖůɑɤɠ ŬɨɝɞɡůŬ ůŰɞ 

( )0,1 , 

0 x 1an < < ŰɧŰŮ  

( )2 20 x x 1 h x h(x)< < < Ý < Ý 

( )
2

2 2

2

f (x ) f (x)
x f (x) xf x 0 (1)

xx
< Ý - >  

ȼ (1) ɘůɢɨŮɘ ɤɠ ɘůɧŰɖŰŬ Ŭɜ x 0 x 1= Ù = .  

ȰˊŮŰŬɘ ŰɩɟŬ Űɞ ɕɖŰɞɨɛŮɜɞ. 
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ȷɆȾȼɆȼ    5. 

NŬ ŭŮɑɝŮŰŮ ɧŰɘ  

2
x

t

1

1
e dt

2e

- <ñ  

ɔɘŬ əɎɗŮ x 1> . 

ɄɟɞŰŮɑɜŮɘ: ɀɡɟŰɩ ȿɘɎˊɖ 

ɆɨɜŭŮůɛɞɠ:https://mathematica.gr/forum/viewtopi

c.php?f=54&t=53027 

ȿɈɆȼ (ũɘɩɟɔɞɠ ɀˊŬɚɧɔɚɞɡ) 

2
x x

t 1 2t

1 1

e dt e dt- -< =ñ ñ  

1 2x 1 21e e 1 1
0

2 2 2e 2e

- - Ö- -
- < + =. 

ɄŬɟŬŰɐɟɖůɖ: ɇɞ ɗɏɛŬ ŮɑɜŬɘ Ŭˊɧ Ůŭɩ 

https://www.mathematica.gr/forum/viewtopic.php

?f=46&t=38157 

ȷɆȾȼɆȼ    6. 

ȰůŰɤ ůɡɜɎɟŰɖůɖ f ŰɏŰɞɘŬ ɩůŰŮ: 

f (1) 2f (1)¡ <  

əŬɘ f (x) 0¡¡>  ɔɘŬ əɎɗŮ x RÍ  

ɁŬ ŬˊɞŭŮɑɝŮŰŮ ɧŰɘ: 

1

0
f (x)dx 0>ñ  

ɄɟɞŰŮɑɜŮɘ: tolisriza 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=51051#p243632 

ȿɈɆȼ 1 (ɉɟɐůŰɞɠ ȾɡɟɘŬɕɐɠ) ȼ ůɡɜɎɟŰɖůɖ ɏɢŮɘ 

ůɡɜŮɢɐ ˊɟɩŰɖ ˊŬɟɎɔɤɔɞ ɖ ɞˊɞɑŬ ŮɑɜŬɘ əŬɘ 

ɔɜɖůɑɤɠ ŬɨɝɞɡůŬ. 

ȰɢɞɡɛŮ: 

1 1

0 0

f (x)dx (x) f (x)dx¡= =ñ ñ  

[ ]
1

1

0
0

xf (x) xf (x)dx¡- =ñ  

1

0

f (1) xf (x)dx (1)¡-ñ  

ȳɛɤɠ: 

x 0

0 x 1 f (x) f (1)
²

¡ ¡¢ ¢ Ý ¢ Ý 

1 1

0 0

xf (x) xf (1) xf (x)dx f (1) xdx¡ ¡ ¡ ¡¢ Ý < =ñ ñ  

1
f (1) f (1)

2
¡ <  

Ⱥɞ́ɛɏɜɤɠ: 

1 1

0 0

(1) f (x)dx f (1) xf (x)dx¡Ý = - >ñ ñ  

f (1) f (1) 0> - = 

ȿɈɆȼ 2 (ɉɟɐůŰɞɠ ɁŰɎɓŬɠ) ȺˊŮɘŭɐ f (x) 0¡¡>  

ˊɟɞəɨˊŰŮɘ ɧŰɘ ɖ ůɡɜɎɟŰɖůɖ ŮɑɜŬɘ əɡɟŰɐ ɔɘŬ əɎɗŮ 

x RÍ  ůɡɜŮˊɩɠ ɖ ɔɟŬűɘəɐ ˊŬɟɎůŰŬůɖ ɗŬ 

ɓɟɑůəŮŰŬɘ ˊɎɜɤ Ŭˊɧ Űɖɜ ŮűŬˊŰɞɛɏɜɖ Űɖɠ ůŰɞ 

ůɖɛŮɑɞ ( )1,f (1)  ɛŮ ɛɞɜŬŭɘəɧ ůɖɛŮɑɞ ŮˊŬűɐɠ Űɞ 

ůɖɛŮɑɞ ŬɡŰɧ. 

ȼ Ůɝɑůɤůɖ Űɖɠ ŮűŬˊŰɧɛŮɜɖɠ ŮɡɗŮɑŬɠ ŮɑɜŬɘ ɖ: 

( )y f(1) f (1) x 1¡- = - Ý 

() ( )y f 1 f (1) x 1¡= + - 

ȰɢɞɡɛŮ: 

() () ( )
1 1

0 0

f x y f (x)dx f 1 f (1) x 1 dx¡² Ý > + - =ñ ñ  

https://mathematica.gr/forum/viewtopic.php?f=54&t=53027
https://mathematica.gr/forum/viewtopic.php?f=54&t=53027
https://www.mathematica.gr/forum/viewtopic.php?f=46&t=38157
https://www.mathematica.gr/forum/viewtopic.php?f=46&t=38157
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=51051#p243632
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=51051#p243632
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12

0

(x 1) 1
f (1)x f (1) f (1) f (1)

2 2

è ø-
¡ ¡+ = - =é ù

ê ú

2f(1) f (1)
0

2

¡-
> . 

ȷɆȾȼɆȼ    7. 

ȰůŰɤ ɛɑŬ ůɡɜɎɟŰɖůɖ f :[0, )+¤   

ˊŬɟŬɔɤɔɑůɘɛɖ ůŰɞ [0, )+¤ ɛŮ f (0) 0=  əŬɘ 

f '(x) 0, x [0, )> " Í +¤. 

ɁŬ ŭŮɑɝŮŰŮ ɧŰɘ : 

1

0 0

f (x)dx f (x)dx , , (0, )
ba
-+ ²ab"abÍ +¤ñ ñ . 

ɄɟɞŰŮɑɜŮɘ: ŪɤɛɎɠ ɄɞŭɖɛŬŰɎɠ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=20456 

ȿɈɆȼ (ɉɟɐůŰɞɠ ȾɡɟɘŬɕɐɠ) ȰɜŬɠ ɛŬɗɖŰɐɠ ɛˊɞɟŮɑ 

ɜŬ Űɖ ɓɔɎɚŮɘ ůŮ ɛɑŬ ɔɟŬɛɛɐ ɛŮ Űɖ ɓɞɐɗŮɘŬ Űɤɜ 

ɔɟ.ˊŬɟŬůŰɎůŮɤɜ Űɤɜ ŭɨɞ ůɡɜŬɟŰɐůŮɤɜ,ŬˊɚɎ əŬɘ 

ɛɧɜɞ ˊŬɟŬŰɖɟɩɜŰŬɠ ˊɤɠ  

1 2E E ab+ ²  

ɧˊɞɡ 1 2E ,E  ŰŬ ŮɛɓŬŭɎ Űɤɜ 1f f
C ,C-  ɛŮ Űɞɡɠ 

ɎɝɞɜŮɠ x'x , y'yŬɜŰɑůŰɞɘɢŬ əŬɘ a bÖ Űɞ ŮɛɓŬŭɧ 

Űɞɡ ɞɟɗɞɔɤɜɑɞɡ ɛŮ ŬɡŰɏɠ Űɘɠ ŭɘŬůŰɎůŮɘɠ. 

ȷɆȾȼɆȼ    8. 

ɁŬ ŭŮɑɝŮŰŮ ɧŰɘ  
1

2

0

3 1 5
dx

4 61 x
< <
+ñ

 

 

ɄɟɞŰŮɑɜŮɘ: ȸŬůɑɚɖɠ ɀŬɡɟɞűɟɨŭɖɠ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=19836 

 

ȿɈɆȼ (ŪɎɜɞɠ ɀɎɔəɞɠ) ɄɟɧəŮɘŰŬɘ ɓɏɓŬɘŬ ɔɘŬ 

ɔɜɤůŰɧ ɞɚɞəɚɐɟɤɛŬ: 

1

2

0

dx

41 x

p
=

+ñ
. 

ȷɠ ŬˊɞŭŮɑɝɞɡɛŮ, ɧɛɤɠ, Űɖ ɕɖŰɞɨɛŮɜɖ ŬɜɘůɧŰɖŰŬ 

ɢɤɟɑɠ ɜŬ ɚɎɓɞɡɛŮ ɡˊɧɣɘɜ Űɞ ˊŬɟŬˊɎɜɤ. 

ȼ ˊɟɞɠ ŬˊɧŭŮɘɝɖ ŬɜɘůɧŰɖŰŬ, ɔɟɎűŮŰŬɘ ɤɠ  

1 2

2

0

1 x 1
dx

4 61 x
> >
+ñ

 

ɐ Ŭɚɚɘɩɠ  

1

2

0

1 2x 1
xdx

2 31 x
> >
+ñ

 

ŭɖɚŬŭɐ  

1 1 1
2

2

0 0 0

2x
xdx xdx x

1 x
> >
+ñ ñ ñ. 

ɄɟɎɔɛŬŰɘ, ŮɑɜŬɘ  

2

2

2x
x x x

1 x
² >
+

 

ɔɘŬ əɎɗŮ x [0,1],Í  ɞˊɧŰŮ ɛŮ ɞɚɞəɚɐɟɤůɖ 

ˊɟɞəɨˊŰɞɡɜ ɞɘ ɕɖŰɞɨɛŮɜŮɠ. 

ȷɆȾȼɆȼ    9. 

ɁŬ ŭŮɑɝŮŰŮ ɧŰɘ  

2
1

x

0

e 3e 5
e dx

2 2

-
< <ñ  

ɄɟɞŰŮɑɜŮɘ:Ɂɑəɞɠ ȻŬɜŰŬɟɑŭɖɠ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=49232&p=233008#p233008 

ȿɈɆȼ (Ɂɑəɞɠ ȻŬɜŰŬɟɑŭɖɠ) 

Å ũɘŬ əɎɗŮ [ ]x 0,1Í  ɘůɢɨŮɘ:  

( )( )2 2 2x x xx 1 e 1 0 e xe x 1- - ¢ Ý ² - +, 

ɛŮ Űɖɜ ɘůɧŰɖŰŬ ɜŬ ɘůɢɨŮɘ ɛɧɜɞ Ŭɜ { }x 0,1Í , 

ɞˊɧŰŮ   

https://www.mathematica.gr/forum/viewtopic.php?f=54&t=20456
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=20456
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=19836
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=19836
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=49232&p=233008#p233008
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=49232&p=233008#p233008
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( )2 2
1 1

x x

0 0

e
e dx xe x 1 dx

2
> - + =ñ ñ . 

Å ũɘŬ əɎɗŮ [ ]x 0,1Í   ɘůɢɨŮɘ:  

( )( )2 2 2x x x x x xx 1 e e 0 e xe xe e- - ² Ý ¢ - +, 

ɛŮ Űɖɜ ɘůɧŰɖŰŬ ɜŬ ɘůɢɨŮɘ ɛɧɜɞ Ŭɜ { }x 0,1Í , ɞˊɧŰŮ  

( )2 2
1 1

x x x x

0 0

3e 5
e dx xe xe e dx

2

-
< - + =ñ ñ . 

Ⱥˊɞɛɏɜɤɠ   

2
1

x

0

e 3e 5
e dx

2 2

-
< <ñ . 

ȷɆȾȼɆȼ    10. 

ȷɠ ŮɑɜŬɘ  

2
n

n

0

J (1 cost) dt

p

= +ñ , ɛŮ n 1,2,....=  

ɁŬ ŬˊɞŭŮɘɢɗŮɑ ɧŰɘ  

n 1

n

2 1
J

n 1

+-
²
+

. 

ɄɟɞŰŮɑɜŮɘ: ŪɎɜɞɠ ɀɎɔəɞɠ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=22941 

ȿɈɆȼ (ɀɘɢɎɚɖɠ ȿɎɛˊɟɞɡ) ȺˊŮɘŭɐ ŮɑɛŬůŰŮ ůŰɞ 

ˊɟɩŰɞ ŰŮŰŬɟŰɖɛɧɟɘɞ, ɏɢɞɡɛŮ 

2 2
n n

n

0 0

J (1 cost) dt (1 cost) sin tdt

p p

= + ² +ñ ñ  

/2n 1 n 1

o

(1 cos t) 2 1

n 1 n 1

p+ +è ø+ -
= - =é ù

+ +ê ú
. 

ȷɆȾȼɆȼ    11. 

ȷˊɞŭŮɑɝŰŮ ɧŰɘ  

2
1

x

0

4
e dx e 1

3
< < -ñ  

ɄɟɞŰŮɑɜŮɘ: ŪɎɜɞɠ ɀɎɔəɞɠ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=22787 

ȿɈɆȼ (ȸŬůɑɚɖɠ ɀŬɡɟɞűɟɨŭɖɠ) ȷˊɧ ɔɜɤůŰɐ 

ŮűŬɟɛɞɔɐ (ɖ ɘůɧŰɖŰŬ ɛɧɜɞ ůŰɞ 0 ) ŮɑɜŬɘ 

2 2

11 3
x 2 x

0 0

x 4
e x 1 e dx x

3 3

è ø
² + Ý > + =é ù

ê ú
ñ , 

Ůˊɑůɖɠ ůŰɞ ŭɘɎůŰɖɛŬ ɞɚɞəɚɐɟɤůɖɠ ɘůɢɨŮɘ 

2 2
1

1x x x x

0
0

e e e dx e e 1è ø¢ Ý < = -ê úñ . 

ȷɆȾȼɆȼ    12. 

 

ɁŬ ŬˊɞŭŮɘɢɗŮɑ ɖ ŬɜɘůɧŰɖŰŬ  

7
1

0 3 8

x 1
dx

81 x
<

+
ñ  

 

ɄɟɞŰŮɑɜŮɘ: ũɘɎɜɜɖɠ ɆŰɎɛɞɡ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=22786 

ȿɈɆȼ (ŪɎɜɞɠ ɀɎɔəɞɠ) ȺɑɜŬɘ űŬɜŮɟɎ 

1 17
7

3 8
0 0

x 1
dx x dx

81 x
< =

+
ñ ñ . 

ȷɆȾȼɆȼ    13. 

ȰůŰɤ f  ɛɘŬ ůɡɜŮɢɐɠ ůɡɜɎɟŰɖůɖ ůŰɞ [ ],ab ɛŮ 

ůɡɜŮɢɐ ˊŬɟɎɔɤɔɞ f ', ůŰɞ [ ],ab. 

ȷɜ ɘůɢɨŮɘ ɧŰɘ: 

https://www.mathematica.gr/forum/viewtopic.php?f=54&t=22941
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=22941
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=22787
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=22787
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=22786
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=22786
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2 2(f (x)) dx (f (x)) dx l
b b

a a

¡= =ñ ñ  

ŰɧŰŮ ɜŬ ŭŮɑɝŮŰŮ ɧŰɘ: 

2 2(f ( )) (f ( ))
l

2

b - a
²  

ɄɟɞŰŮɑɜŮɘ: ɉɟɐůŰɞɠ ȾɡɟɘŬɕɐɠ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=6597 

ȿɈɆȼ (ȸŬůɑɚɖɠ ɀŬɡɟɞűɟɨŭɖɠ) ȷˊɚɧ əŬɘ 

ɧɛɞɟűɞ 

() ()
2

f x f x dx 0
b

a

¡- ² Ýè øê úñ  

() () ()()
2 2

f x dx f x dx 2f x f x dx
b b b

a a a

¡ ¡+ ²è ø è øê ú ê úñ ñ ñ  

()
() ()2 2

2
f f

2I f x I
2

b

a

b - a
è øÝ ² Ý ²ê ú . 

ȷɆȾȼɆȼ    14. 

ɁŬ ŭŮɑɝŮŰŮ ɧŰɘ 

2

0

8
sin(cosx)dx

9

p

>ñ  

ɄɟɞŰŮɑɜŮɘ: ȸŬůɑɚɖɠ ɀŬɡɟɞűɟɨŭɖɠ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=16844 

ȿɈɆȼ (ȾɞŰɟɩɜɖɠ ȷɜŬůŰɎůɘɞɠ) ȷˊɧ Űɖɜ Ɏůəɖůɖ  

ȸ3 Űɞɡ ůɢɞɚɘəɞɨ ŮɟɩŰɖɛŬ ii)  ɓ), ɝɏɟɞɡɛŮ ɧŰɘ  

3x
sinx x

3!
² -  

ɛŮ Űɖɜ ɘůɧŰɖŰŬ ɜŬ ɘůɢɨŮɘ ɛɧɜɞ ůŰɞ 0 .  

ȰˊŮŰŬɘ ɧŰɘ ɔɘŬ əɎɗŮ x 0,
2

pè ø
Íé ù
ê ú

 ŮɑɜŬɘ  

3cos x
sin(cosx) cosx

3!
² -  

ɛŮ Űɖɜ ɘůɧŰɖŰŬ ɜŬ ɘůɢɨŮɘ ɛɧɜɞ ůŰɞ 
2

p
.  

ȯɟŬ 

/2 /2 /2
3

0 0 0

1
sin(cosx)dx cosxdx cos xdx

6

p p p

> - =ñ ñ ñ  

/2
3

0

1
1 cos xdx

6

p

- =ñ  

/2 sin x y
2

0

1
1 (1 sin x)cosxdx

6

p =

= - - =ñ  

1
2

0

1 8
1 1 y dy

6 9
- - =ñ . 

ȷɆȾȼɆȼ    15. 

ȹɑɜŮŰŬɘ ɖ ůɡɜɎɟŰɖůɖ   

sinx
,x 0

x

f (x)

1 ,x 0

ë û
¸î î

î î
=ì ü
î î=
î î
í ý

 . 

ȹŮɑɝŰŮ ɧŰɘ :   

0

f (x)dx
2

p
p
>ñ  . 

ɄɟɞůˊŬɗɐůŰŮ ɜŬ ɓɟŮɑŰŮ əŬɘ ɏɜŬ "ŬɝɘɞˊɟŮˊɏɠ" Ɏɜɤ  

űɟɎɔɛŬ ɔɘŬ Űɞ ˊŬɟŬˊɎɜɤ ɞɚɞəɚɐɟɤɛŬ. 

 

ɄɟɞŰŮɑɜŮɘ: ŪŬɜɎůɖɠ ȾŬɟŬɜŰɎɜŬɠ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=59446 

https://www.mathematica.gr/forum/viewtopic.php?f=54&t=6597
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=6597
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=16844
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=16844
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=59446
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=59446
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ȿɈɆȼ (ɆŰŬɨɟɞɠ ɄŬˊŬŭɧˊɞɡɚɞɠ) 

 

 
 

 

ȺɢɞɡɛŮ ɧŰɘ  

3

q(x)
f (x)

x
¡¡=  

ɧˊɞɡ  

2q(x) x sinx 2xcosx 2sinx=- - +  

 əŬɘ 

2q (x) x cosx¡ =-  

ȺˊŮɘŭɐ  

2q(0) 0,q( ) ( ) 2 0
2 2

p p
= =- + < 

ůɡɛˊŮɟŬɑɜɞɡɛŮ ɧŰɘ ɖ f ŮɑɜŬɘ əɞɑɚɖ ůŰɞ [0, ]
2

p
 

ȷɟŬ  

2

0

1 1
f(x)dx (f (0) f ( ))

2 2 2 4 2

p
p p p
> + = +ñ   (1). 

ɉɟɖůɘɛɞˊɞɘɧɜŰŬɠ Űɖɜ  

2
x (0, ) sinx x

2

p
Í Ý ²

p
 

ɏɢɞɡɛŮ  

2

0
2

sinx sinx
dx dx

x x

p
p

p = ²
p-ñ ñ  

2

0

2 x
dx 2ln2 1

x

p

² = -
p p-ñ    (2). 

ɄɟɞůɗɏŰɞɜŰŬɠ Űɘɠ (1)(2) ˊŬɑɟɜɞɡɛŮ ɧŰɘ  

0

1
f(x)dx 2ln2 1

4 2 2

p p p
> + + - >ñ  

ũɘŬ ɜŬ ŭɞɨɛŮ ŰɩɟŬ Űɞ ɗɏɛŬ Ŭˊɧ ɛɘŬ Ɏɚɚɖ ůəɞˊɘɎ 

(ŮəŰɧɠ űŬəɏɚɞɡ). 

ȷɜ ɗɏůɞɡɛŮ  

x

0
F(x) f (t)dt=ñ  

ŰɧŰŮ ɖ FɏɢŮɘ ŰɞˊɘəɎ ɛɏɔɘůŰŬ ůŰŬ  

(2k 1) ,k 0,1,2....+ p =  

əŬɘ ŰɞˊɘəɎ ŮɚɎɢɘůŰŬ ůŰŬ  

2k ,k 0,1,2....p = . 

ɀɎɚɘůŰŬ ŮɑɜŬɘ  

F( ) F(3 ) ..... F((2k 1) ) F((2k 3) ) ..p > p > > + p > + p >

Ⱥˊɑůɖɠ ŮɑɜŬɘ ɔɜɤůŰɧ ɧŰɘ  

x
limF(x)

2¤

p
=  

(ɀɘŬ ůŰɞɘɢŮɘɩŭɖɠ ŬˊɧŭŮɘɝɖ ɔɘŬɡŰɧ ɡˊɎɟɢŮɘ ůŰɞɜ 

Spivak ˊɟɧɓɚɖɛŬ 55 ůŰɖɜ ˊŬɟɎɔɟŬűɞ 18). 

ȺŰůɘ ɏɢɞɡɛŮ ɧŰɘ ɖ ɛɏɔɘůŰɖ Űɘɛɐ Űɖɠ F ŮɑɜŬɘ ůŰɞ p  əŬɘ 

ˊɟɞűŬɜɩɠ  

0
F( ) f (t)dt

2

p p
p = >ñ  

ũɘŬ ''ŬɝɘɞˊɟŮˊɏɠ'' Ɏɜɤ űɟɎɔɛŬ ŮɝŬɟŰɎŰŬɘ Ŭˊɧ ˊɧůɞ   

''ŬɝɘɞˊɟŮˊɏɠ'' Űɞ ɗɏɚɞɡɛŮ. 

ɉɟɖůɘɛɞˊɞɘɩɜŰŬɠ Taylor ɛˊɞɟɞɨɛŮ ɜŬ ɓɟɞɨɛŮ  

Ɏɜɤ əŬɘ əɎŰɤ űɟɎɔɛŬŰŬ ɧůɞ əɞɜŰɎ ɗɏɚɞɡɛŮ ůŰɖɜ 

ˊɟŬɔɛŬŰɘəɐ Űɘɛɐ. 
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ȷɆȾȼɆȼ    16. 

ɁŬ ŭŮɑɝŮŰŮ ɧŰɘ  

1 x 3 2

2

0

e (x x 1) e
dx

2(x 1)

+ +
¢

+ñ . 

ɄɟɞŰŮɑɜŮɘ: ɀɡɟŰɩ ȿɘɎˊɖ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=53038#p254459 

ȿɈɆȼ (ŪɎɜɞɠ ɀɎɔəɞɠ) ȺɑɜŬɘ 

3 2 2

2 2

x x 1 (x 1)(x 1) x

(x 1) (x 1)

+ + + + -
= =

+ +
 

2

2 2

x 1 x x
1

x 1 (x 1) (x 1)

+
- ¢ -

+ + +
 

ɔɘŬ əɎɗŮ x [0,1].Í  

Ⱥˊɞɛɏɜɤɠ 

1 13 2
x x x

2 2

0 0

x x 1 x
e e e dx

(x 1) (x 1)

å õ+ +
< - =æ ö

+ +ç ÷
ñ ñ  

1x
x

0

e e
e

x 1 2

è ø
= - =é ù

+ê ú
. 

ȷɆȾȼɆȼ    17. 

ȰůŰɤ f :[0,1] R ɛɘŬ ůɡɜɎɟŰɖůɖ ˊŬɟŬɔɤɔɑůɘɛɖ 

əŬɘ əɡɟŰɐ ɛŮ f (0) 0=  əŬɘ f (1) 2¡ = .  

ɁŬ ŭŮɑɝŮŰŮ ɧŰɘ  

1

0

f (x)dx 1<ñ . 

ɄɟɞŰŮɑɜŮɘ: ɀɡɟŰɩ ȿɘɎˊɖ 

ɆɨɜŭŮůɛɞɠ:https://mathematica.gr/forum/viewtopi

c.php?f=54&t=53030 

ȿɈɆȼ 1 (ɉɟɐůŰɞɠ ȾɡɟɘŬɕɐɠ) Ŭˊɧ Űɖɜ ŬɜɘůɧŰɖŰŬ  

Hermite-Hadamard (ŮəŰɧɠ ɨɚɖɠ, ɛɖ ɓŬɟɎŰŮ)  

ɔɜɤɟɑɕɞɡɛŮ ɧŰɘ: 

1

0

f (t)dt
f (1) f (0) f (1)

1 0 2 2

+
< = =

-

ñ
 

(0,1)1 f(1) f (0) 1 1
  f ( ) f (1) 1

2 1 0 2 2

xÍ-
¡ ¡= x < =

-
. 

ȿɈɆȼ 2 (Rempeskes) ȰůŰɤ A(0,f (0)),B(1,f (1)) 

ɇɧŰŮ ɖ ŮɡɗŮɑŬ ABɏɢŮɘ Ůɝɑůɤůɖ,  

f (1) f (0)
y f (0) (x 0) y f (1) x

1 0

-
- = - Ý = Ö

-
. 

ɃˊɧŰŮ, Ůűɧůɞɜ f əɡɟŰɐ,   

1 1

0 0

1
I f (x)dx (x f (1))dx f (1)

2
= < Ö =ñ ñ  

ȷɚɚɎ,  

0 x 1 f (x) f (1) f (x) 2¡ ¡ ¡< < Ý < Ý < 

əŬɘ 

1 1

0 0
f (x)dx 2dx f (1) 2¡ < Ý <ñ ñ  

ɆɡɜŮˊɩɠ,  

1 1
I f (1) 2 I 1

2 2
= Ö < Ö Ý < 

ɆŰɖɜ ˊɟɞůˊɎɗŮɘɎ ɛɞɡ ɜŬ Ŭˊɞűɨɔɤ Űɞ Ūɀɇ 

ɗŮɩɟɖůŬ ɧŰɘ ɖ f 'ŮɑɜŬɘ ɞɚɞəɚɖɟɩůɘɛɖ, Űɞ ɞˊɞɑɞ 

ŭŮɜ ŭɑɜŮŰŬɘ Ŭˊɧ Űɖɜ Ůəűɩɜɖůɖ. 

ɄŬɟŬŰɐɟɖůɖ: ȼ ˊŬɟɎɔɤɔɞɠ ɛɘŬɠ əɡɟŰɐɠ 

ůɡɜɎɟŰɖůɖɠ (Ŭɜ ɡˊɎɟɢŮɘ) ŮɑɜŬɘ ˊɎɜŰŬ ůɡɜŮɢɐɠ 

ɞˊɧŰŮ əŬɘ ɞɚɞəɚɖɟɩůɘɛɖ. ɀŮ Űɞɜ ɞɟɘůɛɧ Űɞɡ 

ůɢɞɚɘəɞɨ ɡˊɎɟɢŮɘ əŬɘ ŮɑɜŬɘ ɔɜɖůɑɤɠ ŬɨɝɞɡůŬ. 

ɉɟɖůɘɛɞˊɞɘɩɜŰŬɠ Űɖɜ ɘŭɘɧŰɖŰŬ ɧŰɘ ŰŬ ˊɚŮɡɟɘəɎ 

ɧɟɘŬ ɔɜɖůɑɤɠ ŬɨɝɞɡůŬɠ ůɡɜɎɟŰɖůɖɠ ɡˊɎɟɢɞɡɜ 

əŬɘ Űɞ Ū Darboux ɓɔŬɑɜŮɘ ɧŰɘ ŮɑɜŬɘ ůɡɜŮɢɐɠ. 

https://www.mathematica.gr/forum/viewtopic.php?f=54&t=53038#p254459
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=53038#p254459
https://mathematica.gr/forum/viewtopic.php?f=54&t=53030
https://mathematica.gr/forum/viewtopic.php?f=54&t=53030
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ȯɟŬ ɖ ɚɨůɖ ˊɞɡ ɏŭɤůŮ ɞ Rempeskes ŮɑɜŬɘ ŮəŰɧɠ 

ůɢɞɚɘəɐɠ ɨɚɖɠ ŬɚɚɎ ɛŬɗɖɛŬŰɘəɎ ůɤůŰɐ. 

ȿɈɆȼ 3 (ɉɟɐůŰɞɠ ɁŰɎɓŬɠ)  

1 1

0 0

f (x)dx x f (x)dx¡= =ñ ñ  

() ()
1

1

0
0

xf x xf x dx....(1)¡-è øê úñ  

ũɘŬ x> 0 ɏɢɞɡɛŮ 

[ ]MT 0,xÝQ  

()( ) ()
1

1 f . .0,x

f (x) f (0)
f f x

x 0
¡gnauxxÍ

-
¡ ¡= x < Ý

-
 

() ()f x xf x¡< Ý 

() () ()
1 1

0 0

f x dx xf x dx.... 2¡Ý- >-ñ ñ  

[ ]
() ()f 1 f 0

MT 0,1
1 0

-
Q Ý

-
 

( ) ( ) ()
2

2 f . .0,1
f f 2¡gnauxx Í
¡ ¡= x <  

() ()2 f 1 2.... 3Ý <  

()() () ()
1 1

0 0

1 , 2 f (x)dx f 1 f x dxÝ < - Ýñ ñ  

()
()

()

1

3

0

f 1 2
f x dx 1

2 2
< < =ñ . 

ȿɈɆȼ 4 (ɆŰŬɛɎŰɖɠ ũɚɎɟɞɠ) ȯɚɚɖ ɛɘŬ 

ˊɟɞůˊɎɗŮɘŬ ...əŬɘ ŬɡŰɐ ɛŮ Ūɀɇ ɧˊɤɠ ɡˊɏŭŮɘɝŮ ɞ 

xr.tsif... 

Ƚůɢɨɞɡɜ ɞɘ ˊɟɞɦˊɞɗɏůŮɘɠ Űɞɡ Ūɀɇ ɔɘŬ Űɖɜ f ůŰɞ 

[ ]0,x . ɆɡɜŮˊɩɠ ɡˊɎɟɢŮɘ ŰɞɡɚɎɢɘůŰɞɜ ɏɜŬ 

(0,x)xÍ  ŰɏŰɞɘɞ ɩůŰŮ 

f (x) f (0) f (x)
f ( )

x 0 x

-
¡x = =

-
f (x) f ( )x¡Ú = x  (1) 

 

Ⱥˊɑůɖɠ, Ŭűɞɨ f : əɡɟŰɐ ůɡɛˊŮɟŬɑɜɞɡɛŮ ɧŰɘ ɖ f '  

ŮɑɜŬɘ ɔɜɖůɑɤɠ ŬɨɝɞɡůŬ. ɆɡɜŮˊɩɠ ɔɘŬ  

1 f ( ) f (1) 2¡ ¡x< Ý x < = (2). 

ɃɚɞəɚɖɟɩɜɞɜŰŬɠ Űɖɜ (1) əŬɘ ŬɜŰɘəŬɗɘůŰɩɜŰŬɠ 

Űɖɜ (2) ɏɢɞɡɛŮ:  

1 1

0 0

1
f(x)dx f ( ) xdx 2 1

2
¡< x < Ö =ñ ñ . 

ȷɆȾȼɆȼ    18. 

ȹŮɑɝŰŮ ɧŰɘ :  

22 x 2

1

3e e e 2e
dx

8 x 4

+
< <ñ  

ɄɟɞŰŮɑɜŮɘ: ŪŬɜɎůɖɠ ȾŬɟŬɜŰɎɜŬɠ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=49328#p233538 

ȿɈɆȼ 1 (ŪɎɜɞɠ ɀɎɔəɞɠ) ȼ ůɡɜɎɟŰɖůɖ 
xe

,x 0
x
>  ŮɑɜŬɘ əɡɟŰɐ, ɞˊɧŰŮ Ŭˊɧ Űɖɜ 

http://www.mathematica.gr/forum/viewtopic.php?

p=208516#p208516 

ȷɜɘůɧŰɖŰŬ Hermite-Hadamard ɏɢɞɡɛŮ 

22 x
3/2

1

e 2e e 2
dx e .

4 x 3

+
> >ñ  

ȷɡŰɐ ŮɑɜŬɘ əŬŰɎ Űɘ ɘůɢɡɟɧŰŮɟɖ. 

ɄŬɟŬŰɐɟɖůɖ 1. ȼ ŬɜɘůɧŰɖŰŬ ˊɞɡ ɢɟɖůɘɛɞˊɞɘŮɑ ɞ  

ŪɎɜɞɠ ˊɟɞɓɚɏˊŮɘ Űɖɜ ŮűŬˊŰɞɛɏɜɖ ůŰɞ "ɛŮůŬɑɞ" 

ůɖɛŮɑɞ Űɖɠ ɔɟŬűɘəɐɠ ˊŬɟɎůŰŬůɖɠ. 

ȼ ˊɟɞŰŬɗŮɑůŬ ůŰɖɜ Ůəűɩɜɖůɖ ɢɟɖůɘɛɞˊɞɘŮɑ 

ŮűŬˊŰɞɛɏɜɖ ůŰɞ ɏɜŬ Ɏəɟɞ, ɓɚɏˊŮ ůɢɐɛŬ 

 

 

 

https://www.mathematica.gr/forum/viewtopic.php?f=54&t=49328#p233538
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=49328#p233538
http://www.mathematica.gr/forum/viewtopic.php?p=208516#p208516
http://www.mathematica.gr/forum/viewtopic.php?p=208516#p208516
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əŬɘ  

http://www.mathematica.gr/forum/viewtopic.php?

f=54&t=49338 

ůɢŮŰɘəɐ ŬɜɎɟŰɖůɖ 

ȿɈɆȼ 2 (ũɘɩɟɔɖɠ ȾŬɚŬɗɎəɖɠ) ɇɞ ŮˊɘɚŮɔɛɏɜɞ 

ůɖɛŮɑɞ 
3

x
2
=  Űɞɡ ŪɎɜɞɡ ŭŮɜ ŭɑɜŮɘ ŬˊɚɎ əŬɚɨŰŮɟɞ 

əɎŰɤ űɟɎɔɛŬ ŬɚɚɎ Űɞ əŬɚɨŰŮɟɞ ŭɡɜŬŰɧ ɔɘŬ ɛɘŬ 

ɛɧɜɞ ŮűŬˊŰɞɛɏɜɖ. 

ɄɟɎɔɛŬŰɘ, Ŭɜ ɗŮɤɟɐůɞɡɛŮ ɏɜŬ ŰɡɢŬɑɞ ůɖɛŮɑɞ 

0 0M(x ,f (x )) Űɖɠ ɔɟŬűɘəɐɠ ˊŬɟɎůŰŬůɖɠ Űɖɠ  

xe
f (x)

x
=  , ɛŮ 0x [1,2]Í , 

ŰɧŰŮ ɖ Ůɝɑůɤůɖ Űɖɠ ŮűŬˊŰɞɛɏɜɖɠ ůŰɞM  ŮɑɜŬɘ: 

00 xx
0

02
0 0

e (x 1)e
y (x x )

x x

-
- = -  

ũɘŬ x 1=  ŮɑɜŬɘ  

00 xx
0

02
0 0

e (x 1)e
y (1 x )

x x

-
= + -  

əŬɘ ɔɘŬ x 2=  ŮɑɜŬɘ  

00 xx
0

02
0 0

e (x 1)e
y (2 x )

x x

-
= + - . 

ȰŰůɘ ŭɖɛɘɞɡɟɔŮɑŰŬɘ Űɞ ŰɟŬˊɏɕɘɞ DEZC. ɇɞ əɎŰɤ 

űɟɎɔɛŬ Űɞɡ ɞɚɞəɚɖɟɩɛŬŰɞɠ ɗŬ ŮɑɜŬɘ Űɞ əŬɚɨŰŮɟɞ 

ŭɡɜŬŰɧ ɧŰŬɜ Űɞ ŮɛɓŬŭɧɜ Űɞɡ ŰɟŬˊŮɕɑɞɡ ɔɑɜŮɘ 

ɛɏɔɘůŰɞ. 

 

 
 

 

 

ȺˊŮɘŭɐ Űɞ ɨɣɞɠ Űɞɡ ŮɑɜŬɘ 1 Űɞ ŮɛɓŬŭɧɜ Űɞɡ ŮɑɜŬɘ 

ɑůɞ ɛŮ Űɞ ɖɛɘɎɗɟɞɘůɛŬ Űɤɜ ɓɎůŮɤɜ ˊɞɡ ɘůɞɨŰŬɘ 

ɛŮ 

00 xx
0

02
0 0

e (x 1)1 e
(1 x )

2 x x

è ø-
+ - +é ù

ê ú
 

00 xx
0

02
0 0

e (x 1)1 e
(2 x )

2 x x

è ø-
Ö + - =é ù
ê ú

 

00 xx
0

02
0 0

e (x 1)1 2e
(3 2x )

2 x x

è ø-
+ - =é ù

ê ú
 

0 0x x

0 0 0

2

0

2x e e (x 1)(3 2x )

2x

+ - -
. 

 

http://www.mathematica.gr/forum/viewtopic.php?f=54&t=49338
http://www.mathematica.gr/forum/viewtopic.php?f=54&t=49338
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ŪŮɤɟɞɨɛŮ Űɖɜ   

x x

2

2xe e (x 1)(3 2x)
t(x)

2x

+ - -
=  ɛŮ x [1,2]Í  

ȺɑɜŬɘ   

x 3 2

3

e ( 2x 7x 10x 6)
t (x)

2x

- + - +
¡ = = 

x 2

3

e (2x 3)(x 2x 2)

2x

- - +
-  

ȺɨəɞɚŬ ɓɟɑůəɞɡɛŮ ɧŰɘ ɖt ɏɢŮɘ ɞɚɘəɧ ɛɏɔɘůŰɞ ůŰɞ 

3
x

2
=  . 

ɄŬɟŬŰɐɟɖůɖ 2. ȼ  ˊŬɟŬŰɐɟɖůɖ əŬɘ ɖ 

ŮˊŮɝŮɟɔŬůɑŬ Űɞɡ ɗɏɛŬŰɞɠ Ŭˊɧ Űɞ  ũɘɩɟɔɖ ŮɑɜŬɘ 

ŮɜŰɡˊɤůɘŬəɐ. ȺˊŮəŰŮɑɜɞɜŰŬɠ Űɖ ůəɏɣɖ Űɞɡ 

ŭɞəɑɛŬůŬ Ŭɜ ɘůɢɨŮɘ Űɞ ɑŭɘɞ ůɡɛˊɏɟŬůɛŬ ɔɘŬ  

ɎɚɚŮɠ əɡɟŰɏɠ ůɡɜŬɟŰɐůŮɘɠ. 

ȼ  ŬˊɎɜŰɖůɖ ŮɑɜŬɘ ŮɜŰɡˊɤůɘŬəɧŰŮɟɖ. ɁŬɘ ɔɘŬ  

əɡɟŰɐ ůŮ ŭɘɎůŰɖɛŬ [ ],ab ůɡɜɎɟŰɖůɖ f , ɖ 

ŮűŬˊŰɞɛɏɜɖ Űɖɠ, ɖ ɞˊɞɑŬ ůɢɖɛŬŰɑɕŮɘ Űɞ ɛɏɔɘůŰɞ 

ɢɤɟɑɞ ɛŮŰŬɝɨ ŬɡŰɐɠ, Űɞɡ ɎɝɞɜŬ x'x  əŬɘ Űɤɜ 

x a,x b= =, ŮɑɜŬɘ ŬɡŰɐ ůŰɞ ůɖɛŮɑɞ  

a b a b
( ,f ( ))

2 2

+ +
 !  

 
 

 

ȹŮɜ ɔɜɤɟɑɕɤ Ŭɜ ɡˊɎɟɢŮɘ ůɢŮŰɘəɐ ˊɟɞɖɔɞɨɛŮɜɖ 

ŮɜŬůɢɧɚɖůɖ əŬɘ ŬˊɞŰŮɚɏůɛŬŰŬ, ɜɞɛɑɕɤ ɧŰɘ Ŭɜ ɖ 

ŮɘəŬůɑŬ - ˊɟɞɠ Űɞ ˊŬɟɧɜ - ɘůɢɨŮɘ, "ˊɘɎůŬɛŮ 

ůˊɞɡŭŬɑɞ ɣɎɟɘ ". 

Ɇɖɛ : ȼ  ůɡɜɎɟŰɖůɖ Űɞɡ ůɢɐɛŬŰɞɠ ŮɑɜŬɘ   

3x
f (x) 3

32
= + 

əŬɘ Űɞ ŭɘɎůŰɖɛŬ Űɞ [ ]0,4 . 

ȷɜ Űɞ  S əɘɜŮɑŰŬɘ Ůˊɑ Űɖɠ fC ɛŮŰŬɝɨ Űɤɜ (0,f (0))  

əŬɘ (4,f (4)) ŭŮɑɝŰŮ ɧŰɘ Űɞ  

max(ABDC) 13= . 

(ɄɞɘŬ ŮɑɜŬɘ ɖ ɞɟɘŬəɐ ɗɏůɖ Űɞɡ S, ɩůŰŮ Űɞ C  ɜŬ 

ɛɖɜ ɓɟŮɗŮɑ "əɎŰɤ" Ŭˊɧ Űɞ A ? ) 

ȿɈɆȼ (Ʌɞŭɧɚűɞɠ ɀˊɧɟɖɠ) ŪɏŰɤ  

A Bg(x) y y 2f(x) f (x)(a b 2x)¡= + = + + - 

ɧˊɞɡ (x,f (x))Űɞ ůɖɛŮɑɞ ŮˊŬűɐɠ, ɛŮ Ůɝɑůɤůɖ 

ŮűŬˊŰɞɛɏɜɖɠ 

Y f(X) f (x)(X x)¡- = - 

ɇɞ ŮɛɓŬŭɧ Űɞɡ ŰɟŬˊŮɕɑɞɡ ŮɑɜŬɘ  

E 1/ 2(b a) | g(x) |= -  

An ɡˊɞɗɏůɞɡɛŮ ˊɤɠ g(x) 0,x [a,b]> Í  Ŭˊɧ Űɞɜ 

ˊɑɜŬəŬ ɛɞɜɞŰɞɜɑŬɠ Űɖɠ g  ɓɟɑůəɞɡɛŮ ɞŰɘ g max= , 

ɎɟŬ əŬɘ E max= , ɧŰŬɜ x 1/ 2(a b)= + . 

(ɈˊɏɗŮůŬ ɔɘŬ ŮɡəɞɚɑŬ ɞŰɘ ɖ f ŮɑɜŬɘ 2 űɞɟɏɠ 

ˊŬɟŬɔɤɔɑůɘɛɖ). 

ȷɆȾȼɆȼ    19. 

ɁŬ ŭŮɑɝŮŰŮ ɧŰɘ: 

e

1

e
lnxdx

2
<ñ  

ɄɟɞŰŮɑɜŮɘ: ȿɎɛˊɟɞɠ ɀˊŬɚɧɠ 
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ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=49248&p=233077#p233077 

ȿɈɆȼ (ȸŬɔɔɏɚɖɠ ɄŬˊŬˊɏŰɟɞɠ) ũɘŬ əɎɗŮ 

[ ]x 1,eÍ  ɏɢɞɡɛŮ: 

( )
2

lnx 1 0 lnx 1 2 lnx- ² + ²  

ɛŮ Űɖɜ ɘůɧŰɖŰŬ ɜŬ ɘůɢɨŮɘ, Ŭɜ əŬɘ ɛɧɜɞ Ŭɜ,  

x e=, ɞˊɧŰŮ: 

( )
e e

1 1

2 lnxdx lnx 1 dx< +ñ ñ , 

ɧˊɞɡ  

( ) ( ) ( )
e e

e

1
1 1

lnx 1 dx x lnx 1 x lnx 1 dx
¡

+ = + - +è øê úñ ñ  

e

1

2e 1 dx 2e 1 e 1 e= - - = - - + =ñ  

əŬɘ ůɡɜŮˊɩɠ: 

e e

1 1

e
2 lnxdx e lnxdx

2
< <ñ ñ , 

ɧˊɤɠ ɗɏɚŬɛŮ. 

ȷɆȾȼɆȼ    20. 

ɀɘŬ ůɡɜɎɟŰɖůɖ f  ŮɑɜŬɘ ůɡɜŮɢɐɠ ůŰɞ [ ],ab. Aɜ 

ɔɘŬ əɎɗŮ [ )x ,Í ab ɡˊɎɟɢŮɘ ( )y x,Í b, ɩůŰŮ 

()
y

x

f t dt 0>ñ , ɜŬ ŬˊɞŭŮɘɢɗŮɑ ɧŰɘ  

()f t dt 0
b

a

>ñ . 

ɄɟɞŰŮɑɜŮɘ: ɀˊɎɛˊɖɠ ɆŰŮɟɔɑɞɡ 

ɆɨɜŭŮůɛɞɠ:http://www.mathematica.gr/forum/vie

wtopic.php?f=39&t=231643 

ȿɈɆȼ (ȷɚɏɝŬɜŭɟɞɠ G) ŪŮɤɟɞɨɛŮ Űɖ ůɡɜɎɟŰɖůɖ  

() ()
y

F y f t dt
a

=ñ  ɔɘŬ ya¢ ¢b. 

ȼ F ŮɑɜŬɘ ůɡɜŮɢɐɠ Ŭűɞɨ ŮɑɜŬɘ ˊŬɟŬɔɤɔɑůɘɛɖ. ɀŮ 

ɢɟɐůɖ Űɖɠ FŰɞ ˊɟɧɓɚɖɛŬ ˊŬɑɟɜŮɘ Űɖɜ Ůɝɐɠ ɛɞɟűɐ 

ˊɞɡ ŭŮɜ ɏɢŮɘ ˊɚɏɞɜ ɞɚɞəɚɖɟɩɛŬŰŬ: 

ȰůŰɤ F ůɡɜŮɢɐɠ ůŰɞ [ ],ab ɛŮ ()F 0a = ɖ ɞˊɞɑŬ 

ɏɢŮɘ Űɖɜ Ůɝɐɠ ɘŭɘɧŰɖŰŬ: ɔɘŬ əɎɗŮ [ )x ,Í abɡˊɎɟɢŮɘ 

( )y ,Í abɛŮ () ()F y F x> . ɇɧŰŮ ()F 0b >. 

ȷˊɧŭŮɘɝɖ: ȷűɞɨ ɖ FŮɑɜŬɘ ůɡɜŮɢɐɠ ůŮ əɚŮɘůŰɧ 

ŭɘɎůŰɖɛŬ ɏɢŮɘ ɛɏɔɘůŰɞ. ȷˊɧ Űɖɜ ɡˊɧɗŮůɖ ɔɘŬ 

x=aɡˊɎɟɢŮɘ yɛŮ ()F y 0> . ȯɟŬ Űɞ ɛɏɔɘůŰɞ 

ŮɑɜŬɘ ůɑɔɞɡɟŬ ɗŮŰɘəɧ. ɇɩɟŬ Űɞ ɛɏɔɘůŰɞ ˊɟɏˊŮɘ ɜŬ 

ŮɛűŬɜɑɕŮŰŬɘ ůŰɞ bəŬɘ ŰŮɚŮɘɩůŬɛŮ. 

ȷɜ ɧɢɘ, ŰɧŰŮ Űɞ ɛɏɔɘůŰɞ ŮɛűŬɜɑɕŮŰŬɘ ůŮ əɎˊɞɘɞ 

ůɖɛŮɑɞ xa< <b. ɇɧŰŮ Ŭˊɧ Űɖɜ ɡˊɧɗŮůɖ ɡˊɎɟɢŮɘ 

y'ɛŮ () ()F y' F x> , ɎŰɞˊɞ Ŭűɞɨ Űɞ ()F x ɐŰŬɜ Űɞ 

ɛɏɔɘůŰɞ Űɖɠ F. 

ȷɆȾȼɆȼ    21. 

ȰůŰɤ f  ůɡɜɎɟŰɖůɖ ɞɟɘůɛɏɜɖ ůŰɞ [0,2 ]p, ŭɨɞ 

űɞɟɏɠ ˊŬɟŬɔɤɔɑůɘɛɖ, ɛŮ ůɡɜŮɢɐ ŭŮɨŰŮɟɖ 

ˊŬɟɎɔɤɔɞ əŬɘ ŰɏŰɞɘŬ ɩůŰŮ f (x) 0¡¡>  ɔɘŬ əɎɗŮ  x

ɛŮ 0 x 2< < p. ȹŮɑɝŮŰŮ ɧŰɘ:    

2

0

f (x)cos(x)dx 0
p

>ñ  

ɄɟɞŰŮɑɜŮɘ: ũɘɩɟɔɖɠ ȾŬɚŬɗɎəɖɠ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=46035 

ȿɈɆȼ (ȷɜŰɩɜɖɠ ȻɖŰɟɑŭɖɠ) 

2 2

0 0
f (x)(sinx) dx f (x)sinxdx
p p

¡ ¡=- =ñ ñ  

2

0
f (x)(cosx) dx
p

¡¡ =ñ
2

0
f (2 ) f (0) f (x)cosxdx

p
¡ ¡ ¡¡p - - =ñ  

https://www.mathematica.gr/forum/viewtopic.php?f=54&t=49248&p=233077#p233077
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=49248&p=233077#p233077
http://www.mathematica.gr/forum/viewtopic.php?f=39&t=231643
http://www.mathematica.gr/forum/viewtopic.php?f=39&t=231643
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=46035
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=46035
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2 2

0 0
f (x)dx f (x)cosxdx
p p
¡¡ ¡¡- =ñ ñ  

2

0
f (x)(1 cosx)dx 0
p
¡¡ - >ñ . 

ȷɆȾȼɆȼ    22. 

 

ɁŬ ŭŮɑɝŮŰŮ ɧŰɘ:  

1
x

0

3
x dx

2

- ¢ñ . 

ɀˊɞɟɞɨɛŮ ɜŬ ɓŮɚŰɘɩůɞɡɛŮ Űɞ űɟɎɔɛŬ; 

 

ɄɟɞŰŮɑɜŮɘ: ȷˊɞůŰɧɚɖɠ ȾɞɡɟŭɞɡəɚɎɠ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=45304 

ȿɈɆȼ (ɀɘɢɎɚɖɠ ȿɎɛˊɟɞɡ) ɄŬɟŬɔɤɔɑɕɞɜŰŬɠ 

ŮɨəɞɚŬ ɓɟɑůəɞɡɛŮ ɧŰɘ ɖ xx-  ɏɢŮɘ ɞɚɘəɧ ɛɏɔɘůŰɞ 

ůŰɞ x 1/ e= . ȼ Űɘɛɐ Űɞɡ ɛŮɔɑůŰɞɡ ŮɑɜŬɘ  

1/e 3
e 1,444667

2
º <, 

ɞˊɧŰŮ ɘůɢɨŮɘ Űɞ ɑŭɘɞ əŬɘ ɔɘŬ Űɞ ɞɚɞəɚɐɟɤɛŬ Ŭűɞɨ 

Űɞ ŭɘɎůŰɖɛŬ ɞɚɞəɚɐɟɤůɖɠ ŮɑɜŬɘ 1. 

ɀˊɞɟɞɨɛŮ ɜŬ ɓŮɚŰɘɩůɞɡɛŮ əŬɘ Ɏɚɚɞ Űɞ űɟɎɔɛŬ 

əɧɓɞɜŰŬɠ ˊ.ɢ. Űɞ ɞɚɞəɚɐɟɤɛŬ ůŰɞ 3 / 4 əŬɘ 

ɚɏɔɞɜŰŬɠ ɧŰɘ ůŰɞ ŰŮɚŮɡŰŬɑɞ əɞɛɛɎŰɘ (ˊɚɎŰɞɡɠ 

1/ 4)  ɖ xx-  ŮɑɜŬɘ űɗɑɜɞɡůŬ ɎɟŬ ɛɘəɟɧŰŮɟɖ Ŭˊɧ 

3/4 1/e(4 / 3) 1,24 1,44 eº < <. 

ɃˊɧŰŮ ɛɘəɟŬɑɜŮɘ ɖ ˊɟɞɖɔɞɨɛŮɜɖ ŮəŰɑɛɖůɖ Űɞɡ 

ɞɚɞəɚɖɟɩɛŬŰɞɠ ŰɞɡɚɎɢɘůŰɞɜ əŬŰɎ  

1
(1,44 1,24) 0,05

4
- ³ = . 

 

 

 

ȷɆȾȼɆȼ    23. 

ȹɑɜŮŰŬɘ ůɡɜɎɟŰɖůɖ f  ŭɘɠ ˊŬɟŬɔɤɔɑůɘɛɖ əŬɘ 

ɞɟɘůɛɏɜɖ ůŰɞ [ ],ab ɩůŰŮ f (a) f (b) 0= = , 

f (x) 0 x (a,b)> " Í . AˊɞŭŮɑɝŰŮ ɧŰɘ: 

1) ɈˊɎɟɢɞɡɜ1 2x ,x (a,b)Í  ɛŮ 1 2x x<  ɩůŰŮ 

1 2

4M
f (x ) f (x )

b a
¡ ¡- ²

-
 

ɧˊɞɡ M maxf(x) ,x [a,b]= Í  

2) ȷɜ ɡˊɎɟɢŮɘ Űɞ 
b

a

| f (x) |
I dx

f (x)

¡¡
=ñ  əŬɘ ɖ f ''  ŮɑɜŬɘ 

ůɡɜŮɢɐɠ ŰɧŰŮ 
4

I
b a
²
-

. 

ɄɟɞŰŮɑɜŮɘ:erxmer 

ɆɨɜŭŮůɛɞɠ:https://mathematica.gr/forum/viewtopi

c.php?f=54&t=38749&p=180196#p180196 

ȿɈɆȼ (ȸŬůɑɚɖɠ ȾŬəŬɓɎɠ) ȺˊŮɘŭɐ  

f (a) f (b) 0, f (x) 0, x (a,b)= = > Í  

Ŭˊɧ ɗŮɩɟɖɛŬ ɛŮɔɑůŰɖɠ əŬɘ ŮɚɎɢɘůŰɖɠ Űɘɛɐɠ ɗŬ 

ɡˊɎɟɢŮɘ 0x ( , b)Í a  ɩůŰŮ  

0f (x) f (x ) M¢ =  

ɇɩɟŬ ůɨɛűɤɜŬ ɛŮ Űɞ Ū.ɀ.ɇ  ůŰŬ ŭɘŬůŰɐɛŬŰŬ 

0 0[ , x ], [x , b]a  ɗŬ ɡˊɎɟɢɞɡɜ  

1 0 2 0x (a, x ), x (x , b)Í Í  

ɩůŰŮ  

0 0
1 2

0 0

f (x ) f (a) f (b) f (x )
f (x ) , f (x )

x a b x

- -
¡ ¡= =

- -
 

ɐ  

https://www.mathematica.gr/forum/viewtopic.php?f=54&t=45304
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=45304
https://mathematica.gr/forum/viewtopic.php?f=54&t=38749&p=180196#p180196
https://mathematica.gr/forum/viewtopic.php?f=54&t=38749&p=180196#p180196
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1 2

0 0

M M
f (x ) , f (x )

x a b x

-
¡ ¡= =

- -
 

Ŭűɞɨ f (a) f (b) 0= = 

ɞˊɧŰŮ ɗŬ ŮɑɜŬɘ  

1 2

0 0

M M
f (x ) f (x )

x a b x
¡ ¡- = + =

- -
 

( ) ( )
0 0

0 0 0 0

b x x a b a
M M

(x a) b x (x a) b x

- + - -
=

- - - -
 

Ůˊɞɛɏɜɤɠ ŬɟəŮɑ ɜŬ ŭŮɑɝɞɡɛŮ ɧŰɘ  

( )0 0

b a 4M
M

(x a) b x b a

-
² Ú

- - -
 

(ŮˊŮɘŭɐ M 0> ) 

( )2

0 0(b ) 4(x a) b xÚ -a ² - - Ú 

2

0 0 0 0(b x x ) 4(x a)(b x )- + -a ² - - 

ˊɞɡ ɘůɢɨŮɘ  ůŬɜ ɓŬůɘəɐ ŬɜɘůɧŰɖŰŬ (ɗɏŰɞɜŰŬɠ 

0 0b x , x ab= - g= - ɘůɢɨŮɘ 2( ) 4b+g ² bg). 

ȷɆȾȼɆȼ    24. 

ȰůŰɤ [ ]f : , Rab   ɛɘŬ ůɡɜŮɢɐɠ ůɡɜɎɟŰɖůɖ ɛŮ

()f x dx 0
b

a

=ñ .  

ɁŬ ŭŮɑɝŮŰŮ ɧŰɘ 

() ( )2f x dx m M
b

a

¢- Ö Ö b-añ ,  

ɧˊɞɡ  

[ ] ()x ,
m min f x

Íab
=  əŬɘ [ ] ()x ,

M max f x
Íab

= . 

ɄɟɞŰŮɑɜŮɘ: ɉɟɘůŰɧŭɞɡɚɞɠ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=38171&p=177584#p177584 

ȿɈɆȼ (ūɤŰŮɘɜɐ) ȷűɞɨ ɔɘŬ əɎɗŮ [ ]x ,Í ab 

()m f x M¢ ¢  

ɗŬ ɏɢɞɡɛŮ 

()( )()2f x m M f x mM¢ + -  

əŬɘ ɞɚɞəɚɖɟɩɜɞɜŰŬɠ əŬŰɎ ɛɏɚɖ ɏɢɞɡɛŮ Űɞ  

ɕɖŰɞɨɛŮɜɞ. 

ȷɆȾȼɆȼ    25. 

ȰůŰɤ [ ]f : 1,5   ɛɘŬ ˊŬɟŬɔɤɔɑůɘɛɖ ůɡɜɎɟŰɖůɖ 

ɔɘŬ Űɖɜ ɞˊɞɑŬ ɘůɢɨŮɘ  

()( ) ()( )2f x x 6x 5 f x 2x 6¡ - + ¸ - 

ɔɘŬ əɎɗŮ [ ]x 1,5Í . 

Ŭ) ɁŬ ŬˊɞŭŮɘɢɗŮɑ ɧŰɘ ɖ f  ɏɢŮɘ ɛɑŬ ŰɞɡɚɎɢɘůŰɞɜ 

ɟɑɕŬ. 

ɓ) ȷɜ    ()( ) ()( )2f x x 6x 5 f x 2x 6¡ - + > - 

ɔɘŬ əɎɗŮ [ ]x 1,5Í , ɜŬ ŬˊɞŭŮɘɢɗŮɑ ɧŰɘ  

() () ()
4

2

22 22
f 4 f x dx f 2

9 9
< <ñ . 

ɄɟɞŰŮɑɜŮɘ: ȹɖɛɐŰɟɖɠ ȸŮɟɟɞɘɧˊɞɡɚɞɠ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=44019&p=205882#p205882 

ȿɈɆȼ (ɉɟɐůŰɞɠ ȾɡɟɘŬɕɐɠ) ȰůŰɤ ˊɤɠ ɖ f  ŭŮɜ 

ɏɢŮɘ ɟɑɕŬ ůŰɞ [ ]1.5 . 

ɇɧŰŮ f (x) 0, x [1,5].¸ " Í  

ɀˊɞɟɩ ɜŬ ɗŮɤɟɐůɤ Űɖ ůɡɜɎɟŰɖůɖ ɛŮ Űɨˊɞ:  

https://www.mathematica.gr/forum/viewtopic.php?f=54&t=38171&p=177584#p177584
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=38171&p=177584#p177584
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=44019&p=205882#p205882
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=44019&p=205882#p205882
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2x 6x 5
g(x)

f (x)

- +
= , [ ]x 1.5Í  

ȺɑɜŬɘ Ůɨəɞɚɞ ɜŬ ŭɘŬˊɘůŰɩůɞɡɛŮ ˊɤɠ 

ɘəŬɜɞˊɞɘɞɨɜŰŬɘ ɞ ˊɟɞɦˊɞɗɏůŮɘɠ Űɞɡ ɗŮɤɟɐɛŬŰɞɠ 

Rolle ůŰɞ [ ]1.5, Ůˊɞɛɏɜɤɠ ɡˊɎɟɢŮɘ ŰɞɡɚɎɢɘůŰɞɜ 

ɏɜŬɠ (1,5)xÍ  ɩůŰŮ g ( ) 0.¡x = 

ȷɡŰɧ ɧɛɤɠ ŮɑɜŬɘ ɎŰɞˊɞ ɚɧɔɤ Űɖɠ ŭɞɗŮɑůŬɠ 

ůɡɜɗɐəɖɠ ɔɘŬŰɑ 

2

2

(2x 6)f (x) f (x)(x 6x 5)
g (x) 0

f (x)

¡- - - +
¡ = ,̧ 

x (1,5)" Í  

Ⱥˊɞɛɏɜɤɠ ɖ f  ɏɢŮɘ ɛɑŬ ŰɞɡɚɎɢɘůŰɞɜ ɟɑɕŬ. 

ũɘŬ Űɞ ŭŮɨŰŮɟɞ ŮɟɩŰɖɛŬ ŬɟəŮɑ ɜŬ ˊŬɟŬŰɖɟɐůɞɡɛŮ 

ˊɤɠ  

[ ]2x 6x 5 0, x 2,4- + < " Í . 

ȷɜ ɗŮɤɟɐůɞɡɛŮ Űɖ ůɡɜɎɟŰɖůɖ  

[ ]2

f (x)
h(x) ,x 2,4

x 6x 5
= Í
- +

 

ŮɨəɞɚŬ ɚŬɛɓɎɜɞɡɛŮ Ŭˊɧ Űɖ ŭɞɗŮɑůŬ ůɡɜɗɐəɖ ˊɤɠ 

ŮɑɜŬɘ ɔɜɖůɑɤɠ ŬɨɝɞɡůŬ (ɛŮ Ŭˊɚɧ ɡˊɞɚɞɔɘůɛɧ 

ˊŬɟŬɔɩɔɞɡ). 

ɇɧŰŮ: 

h(2) h(x) h(4)¢ ¢ Ý 

2

f (2) f (x) f (4)

3 3x 6x 5
¢ ¢ Ý

- -- +
 

( ) ( )2 2f (2) f (4)
x 6x 5 f(x) x 6x 5

3 3
- + ² ² - +

- -
 

ɃɚɞəɚɖɟɩɜɞɜŰŬɠ ŬɡŰɐɜ Űɖ ůɢɏůɖ ůŰɞ [ ]2,4  

ɏɢɞɡɛŮ Űɞ ɕɖŰɞɨɛŮɜɞ Ŭűɞɨ 

( )
4

2

2

22
x 6x 5 dx

3
- + =-ñ . 

ȷɆȾȼɆȼ    26. 

ȰůŰɤ [ ]f : 0,1   ɛɑŬ ůɡɜŮɢɐɠ ůɡɜɎɟŰɖůɖ 

ŰɏŰɞɘŬ ɩůŰŮ ɜŬ ɘůɢɨŮɘ  

() [ ]
1 2

x

1 x
f t dt x 0,1

2

-
² " Íñ . 

ȺɎɜ [ ]F: 0,1  ŮɑɜŬɘ ɛɑŬ ˊŬɟɎɔɞɡůŬ Űɖɠ f , ɜŬ 

ŬˊɞŭŮɘɢɗŮɑ ɧŰɘ: 

Ŭ) () () ()
1 1

0 0

F 1 xf x dx F x dx= +ñ ñ , 

ɓ) ()
1

0

1
xf x dx

3
²ñ , 

ɔ) ()
1

2

0

1
f x dx

3
²ñ . 

ɄɟɞŰŮɑɜŮɘ: ȹɖɛɐŰɟɖɠ ȸŮɟɟɞɘɧˊɞɡɚɞɠ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=43507 

ȿɈɆȼ (NikosTS) Ŭ)ȽůɢɨŮɘ: 

1 1

0 0

xf(x)dx F(x)dx+ =ñ ñ  

1
1

0

0

xf (x) (x)'F(x)dx [xF(x)] F(1)+ = =ñ  

ɓ) ɀɑŬ ˊŬɟɎɔɞɡůŬ Űɖɠ f  ůŰɞ [ ]0,1  ŮɑɜŬɘ ɖ  

x

1

F(x) f (t)dt=ñ , ɛŮ F(1) 0= . 

Ⱥˊɞɛɏɜɤɠ, Ŭˊɧ ɡˊɧɗŮůɖ ɘůɢɨŮɘ:  

21 x
F(x)

2

-
- ²  

ȯɟŬ, Ŭˊɧ Űɖɜ ůɢɏůɖ Űɞɡ (Ŭ) ŮɟɤŰɐɛŬŰɞɠ ɏɢɞɡɛŮ:  

1 1

0 0

xf (x)dx F(x)dx=- ²ñ ñ  

https://www.mathematica.gr/forum/viewtopic.php?f=54&t=43507
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=43507
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1 2
3 1

0

0

1 x 1 1 1
dx [ x x ]

2 2 6 3

-
² = - =ñ  

ɔ) ȽůɢɨŮɘ[ ]x 0,1" Í : 

()2 2 2(f (x) x) 0 f x 2f (x)x x- ² Ú ² - Ý 

()
1 1 1

2 2

0 0 0

f x dx 2 f(x)xdx x dx² - ²ñ ñ ñ 

3
1

0

1 x 2 1 1
2 [ ]

3 3 3 3 3
² - = - =. 

ȷɆȾȼɆȼ    27. 

ȰůŰɤ f :[0,1] [0, ) +¤ ůɡɜŮɢɐɠ ůɡɜɎɟŰɖůɖ, ɔɘŬ 

Űɖɜ ɞˊɞɑŬ ɘůɢɨŮɘ  

t
2

0

f (t) 1 2 f (u)du,¢ +ñ  ɔɘŬ əɎɗŮ t [0,1]Í . 

ɁŬ ŬˊɞŭŮɘɢɗŮɑ ɧŰɘ  

f (t) t 1,¢ + ɔɘŬ əɎɗŮ t [0,1]Í . 

ɄɟɞŰŮɑɜŮɘ: ŪɎɜɞɠ ɀɎɔəɞɠ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=23072 

ȿɈɆȼ (ȸŬůɑɚɖɠ ɀŬɡɟɞűɟɨŭɖɠ) ȺˊŮɘŭɐ ɔɘŬ Űɖɜ 

ůɡɜŮɢɐ f , ŮɑɜŬɘ ()f t 0²  ɔɘŬ əɎɗŮ [ ]t 0,1Í  ɗŬ 

ŮɑɜŬɘ əŬɘ 
t

0

2 f(u)du 0²ñ  ɞˊɧŰŮ əŬɘ  

t

0

1 2 f (u)du 0+ >ñ  

ȰŰůɘ ɏɢɞɡɛŮ 

t
2

0

f (t) 1 2 f (u)du¢ + Ýñ  

()
()t f t 0

0

f t 1 2 f (u)du
²

¢ + Ýñ  

()
t

0

f t 1 2 f (u)du¢ + Ýñ  

()
t

0

f t
1

1 2 f (u)du

¢ Ý

+ñ

 

t

0

1 2 f (u)du t 0

¡
å õ
æ ö+ - ¢
æ ö
ç ÷
ñ  

ɃɟɑɕɞɡɛŮ Űɖɜ ůɡɜɎɟŰɖůɖ 

() [ ]
t

0

g t 1 2 f (u)du t, t 0,1= + - Íñ  ɛŮ ()g 0 1= . 

ȼ g  ɘəŬɜɞˊɞɘŮɑ Űɘɠ ˊɟɞɡˊɞɗɏůŮɘɠ Űɞɡ ɗŮɤɟɐɛŬŰɞɠ 

ɛɏůɖɠ Űɘɛɐɠ ůŰɞ [ ]0,x  ɛŮ ( ]x 0,1Í  əŬɘ ŮɑɜŬɘ 

() [ ]g t 0, t 0,1¡ ¢ " Í . ȷˊɧ Űɞ ůɡɛˊɏɟŬůɛŬ Űɞɡ 

ɗŮɤɟɐɛŬŰɞɠ ɛɏůɖɠ Űɘɛɐɠ ɚŬɛɓɎɜɞɡɛŮ Űɖɜ ɨˊŬɟɝɖ 

ŰɞɡɚɎɢɘůŰɞɜ Ůɜɧɠ ( )0,xxÍ  ɩůŰŮ 

()
() ()g x g 0

g
x 0

-
¡x = =

-
 

( ]

x

x 0,1
0

1 2 f (u)du x 1

0
x

Í
+ - -

¢ Ý

ñ
 

x

0

1 2 f (u)du x 1 0+ - - ¢ Ýñ  

x

0

1 2 f (u)du x 1+ ¢ +ñ  

ˊɞɡ ɛŮ ŬɜŰɘəŬŰɎůŰŬůɖ ůŰɖɜ ŭɞɗŮɑůŬ ŭɑɜŮɘ 

() ()
t

0

f t 1 2 f (u)du f t t 1¢ + Ý ¢ +ñ  

ɔɘŬ əɎɗŮ ( ]t 0,1Í . ɄŬɟŬŰɖɟɞɨɛŮ ɧŰɘ ɔɘŬ t 0=  

ɘůɢɨŮɘ ɖ ɕɖŰɞɨɛŮɜɖ ɛɘŬɠ əŬɘ ŭɑɜŮɘ ɑŭɘŬ ůɡɜɗɐəɖ ɛŮ 

https://www.mathematica.gr/forum/viewtopic.php?f=54&t=23072
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=23072
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Űɖɜ 
t

2

0

f (t) 1 2 f (u)du¢ +ñ . ȰŰůɘ ɖ ŬˊɧŭŮɘɝɖ 

ɞɚɞəɚɖɟɩɗɖəŮ. 

ȷɆȾȼɆȼ    28. 

ȹɑɜŮŰŬɘ ůɡɜɎɟŰɖůɖ f :   ɛŮ Űɖɜ ɘŭɘɧŰɖŰŬ: 

()( ) ()( )
2 2 2f x f x x 1, x .¡+ ¢ + " Í 

ɁŬ ŬˊɞŭŮɑɝŮŰŮ ɧŰɘ : 

Ŭ) ()( ) ()( )
2 2 4

f 1 f 0
3

- ¢ 

ɓ) ()
4

f 1
3
¢  

ɔ) () ()
10

F 1 F 0
9

- ¢ , ɧˊɞɡ F ɛɘŬ Ŭɟɢɘəɐ Űɖɠ f . 

ɄɟɞŰŮɑɜŮɘ: ɀˊɎɛˊɖɠ ɆŰŮɟɔɑɞɡ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=23705 

ȿɈɆȼ (ȸŬůɑɚɖɠ ɀŬɡɟɞűɟɨŭɖɠ) Ŭ) ɀɑŬ 

ŬˊɎɜŰɖůɖ ɔɘŬ Űɞ 1ɞ əŬɘ ůɡɜŮɢɐ ˊŬɟɎɔɤɔɞ ɔɘŬ 

ůɢɞɚɘəɧ ˊɚŬɑůɘɞ 

() ()( ) ()()
22 2x 1 f x f x 2f x f x¡ ¡+ ² + ² Ý 

( ) () ()
1

2 2 2

0

x 1 dx f 1 f 0+ ² - Ýñ  

() ()2 24
f 1 f 0

3
² - . 

ɓ) (Atemlos) ɛɘŬ ɚɨůɖ ɔɘŬ Űɞ ɓ ɖ ɞˊɞɑŬ ɝŮəɘɜɎŮɘ 

ˊɞɚɚŬˊɚŬůɘɎɕɞɜŰŬɠ ɛŮ 2(1 x )+  

( ) ()( ) ()( )( )2 22 2 2(1 x ) 1 x f x f x¡+ +²+ ² 

()( )
2

f (x) xf x¡² + Ý 

( ) ()( )
2 221 x f (x) xf x¡²+ + Ý 

() 2f (x) xf x 1 x¡+ ¢ + Ý 

( )( )2 21 x xf(x) 1 x
¡

- ¢+ ¢ + Ý 

( ) ( ) ( )
1 1 1

2 2

0 0 0

1 x dx xf(x) dx 1 x dx
¡

- + ¢ ¢ + Ýñ ñ ñ  

4
f(1)

3
¢ . 

ɔ) (ɄŬɨɚɞɠ ɀŬɟŬɔəɞɡŭɎəɖɠ) MɘŬ ˊɟɞůˊɎɗŮɘŬ ɔɘŬ 

Űɞ ŰɟɑŰɞ ŮɟɩŰɖɛŬ: ȺˊŬɜŬɚŬɛɓɎɜɞɡɛŮ Űɖɜ 

ˊŬɟŬˊɎɜɤ ŭɘŬŭɘəŬůɑŬ Űɞɡ Atemlos əŬɘ ɔɘŬ t 0>  

ŮɑɜŬɘ  

( ) ( ) ( )
t t t

2 2

0 0 0

1 x dx xf(x) dx 1 x dx
¡

- + ¢ ¢ +ñ ñ ñ  

ɞˊɧŰŮ  

3 3t t
t tf (t) t

3 3
- - ¢ ¢ + ɐ 

2 2t t
1 f (t) 1

3 3
- - ¢ ¢ +. 

ȿɧɔɤ ůɡɜɏɢŮɘŬɠ Űɖɠ f  ɖ ŰŮɚŮɡŰŬɑŬ ɘůɢɨŮɘ əŬɘ ɔɘŬ 

t 0=  ɞˊɧŰŮ  

()
1 1 12 2

0 0 0

t t
1 dt f t dt 1 dt

3 3

å õ å õ
- + ¢ ¢ +æ ö æ ö
ç ÷ ç ÷
ñ ñ ñ . 

ȷˊɧ Ůŭɩ ˊɟɞəɨˊŰŮɘ Űɞ ɕɖŰɞɨɛŮɜɞ. 

ȷɆȾȼɆȼ    29. 

ȰůŰɤ ůɡɜɎɟŰɖůɖ f :[a,b] R  ɛŮ ůɡɜŮɢɐ 

ˊŬɟɎɔɤɔɞ ůŰɞ [ ]a,b  ɔɘŬ Űɖɜ ɞˊɞɑŬ ɘůɢɨŮɘ 

f (x) 0¡ > ɔɘŬ əɎɗŮ [ ]x a,bÍ . 

ɈˊɞɗɏŰɞɡɛŮ ŬəɧɛŬ ɧŰɘ ɖ ůɡɜɎɟŰɖůɖ 
f (x)

F(x)
f (x)
=
¡

 

ŮɑɜŬɘ ɔɜɖůɑɤɠ ŬɨɝɞɡůŬ ůŰɞ [ ]a,b . 

ɁŬ ŬˊɞŭŮɑɝŮŰŮ ɧŰɘ: 

https://www.mathematica.gr/forum/viewtopic.php?f=54&t=23705
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=23705
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b

a

f (a) f (b)
[f (b) f (a)] f (x)dx [f (b) f (a)]

f (a) f (b)
- < < -

¡ ¡ñ  

ɄɟɞŰŮɑɜŮɘ: ɉɟɐůŰɞɠ ɇůɘűɎəɖɠ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=3746 

ȿɈɆȼ (ȸŬůɑɚɖɠ ɀŬɡɟɞűɟɨŭɖɠ)  

() () ()x F F x Fa¢ ¢bÝ a ¢ ¢ b Ý 

()() () ()()F f x f x F f x¡ ¡a ¢ ¢ b Ý 

() () () ()f f F f x dx
b

a

b - a a < <è øê ú ñ  

() () ()f f F< b - a b Ýè øê ú  

() ()
()
()

f
f f

f

a
b - a <è øê ú¡a

 

() () ()
()
()

f
f x dx f f

f

b

a

b
< < b - aè øê ú¡bñ . 

ȷɆȾȼɆȼ    30. 

ɁŬ ŬˊɞŭŮɘɢɗŮɑ ɧŰɘ:   

1
2/3 3 1/3

0

5 3
(1 x) (1 x ) dx

4 2
< + + <ñ . 

ɄɟɞŰŮɑɜŮɘ: erxmer 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=13013 

ȿɈɆȼ 1 (ūɤŰŮɘɜɐ ȾŬɚŭɐ) 

2 11 1
3 3 33 3

0 0

5
(1 x )dx (1 x ) (1 x ) dx

4
= + = + + <ñ ñ  

2 11
33 3 3

0

2 11

3

0

(1 x) (1 x ) dx (1 x) (1 x) dx< ++ ++ =ññ  

1

0

3
(1 x)dx

2
+ =ñ . 

ȿɈɆȼ 2 (ŪŬɜɎůɖɠ ȾŬɟŬɜŰɎɜŬɠ) ȺɑɜŬɘ   

2 33f (x) (1 x) (1 x )= + +  . 

ȷɟəŮɑ ɜŬ ŭŮɑɝɤ ɧŰɘ:  

31 x f (x) 1 x+ < < +, 

ɞˊɧŰŮ Űɞ ɕɖŰɞɨɛŮɜɞ ˊɟɞəɨˊŰŮɘ ɛŮ ɞɚɞəɚɐɟɤůɖ. 

ɄɟɎɔɛŬŰɘ ŮˊŮɘŭɐx [0,1]Í  ɘůɢɨŮɘ:  

3 3x x 1 x 1 x¢ Ý + ¢ + Ý 

2 3 33 3(1 x) (1 x ) (1 x)+ + ¢ +, 

ɧˊɤɠ Ůˊɑůɖɠ əŬɘ   

3 3 2 3(1 x ) (1 x) (1 x )+ ¢ + + Ý 

3 3 2 33 3(1 x ) (1 x) (1 x )+ ¢ + + 

əŬɘ ɖ ɘůɧŰɖŰŬ ˊɟɞűŬɜɩɠ ŭŮɜ ɘůɢɨŮɘ ɔɘŬ əɎɗŮ x . 

ȷɆȾȼɆȼ    31. 

ȰůŰɤ [ )f : 0,+¤   ɛɑŬ ůɡɜŮɢɐɠ ůɡɜɎɟŰɖůɖ 

ˊɞɡ ɘəŬɜɞˊɞɘŮɑ Űɖɜ ůɢɏůɖ  

( )()
x

2

0

t 1 f t dt x 6x+ = +ñ  ɔɘŬ əɎɗŮ x 0² . 

ɁŬ ŬˊɞŭŮɑɝŮŰŮ ɧŰɘ:  

()
3

t

1

9e e f t dt 32e< <ñ . 

ɄɟɞŰŮɑɜŮɘ: ȹɖɛɐŰɟɖɠ ȸŮɟɟɞɘɧˊɞɡɚɞɠ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=43664&p=204143#p204143 

ȿɈɆȼ (ȸŬůɑɚɖɠ ɀŬɡɟɞűɟɨŭɖɠ) ɀŮ ˊŬɟŬɔɩɔɘůɖ, 

ɔɘŬ əɎɗŮ x 0²  ˊɟɞəɨˊŰŮɘ  

https://www.mathematica.gr/forum/viewtopic.php?f=54&t=3746
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=3746
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=13013
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=13013
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=43664&p=204143#p204143
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=43664&p=204143#p204143


www.mathematica.gr ȺɘəɞůɘŭɤŭŮəɎŮŭɟɞɜ ɇŮɨɢɞɠ 21,ɆȺɄɇȺɀȸɅȽɃɆ 2019 

 

26 
 

()
2x 6 2

f x 2 1
x 1 x 1

+ å õ
= = + Ýæ ö
+ +ç ÷

 

()x x 2
e f x 2e 1

x 1

å õ
= +æ ö

+ç ÷
. 

ũɘŬ 1 x 3¢ ¢ɛŮ ɘŭɘɧŰɖŰŮɠ ŬɜɘůɞŰɐŰɤɜ ɏɢɞɡɛŮ ɧŰɘ:  

2
3 2 1 4

x 1

å õ
¢ + ¢ Ýæ ö

+ç ÷
 

x x x2
3e 2e 1 4e

x 1

å õ
¢ + ¢æ ö

+ç ÷
 

ɃɚɞəɚɖɟɩɜɞɜŰŬɠ ŰŬ ɛɏɚɖ Ŭˊɧ 1 ɏɤɠ 3 

(ɞɟɑɕɞɜŰŬɠ Űɘɠ əŬŰɎɚɚɖɚŮɠ ůɡɜŬɟŰɐůŮɘɠ Ŭűɞɨ 

ɢɎɗɖəŮ ɜŬ ɔɟɎɣɞɡɜ ɏɜŬ ˊɧɟɘůɛŬ ůŰɞ ůɢɞɚɘəɧ) 

ɏɢɞɡɛŮ: 

( ) ( )
3

3 x 3

1

2
3 e e 2e 1 dx 4 e e

x 1

å õ
- < + < - Ýæ ö

+ç ÷
ñ  

( ) () ( )
3

3 x 3

1

3 e e e f x dx 4 e e- < < -ñ  

əŬɘ ŮˊŮɘŭɐ  

( )39e 3 e e< -  əŬɘ ( )34 e e 32e- <  

ɓɎůŮɘ Űɖɠ ɛŮŰŬɓŬŰɘəɐɠ ɘŭɘɧŰɖŰŬɠ ˊɟɞəɨˊŰŮɘ ɖ 

ɕɖŰɞɨɛŮɜɖ. 

ȷɆȾȼɆȼ    32. 

ȰɢɞɡɛŮ əɎˊɞɘŬ űɞɟɎ əɎɜŮɘ Ůŭɩ ɛŮɟɘəɏɠ 

ŬˊɞŭŮɑɝŮɘɠ Űɖɠ ŬɜɘůɧŰɖŰŬɠ: 

2x
t

1

1
e dt ,x 1

2e

- < >ñ  

ɄɟɞŰŮɑɜŮɘ: ɀˊɎɛˊɖɠ ɆŰŮɟɔɑɞɡ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=42155 

ȿɈɆȼ (Ɂɑəɞɠ ȻŬɜŰŬɟɑŭɖɠ) 

ũɘŬ əɎɗŮ x 1>  ŮɑɜŬɘ  

2 2 2 xx x
t t t

1 1 1

1
e dt te dt e

2

- - -è ø< =- =
ê úñ ñ  

( )2 2x 1 x1 1 1 1
e e e

2 2e 2 2e

- - -- - = - <, 

ɞˊɧŰŮ  

2x
t

1

1
e dt , x 1

2e

- < " >ñ . 

ɄŬɟŬŰɐɟɖůɖ (ɇɎəɖɠ ɉɟɞɜɧˊɞɡɚɞɠ) ȷɠ ŭɩůɤ 

ɎɚɚŮɠ ŭɡɞ ˊŬɟŮɛűŮɟŮɑɠ ˊŬɟŬˊɞɛˊɏɠ. 

ȼ ŬˊɧŭŮɘɝɖ ɧŰɘ 
2x

0

e dx
2

+¤
- p

=ñ  ɛŮ ɚɡəŮɘŬəɎ ɛɏůŬ 

ɓɟɑůəŮŰŬɘ 

http://www.mathematica.gr/forum/viewtopic.php?

f=56&t=762 Ůŭɩ əɘ 

http://www.mathematica.gr/forum/viewtopic.php?

f=54&t=1330 Ůŭɩ, əŬɘ ŭɘŬűɞɟŮŰɘəɎ 

http://www.mathematica.gr/forum/viewtopic.php?

f=9&t=2849 Ůŭɩ 

ɖ ŬˊɧŭŮɘɝɖ ɧŰɘ 
2

1
x

0

e dx
4

- p
¢ñ  ɓɟɑůəŮŰŬɘ  

http://www.mathematica.gr/forum/viewtopic.php?

f=54&t=10410 Ůŭɩ 

ȷɆȾȼɆȼ    33. 

ɁŬ ŭŮɑɝŮŰŮ ɧŰɘ   

2
4

sin x tan x

0

e dx e 1

p

+ < -ñ . 

ɄɟɞŰŮɑɜŮɘ: Ɂɑəɞɠ ȻŬɜŰŬɟɑŭɖɠ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=42096 

ȿɈɆȼ (ɆɤŰɐɟɖɠ ȿɞɡɟɑŭŬɠ) ȺɨəɞɚŬ 

ŬˊɞŭŮɘəɜɨŮŰŬɘ ɧŰɘ:  

x 1
e , x 1.

1 x
< <
-

 

https://www.mathematica.gr/forum/viewtopic.php?f=54&t=42155
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=42155
http://www.mathematica.gr/forum/viewtopic.php?f=56&t=762
http://www.mathematica.gr/forum/viewtopic.php?f=56&t=762
http://www.mathematica.gr/forum/viewtopic.php?f=54&t=1330
http://www.mathematica.gr/forum/viewtopic.php?f=54&t=1330
http://www.mathematica.gr/forum/viewtopic.php?f=9&t=2849
http://www.mathematica.gr/forum/viewtopic.php?f=9&t=2849
http://www.mathematica.gr/forum/viewtopic.php?f=54&t=10410
http://www.mathematica.gr/forum/viewtopic.php?f=54&t=10410
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=42096
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=42096
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ũɘŬ ɜŬ ŬˊɞŭŮɑɝɞɡɛŮ Űɖɜ ŬɚɐɗŮɘŬ Űɖɠ ŬɜɘůɧŰɖŰŬɠ  

2
4

sin x tan x

0

e dx e 1

p

+ < -ñ , 

ŬɟəŮɑ ɜŬ ŬˊɞŭŮɑɝɞɡɛŮ, 

2
4

sin x tan x tan x

2

0

1
e e 0,

cos x

p

+å õ
- <æ ö

ç ÷
ñ  

ŬɟəŮɑ ŭɖɚŬŭɐ ɜŬ ŬˊɞŭŮɑɝɞɡɛŮ ɧŰɘ:  

2sin x

2

1
e

1 sin x
<
-

, 

ˊɞɡ ɘůɢɨŮɘ əŬɗɧŰɘ 2sin x 1,<  ůŰɞ ŭɘɎůŰɖɛŬ  

0, .
4

pè ø
é ù
ê ú

 

ȷɆȾȼɆȼ    34. 

ɁŬ ŭŮɑɝŮŰŮ ɧŰɘ  

2

2

3

1

xe

x
1

e

e 1
dx 1

e 1
 

-
>

-
ñ  

ɄɟɞŰŮɑɜŮɘ: Ɂɑəɞɠ ȻŬɜŰŬɟɑŭɖɠ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=35967 

ȿɈɆȼ (Ʌɞŭɧɚűɞɠ ɀˊɧɟɖɠ) ɆŰɞ  
1

0,
2

è ø
é ù
ê ú

 ŮɨəɞɚŬ 

ŭŮɑɢɜɞɡɛŮ ɧŰɘ ɖ 
2

x

x

e 1

e 1

-

-
 ŮɑɜŬɘ ɔɜ. űɗɑɜɞɡůŬ Ůɜɩ ɖ 

2xe 1-  ŮɑɜŬɘ ɔɜ. ŬɨɝɞɡůŬ. 

To
3 2

1 1
,

e e

è ø
é ù
ê ú

 ŮɑɜŬɘ ɡˊɞůɨɜɞɚɞ Űɞɡ 
1

0,
2

è ø
é ù
ê ú

 

ȷɟŬ Ŭˊɧ Űɖɜ Ŭɜɑůɤůɖ Chebyshev  ŮɑɜŬɘ 

2 2 2

2

2

3 3 3

1/e 1/e 1/e x
x x

x
1/e 1/e 1/e

e 1
(e 1)dx (e 1)dx dx

e 1

-
- ¢ - Ö

-
ñ ñ ñ  

ŬɟəŮɑ ɚɞɘˊɧɜ ɜŬ ŭŮɘɢɗŮɑ ɧŰɘ  

2 2

2

3 3

1/e 1/e
x x

1/e 1/e

(e 1)dx (e 1)dx- ² -ñ ñ  

ˊɞɡ ɘůɢɨŮɘ Ŭűɞɨ 2x x> . 

ȷɆȾȼɆȼ    35. 

ȰůŰɤ f :[0,2 ]p   ůɡɜɎɟŰɖůɖ ůɡɜŮɢɐɠ, 

űɗɑɜɞɡůŬ ɛŮ f ( ) 0p =. ȷɜ F ɛɑŬ Ŭɟɢɘəɐ Űɖɠ, ɜŬ 

ŬˊɞŭŮɑɝŮŰŮ ɧŰɘ  

2

0

F(x)cosxdx 0
p

¢ñ . 

ɄɟɞŰŮɑɜŮɘ: Ɇˊɨɟɞɠ ȾŬˊŮɚɚɑŭɖɠ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=33333 

ȿɈɆȼ 1 (ȸŬůɑɚɖɠ ɀŬɡɟɞűɟɨŭɖɠ)  

2

0

I F(x)cosxdx
p

= =ñ  

2 x u

dx du
0

F(x)cosxdx F(x)cosxdx   
p p =p+

=
p

+ =ñ ñ  

( )
0 0

F(x)cosxdx F( u)cos u du
p p

+ p+ p+ =ñ ñ  

() ( )( )
0

F x F x cosxdx
p

- p+ =ñ  

() ( )( )( )
0

F x F x sinx dx
p

¡
- p+ =ñ  

() ( )( )
0

f x f x sinxdx
p

- - p+ñ  

Ⱥˊɑůɖɠ ůŰɞ [ ]0,p ɏɢɞɡɛŮ: 

( ) ()
f

x x f x f x
®

p+ > Ý p+ ¢ Ý 

() ( )f x f x 0- p+ ² Ý() ( )( )f x f x sinx 0- p+ ² 

https://www.mathematica.gr/forum/viewtopic.php?f=54&t=35967
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=35967
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=33333
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=33333
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əŬɘ ŮˊŮɘŭɐ ɖ  

() ( )( )f x f x sinx- p+  

ŮɑɜŬɘ əŬɘ ůɡɜŮɢɐɠ ůŰɞ [ ]0,p ɗŬ ɏɢɞɡɛŮ 

() ( )( )
0

f x f x sinxdx 0 I 0
p

- p+ ² Ý ¢ñ  

ȿɈɆȼ 2 (ȸŬɔɔɏɚɖɠ ɄŬˊŬˊɏŰɟɞɠ)  

ȰůŰɤ F ɛɑŬ Ŭɟɢɘəɐ Űɖɠ f .ɇɧŰŮ,F (x) f (x)¡ =  ɔɘŬ 

əɎɗŮ[ ]x 0,2Í p ɛŮ F¡ůɡɜŮɢɐ. 

ȼ F ɤɠ ˊŬɟŬɔɤɔɑůɘɛɖ ŮɑɜŬɘ əŬɘ ůɡɜŮɢɐɠ. 

Ⱥˊɘˊɚɏɞɜ ɖ ůɡɜɎɟŰɖůɖ [ ]g(x) cosx,x 0,2= Í p 

ŮɑɜŬɘ ůɡɜŮɢɐɠ əŬɘ ɎɟŬ Űɞ ɞɚɞəɚɐɟɤɛŬ
2

0

F(x)cosxdx
p

ñ  ɏɢŮɘ ɜɧɖɛŬ. 

ȺɑɜŬɘ, 

2 2

0 0

I F(x)cosxdx F(x)(sinx) dx
p p

¡= = =ñ ñ  

[ ]
2

2

0
0

F(x)sinx F (x)sinxdx
p

p ¡- =ñ  

2

0

f (x)sinxdx
p

=- =ñ  

2

0

f (x)sinxdx f (x)sinxdx ( )
p p

p

å õ
- + *æ ö
ç ÷
ñ ñ  

ȷűɞɨ ɖ f  ŮɑɜŬɘ űɗɑɜɞɡůŬ ɚŬɛɓɎɜɞɡɛŮ 

0 x f( ) f (x) f (0)¢ ¢pÝ p ¢ ¢ Ý 

0 f(x) f (0)¢ ¢  əŬɘ 

x 2 f(2 ) f (x) f ( )p¢ ¢ pÝ p ¢ ¢ p Ý 

f (2 ) f (x) 0p ¢ ¢. 

ȼ ůɡɜɎɟŰɖůɖ [ ]h(x) f (x)sinx,x 0,2= Í p ŮɑɜŬɘ 

ůɡɜŮɢɐɠ ɤɠ ɔɘɜɧɛŮɜɞ ůɡɜŮɢɩɜ əŬɘ ɛɖ ŬɟɜɖŰɘəɐ 

ůŰŬ ŭɘŬůŰɐɛŬŰŬ [ ]0,p əŬɘ [ ],2p p 

ɆɡɜŮˊɩɠ,  

1

0

I f (x)sinxdx 0
p

= ²ñ  əŬɘ 

2

2I f (x)sinxdx 0
p

p

= ²ñ  

ȷˊɧ Űɖɜ ( )* ˊŬɑɟɜɞɡɛŮ  

1 2I (I I ) 0=- + ¢. 

ȷɆȾȼɆȼ    36. 

1) ɁŬ ŭŮɘɢɗŮɑ ɧŰɘ ɔɘŬ əɎɗŮ t 5² , ɘůɢɨŮɘ t 3e t> . 

2) ŪŮɤɟɞɨɛŮ Űɖ ůɡɜɎɟŰɖůɖ:  

x

t 2

5

sin tt
F(x) dt

e t

å õ
= +æ ö
ç ÷
ñ . 

ɁŬ ŭŮɑɝŮŰŮ ɧŰɘ:  

Ŭ) ũɘŬ əɎɗŮ x 5², ɘůɢɨŮɘ 
2

F(x)
5
< . 

ɓ) () ( )5 2F e F 12>  

ɄɟɞŰŮɑɜŮɘ: ɃɟɏůŰɖɠ ũəɧŰůɖɠ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=32832#p152040 

ȿɈɆȼ (ȸŬɔɔɏɚɖɠ ɄŬˊŬˊɏŰɟɞɠ) 1) ȺɑɜŬɘ 
5 3e 5 125( )> = * 

ɇɞ ˊŬɟŬˊɎɜɤ ɘůɢɨŮɘ ŭɘɧŰɘ 

5
5 5

5

5.4 (5.4)
e e 4 2 128 125

2 2
> Ý > > Ö = > 

[ 5(5.4) 4591,65024= əŬɘ4 32 32 4096Ö Ö = ] 

ũɘŬ Űɡɢɧɜ t 5² ɏɢɞɡɛŮ 

https://www.mathematica.gr/forum/viewtopic.php?f=54&t=32832#p152040
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=32832#p152040
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t 3 t 3e t ln(e ) ln(t ) t 3lnt> Ú > Ú >  

ŪŮɤɟɞɨɛŮ Űɖɜ ůɡɜɎɟŰɖůɖ [ )g : 5,+¤   ɛŮ 

Űɨˊɞ g(t) t 3lnt= -  

ɖ ɞˊɞɑŬ ŮɑɜŬɘ ˊŬɟŬɔɤɔɑůɘɛɖ ůŰɞ ˊŮŭɑɞ ɞɟɘůɛɞɨ 

Űɖɠ ɤɠ ˊɟɎɝŮɘɠ ˊŬɟŬɔɤɔɑůɘɛɤɜ ůɡɜŬɟŰɐůŮɤɜ ɛŮ 

t 3
g (t) 0

t

¡ -
= > 

əŬɘ ůɡɜŮˊɩɠ ŮɑɜŬɘ ɔɜɖůɑɤɠ ŬɨɝɞɡůŬ 

t 5 g(t) g(5)² Ý ² Ý 

5 ( )e
t 3lnt 5 3ln5 ln 0

125

*å õ
- ² - = >æ ö

ç ÷
 

2Ŭ) ũɘŬ əɎɗŮ t 5²  ɘůɢɨŮɘ ɧŰɘ 

t 2 t 2 3 2 2

t | sint | t 1 t 1 2

e t e t t t t
+ ¢ + < + = 

ȰůŰɤ xÍ  ŰɏŰɞɘɞ, ɩůŰŮ x 5> .ɇɧŰŮ, 

x x

t 2 2

5 5

t | sint | 2
dt dt

e t t

å õ
+ <æ ö

ç ÷
ñ ñ ɛŮ 

xx

2
55

2 2 2 2 2
dt

t x 5 5t

è ø
= - =- + <é ù
ê ú

ñ  

ȼ Ůˊɘɚɞɔɐ Űɞɡ x  ŮɑɜŬɘ ŰɡɢŬɑŬ əŬɘ ůɡɜŮˊɩɠ 

x

t 2

5

t | sint | 2
x 5

5e t

å õ
+ < " >æ ö

ç ÷
ñ  

ɔŮɔɞɜɧɠ ˊɞɡ ŬˊɞŭŮɘəɜɨŮɘ ɧŰɘ 
2

F(x) x 5
5
< " > 

ũɘŬ x 5=  ŮɑɜŬɘ 
2

F(0) 0
5

= <  

ȯɟŬ, 
2

F(x)
5
<  ŰŮɚɘəɎ 

2ɓ) ȺˊŮɘŭɐ  

t 2

t | sint |
0 t 5

e t
+ > " ² 

ŮɑɜŬɘ əŬɘ F(x) 0 x 5² " ² 

5e
5

t 2

5

t | sint |
F(e ) dt

e t

å õ
= + =æ ö
ç ÷
ñ  

2 5

2

12 e

t 2 t 2

5 12

t | sint | t | sint |
dt dt

e t e t

å õ å õ
+ + + >æ ö æ ö

ç ÷ ç ÷
ñ ñ  

212
2

t 2

5

t | sint |
dt F(12 )

e t

å õ
> + =æ ö
ç ÷
ñ  

Ɉ.ũ: ŪŬ ˊɟɞůˊŬɗɐůɤ ɜŬ ɓɟɩ ŬɜɘůɧŰɖŰŬ ɔɘŬ ɜŬ 

ŬˊɞŭŮɑɝɤ ɧŰɘ 5 2e 12>  (ŬɚɔŮɓɟɘəɎ ŭɘɧŰɘ ɞ 

ɡˊɞɚɞɔɘůŰɐɠ Űɞ ŮˊŬɚɖɗŮɨŮɘ) ŮəŰɧɠ əŬɘ Ŭɜé. 

ɄŬɟŬŰɐɟɖůɖ: (ɀɘɢɎɚɖɠ ȿɎɛˊɟɞɡ) Ƀ ŮəɗɏŰɖɠ 5 

ŮɑɜŬɘ ŬɟəŮŰɎ ɛɘəɟɧɠ ɔɘŬ ɜŬ ɛɖ űɞɓɖɗɞɨɛŮ ɜŬ 

əɎɜɞɡɛŮ əŬɘ ɛŮɟɘəɏɠ ˊɟɎɝŮɘɠ ɛŮ Űɞ ɢɏɟɘ. ũɘŬ Űɞ 

ůɡɔəŮəɟɘɛɏɜɞ ˊɟɞŰŮɑɜɤ 

4

5 4 27
e 2,71 2,7 2,71

10

å õ
> ³ = ³ =æ ö

ç ÷
 

123
2,21

10000
³  

ɞˊɧŰŮ Ŭɜ ŭŮɑɝɞɡɛŮ ɧŰɘ ŮɑɜŬɘ 2 2 212 3 4> = Ö, 

ŰŮɚŮɘɩůŬɛŮ.  

ȽůɞŭɨɜŬɛŬ ɗɏɚɞɡɛŮ  

102,71 3 160000³ > . 

ɇɞ ɚɞɘˊɧɜ, ɛŮ ɢŬɟŰɑ əŬɘ ɛɞɚɨɓɘ Ůŭɩ Ŭˊɧ 'ŭɤ əŬɘ 

ˊɏɟŬ, 103 59049=  əŬɘ ɎɟŬ  

102,71 3 2,71 59049 160022,79 160000³ = ³ = > . 

ȷɆȾȼɆȼ    37. 

ȰůŰɤ ůɡɜŬɟŰɐůŮɘɠ f : R R  ůɡɜŮɢɐɠ ɔɘŬ Űɖɜ 

ɞˊɞɑŬ ɘůɢɨŮɘ ɧŰɘ   
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1 2

0 0

f (x)dx f (x)dx 1=ñ ñ  

əŬɘ g :[1, 2] R ůɡɜŮɢɐɠ ɔɘŬ Űɖɜ ɞˊɞɑŬ ɘůɢɨŮɘ ɧŰɘ   

1 2

0 0

0 2 f(x)dx g(x) f (x)dx, x [1, 2]< ¢ ¢ Íñ ñ . 

ȷɜ ŮɑɜŬɘ  

2 2 1

1 0 0

g(x)dx f (x)dx f (x)dx= -ñ ñ ñ 

ɜŬ ŭŮɑɝŮŰŮ ɧŰɘ ɘůɢɨŮɘ  

2 1

1 0

1
2 dx 3 f(x)dx

g(x)
¢ñ ñ  

ɄɟɞŰŮɑɜŮɘ: ȸŬůɑɚɖɠ ȾŬəŬɓɎɠ 

ɆɨɜŭŮůɛɞɠ:https://mathematica.gr/forum/viewtopi

c.php?f=54&t=25449#p127120 

ȿɈɆȼ (ȹɘɞɜɨůɖɠ ȸɞɡŰůɎɠ) ũɘŬ ŮɡəɞɚɑŬ ɗɏŰɤ  

2 1

0 0

1
f(x)dx k 0, f (x)dx

k
= > =ñ ñ  

ɚɧɔɤ Űɖɠ ůɢɏůɖɠ ˊɞɡ ŭɑɜŮŰŬɘ. 

ɇɧŰŮ Ŭˊɞ Űɖɜ Ŭɜɑůɤůɖ ˊɞɡ ŭɑɜŮŰŬɘ ɘůɢɨŮɘ  

2
0 g(x) k g(x) k 0,

k
< ¢ ¢ Ý - ¢ 

g(x) 2 / k 0- ² Ý 

2 2
(g(x)) g(x) kg(x) 2 0

k
- - + ¢ 

ŭɘŬɘɟɩ ɛŮ g(x) 0̧, ɎɟŬ  

2 2
g(x) k 0

k g(x)
- - + ¢ Ý 

2 2
k g(x) (1)

g(x) k
¢ + -  

Ŭˊɞ Űɖɜ ɘŭɘɧŰɖŰŬ ɞɚɞəɚɖɟɩɜɞɜŰŬɠ Ŭűɞɡ ŮɢɞɡɛŮ 

Űɖɜ ůɡɜɏɢŮɘŬ Űɤɜ ɛŮɚɩɜ ůŰɞ [1,2] əŬɘ Ŭəɧɛɖ  

2

1

1
g(x)dx k

k
= -ñ  

2 2

1 1

1 2
2 dx k g(x)dx

g(x) k
¢ + - =ñ ñ  

2
1

0

2 k 1 3
(k ) 3 f(x)dx

k k k

+
- - = =ñ . 

ȷɆȾȼɆȼ    38. 

ȹɑɜŮŰŬɘ ɖ ůɡɜɎɟŰɖůɖ f :[0,1] [0, ) +¤ ůɡɜŮɢɐɠ 

əŬɘ ɔɜɖůɑɤɠ ŬɨɝɞɡůŬ. ɁŬ ŬˊɞŭŮɑɝŮŰŮ ɧŰɘ: 

1 1 1
2012 2012

0 0 0

1 1
f(x)dx x f(x )dx f(x)dx

2013 2012
¢ ¢ñ ñ ñ

 

ɄɟɞŰŮɑɜŮɘ: Ɂɑəɞɠ ȷˊɞůŰɞɚɎəɖɠ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=24990 

ȿɈɆȼ (ɉɟɐůŰɞɠ ɁŰɎɓŬɠ) ɇŬ ŭɨɞ ŬəɟŬɑŬ ɛɏɚɖ 

Űɖɠ Ŭɜɑůɤůɖɠ ŰŬ ŰɟɞˊɞˊɞɘɞɨɛŮ əŬŰɎɚɚɖɚŬ: 

1 1
2012 2013

0 0

1 1
f(x)dx 2013u f(u )du

2013 2013
= =ñ ñ  

1
2012 2013

0

x f (x )dxñ . 

1 1
2011 2012

0 0

1 1
f(x)dx 2012u f(u )du

2012 2012
= =ñ ñ  

1
2011 2012

0

x f (x )dxñ . 

ɆŰɖ ůɡɜɏɢŮɘŬ ŬˊɞŭŮɘəɜɨɞɡɛŮ ŬɜɎ ŭɨɞ ŰŬ ɛɏɚɖ: 

f .
2013 20120 x 1x x

gnaux

¢ ¢ ¢ Ý 2013 2012f (x ) f (x )¢ Ý 

2012 2013 2012 2012x f (x ) x f (x )¢ Ý 

https://mathematica.gr/forum/viewtopic.php?f=54&t=25449#p127120
https://mathematica.gr/forum/viewtopic.php?f=54&t=25449#p127120
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=24990
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=24990
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1 1
2012 2013 2012 2012 2012

0 0

x f (x )dx x f (x )dx¢ ¢ñ ñ  

2012f (x ) 0
2011 2012 2012 2011 2012x x f (x ) x f (x )

²

¢ Ý ¢ Ý 

1 1
2012 2012 2011 2012

0 0

x f (x )dx x f (x )dx¢ñ ñ . 

ȷɆȾȼɆȼ    39. 

ȰůŰɤ f :[1, ) R+¤ ˊŬɟŬɔɤɔɑůɘɛɖ ɔɘŬ x 1²ɛŮ  

f (1) 0=  əŬɘ  

2 2

1
f (x)

x f (x)
¡ =

+
 ɔɘŬ əɎɗŮ x 1² . 

ɁŬ ŭŮɑɝŮŰŮ ɧŰɘ ɗŬ ŮɑɜŬɘ əŬɘ 

2 3
f (x) (x 1)

2
¢ - ɔɘŬ əɎɗŮ x 1²əŬɘ 

x

2 2

1

dt
f (x)

t (t 1)
²

+ -ñ . 

ɄɟɞŰŮɑɜŮɘ: ɀɡɟŰɩ ȿɘɎˊɖ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=24541 

ȿɈɆȼ (ȹɘɞɜɨůɖɠ ȸɞɡŰůɎɠ) Ŭ) ȷɟɢɘəɎ Ŭűɞɨ  

2 2

1
f '(x)

x f (x)
=
+

 

əŬɘ ɔɘŬ  

x 1 (x) 0 f (x) ,f (x) f 1 0' ( ) f² > Ý > = 

ŭɖɚ  ()f x 0>  

Ŭəɧɛɖ ɛŮ ŮɜɘůɢɡɛɏɜŮɠ ŬɜɘůɧŰɖŰŮɠ ɏɢɤ  

2

1
f '(x)

1 f (x)
¢ Ý
+

 

2f '(x) f (x)f '(x) 1 0+ - ¢ Ý
3f (x)

(f (x) x)' 0 x 1
3

+ - ¢ " ¢ 

ŭɖɚ ɖ ůɡɜɎɟŰɖůɖ  

3f (x)
g(x) f (x) x ,x [1, )

3
= + - Í +¤ 

ɎɟŬ  

x 1 g(x) g(1) 1² Ý ¢ =- 

ɏŰůɘ  

3f (x)
f (x) x 1

3
+ - ¢- Ý 

3f (x)
f (x) (x 1)

3
+ ¢ - 

əŬɘ Ŭˊɧ  

3 3f (x) f (x)
a b 2 ab f (x) 2 f (x)

3 3
+ ² Ý + ² = 

22
f (x) (x 1)

3
¢ -, 

Ŭˊɧ ɧˊɞɡ ɓɔŬɑɜŮɘ ɖ ˊɟɩŰɖ ŬɜɘůɧŰɖŰŬ. 

ɓ) (ɄɎɜɞɠ ũəɟɘɛˊŬɓɘɩŰɖɠ) ũɘŬ Űɞ ŭŮɨŰŮɟɞ Ŭűɞɡ 

ɏɢɞɡɛŮ ŭŮɑɝŮɘ ɧŰɘ: 

2

2

3 1 1
f (x) (x 1) x 1

2 x 1f (x)
¢ - ¢ - Ú ²

-
 

ȼ ŭɞůɛɏɜɖ ůɢɏůɖ  

2 2

1
f (x)

x f (x)
¡ =

+
 

ɔɑɜŮŰŬɘ: 

2 2

1
f (x) x 1

x (x 1)
¡ ² " ²

+ -
 

əŬɘ ɞɚɞəɚɖɟɩɜɞɜŰŬɠ ˊŬɑɟɜɞɡɛŮ Űɞ ɕɖŰɞɨɛŮɜɞ. 

https://www.mathematica.gr/forum/viewtopic.php?f=54&t=24541
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=24541
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ȷɆȾȼɆȼ    40. 

ɁŬ ŭŮɑɝŮŰŮ ɧŰɘ  

1 1
2 2

0 0

3 (x )dx (x )dxhm ² sunñ ñ  

ɄɟɞŰŮɑɜŮɘ: ɀɡɟŰɩ ȿɘɎˊɖ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=24544 

ȿɈɆȼ (ȹɘɞɜɨůɖɠ ȸɞɡŰůɎɠ)  ɄɟɏˊŮɘ ɜŬ ŭŮɑɝɞɡɛŮ 

ˊɟɩŰŬ ɧŰɘ  

3x
sinx x , x 0

6
² - " ². 

ŪɏŰɤ ůɡɜɎɟŰɖůɖ  

3x
g(x) sinx x ,g(0) 0,

6
= - + =

2x
g'(x) cosx 1 ,g'(0) 0

2
= - + = 

əŬɘ g''(x) sinx x 0=- + ², ɎɟŬ ŮɑɜŬɘ  

g'(x) ,g'(x) 0 g(x) ,g(x) 0.² Ý ² 

ȰŰůɘ ɔɘŬ  

6
2 2 2 x

x x ,sin(x ) x
6

= ² - 

əŬɘ ɞɚɞəɚɖɟɩɜɞɜŰŬɠ əŬɘ Ůˊɑ 3 , ɏɢɞɡɛŮ  

1
2

0

1 13
3 sin(x )dx 1 .

14 14
² - =ñ  

Ⱥˊɑůɖɠ 2 x
cosx 1 2(sin ( )

2
= -  əŬɘ ɔɘŬ 2x x=  əŬɘ 

ɞɚɞəɚɖɟɩɜɞɜŰŬɠ ůŮ ůɡɜŭɡŬůɛɧ ɛŮ Űɖɜ 

ˊɟɞɖɔɞɨɛŮɜɖ ˊɞɡ ɏŭŮɘɝŬ  

2 6
2 2x x

cos(x ) 1 2( )
2 48

¢ - - Ý 

4 8 12
2

2

x x 2x
cos(x ) 1

2 24 48
¢ - + -  

əŬɘ ɞɚɞəɚɖɟɩɜɞɜŰŬɠ ɛŮ ˊɞɚɚɏɠ ˊɟɎɝŮɘɠ  

1
2

0

13
cos(x )dx

14
<ñ  

ɇŮɚɘəɎ  

1 1
2 2

0 0
3 sin(x )dx cos(x )dx>ñ ñ . 

ȷɆȾȼɆȼ    41. 

ȷɜ kÍ  əŬɘ  

f (x) ksinx x
2

p
= + +, 

ɜŬ ɓɟŮɗŮɑ Űɞ ůɨɜɞɚɞ Ŭˊɧ Űɞ ɞˊɞɑɞ ˊɟɏˊŮɘ ɜŬ ˊɎɟŮɘ  

Űɘɛɏɠ ɞ k  ɩůŰŮ  

( )
2

0

f (x) dx f
2

p
på õ

¡ ²æ ö
ç ÷

ñ . 

ɄɟɞŰŮɑɜŮɘ: ɃɟɏůŰɖɠ ũəɧŰůɖɠ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=24370 

ȿɈɆȼ(ȸŬůɑɚɖɠ ɀŬɡɟɞűɟɨŭɖɠ) ɓɟɑůəɤ ɛŮ ŮəŰɧɠ 

ɨɚɖɠ Űɨˊɞ 

( )
2

0

f (x) dx f
2

p
på õ

¡ ² Ýæ ö
ç ÷

ñ

( )
2

0

kcosx 1 dx k
p

+ ² +pÝñ

( )2 2

0

k cos x 2kcosx 1 dx k
p

+ + ² +pÝñ  

[ ]2

0
0

x sin2x
k 2k sin x k

2 4

p
pè ø

+ + +p² +pÝé ù
ê ú

2k k 2
k k 0

2 2

p på õ
² Ý - ² Ýæ ö

pç ÷
 

2
k 0 k¢ Ù ²

p
. 

ȷɆȾȼɆȼ    42. 

https://www.mathematica.gr/forum/viewtopic.php?f=54&t=24544
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=24544
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=24370
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=24370
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ɁŬ ŭŮɑɝŮŰŮ ɧŰɘ:  

1 2

2

0

2x x 3
0 dx ln2

41 x

hm
¢ ¢

+ñ
. 

ɄɟɞŰŮɑɜŮɘ: ɀɡɟŰɩ ȿɘɎˊɖ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=24283 

ȿɈɆȼ (ȿŮɡŰɏɟɖɠ ɄɟɤŰɧˊŬˊŬɠ) ȰɢɞɡɛŮ ɧŰɘ: 

[0,1] 0,
3

pè ø
Ëé ù
ê ú

, ɞˊɧŰŮ  

2 2 3
x

3 4

p
hm ¢hm = ɔɘŬ əɎɗŮ x [0,1]Í . 

ɆɡɜŮˊɩɠ: 

2

2 2

2x x 3 2x

41 x 1 x

hm
¢

+ +
, 

ɎɟŬ  

2

2 2

3 2x 2x x
0,x [0,1]

41 x 1 x

hm
- ² Í

+ +
, 

əŬɘ   

1 2

2 2

0

3 2x 2x x
0

41 x 1 x

å õhm
- ² Úæ ö

+ +ç ÷
ñ  

1 2
12

20
0

3 2x x
ln(1 x )

4 1 x

hm
è ø+ ²ê ú +ñ

 

Ŭˊɧ Űɖɜ ɞˊɞɑŬ ˊɟɞəɨˊŰŮɘ Űɞ ɛɘůɧ ɛɏɟɞɠ Űɖɠ 

Ŭɜɑůɤůɖɠ, Ůɜɩ Űɞ Ɏɚɚɞ ŮɑɜŬɘ ˊɟɞűŬɜɏɠ ŭŮŭɞɛɏɜɞɡ 

ɧŰɘ  

2

2

2x x
0,x [0,1]

1 x

hm
² Í

+
. 

ȿɈɆȼ 2 (ŪɎɜɞɠ ɀɎɔəɞɠ) ȷˊɧ Űɖɜ ŬɜɘůɧŰɖŰŬ 

sinx x¢  ɏɢɞɡɛŮ  

1 1 12 3

2 2 2

0 0 0

2xsin x 2x 2x
dx dx 2x dx

1 x 1 x 1 x
( )< = - =

+ + +ñ ñ ñ  

2 2 1

0

3
x ln(1 x ) 1 ln2 ln2

4
[ ]- + = - <  

ȼ ŬɟɘůŰŮɟɐ ŬɜɘůɧŰɖŰŬ ŮɑɜŬɘ ˊɟɞűŬɜɐɠ, Ŭűɞɨ ɖ 

ɞɚɞəɚɖɟɤŰɏŬ ůɡɜɎɟŰɖůɖ ŮɑɜŬɘ ůŰɞ ŭɘɎůŰɖɛŬ 

[0,1]  ɛɖ ŬɟɜɖŰɘəɐ. 

ȷɆȾȼɆȼ    43. 

ȹɑɜɞɜŰŬɘ ɞɘ ůɡɜŬɟŰɐůŮɘɠ f ,g  ůɡɜŮɢŮɑɠ ůŰɞ 

ŭɘɎůŰɖɛŬ [ ]0,1  əŬɘ a,b ŮɑɜŬɘ ɖ ŮɚɎɢɘůŰɖ Űɘɛɖ Űɖɠ 

f  əŬɘ ɖ ɛɏɔɘůŰɖ Űɘɛɐ Űɖɠ g  ůŰɞ [ ]0,1  ŬɜŰɑůŰɞɘɢŬ. 

ȽůɢɨŮɘ ɧŰɘ 
1 1

0 0

a b
f(x)dx g(x)dx

2

+
= =ñ ñ . 

ȷˊɞŭŮɑɝŰŮ ɧŰɘ  

1)            f (x)g(x) ab ag(x) bf (x)+ ¢ +  

2)           
1

2 2

0
2 f (x)g(x)dx a b¢ +ñ  

ɄɟɞŰŮɑɜŮɘ: erxmer 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=24330 

ȿɈɆȼ (ūɤŰŮɘɜɐ ȾŬɚŭɐ) ȺɑɜŬɘ 

f (x) a 0,  b g(x) 0,   x [0,1]- ² - ² " Í 

(f (x) a)(b g(x)) 0- - ² Ý 

f (x)g(x) ab bf(x) ag(x)+ ¢ +  

ɞɚɞəɚɖɟɩɜɞɜŰŬɠ Űɖɜ ˊɟɞɖɔɞɨɛŮɜɖ Ŭˊɧ 0 ɏɤɠ 1 

ŬˊŬɜŰɎɛŮ ůŰɞ ŭŮɨŰŮɟɞ. 

ȷɆȾȼɆȼ    44. 

ɁŬ ŬˊɞŭŮɑɝŮŰŮ ɧŰɘ 

2

1

2
x

0

e dx ln 3<ñ  

ɄɟɞŰŮɑɜŮɘ:ȸŬůɑɚɖɠ ɀŬɡɟɞűɟɨŭɖɠ 

https://www.mathematica.gr/forum/viewtopic.php?f=54&t=24283
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=24283
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=24330
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=24330
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ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=23199#p117165 

ȿɈɆȼ (ȹɖɛɐŰɟɖɠ ɉɟɘůŰɞűɑŭɖɠ) ɉɟɖůɘɛɞˊɞɘɞɨɛŮ 

Űɖɜ ŬɜɘůɧŰɖŰŬ  

y(1 y)e 1- ¢  

ɖ ɞˊɞɑŬ ɘůɢɨŮɘ ɔɘŬ əɎɗŮ y 0> . [ȷˊɧŭŮɘɝɖ ˊ.ɢ. ɛŮ 

ɛŮɚɏŰɖ Űɖɠ ůɡɜɎɟŰɖůɖɠ yf (y) (1 y)e= - .] 

2
1/2 1/2

x

2

0 0

1
e dx dx

1 x
< =

-ñ ñ  

1/2

0

1 1 1
dx

2 1 x 1 x

å õ
+ =æ ö

+ -ç ÷
ñ  

[ ]
1/2

0

1
ln(1 x) ln(1 x) ln( 3)

2
+ - - = . 

ȷɆȾȼɆȼ    45. 

ɁŬ ŭŮɑɝŮŰŮ ɧŰɘ 

( )
1

x 1

0

x 1 dx e 1
+

+ > -ñ  

ɄɟɞŰŮɑɜŮɘ: ȸŬůɑɚɖɠ ɀŬɡɟɞűɟɨŭɖɠ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=23202#p117053 

ȿɈɆȼ(ɆɘɚɞɡŬɜɧɠ ɀˊɟŬɕɑŰɘəɞɠ) ũɜɤɟɑɕɞɡɛŮ ɧŰɘ  

x
ln(x 1)

x 1
+ ²

+
 

Ⱥˊɞɛɏɜɤɠ  

1 1 1
x 1 (x 1) ln(x 1) x

0 0 0

(x 1) dx e dx e dx e 1+ + ++ = ² = -ñ ñ ñ . 

ȷɆȾȼɆȼ    46. 

Ŭ) ȰůŰɤ f :[0,1]  ůɡɜɎɟŰɖůɖ ˊŬɟŬɔɤɔɑůɘɛɖ 

ɛŮ ůɡɜŮɢɐ ˊŬɟɎɔɤɔɞ. ɁŬ ŬˊɞŭŮɑɝŮŰŮ ɧŰɘ Ŭɜ 

ɡˊɎɟɢŮɘ  a [0,1]Í  ɛŮ  f (a) 0¢  ŰɧŰŮ  

1 1

0 0

f (x)dx f '(x)dx¢ñ ñ  

ɓ) ȷɜ ɖ g :[0,1]  ŮɑɜŬɘ ůɡɜɎɟŰɖůɖ 

ˊŬɟŬɔɤɔɑůɘɛɖ ɛŮ ůɡɜŮɢɐ ˊŬɟɎɔɤɔɞ. ɁŬ 

ŬˊɞŭŮɑɝŮŰŮ ɧŰɘ  

( ) ( )
1 1

0 0

g(x) g'(x) dx g(x) g(x) g'(x) dx- ¢ ¢ +ñ ñ  

ɄɟɞŰŮɑɜŮɘ: Ɇˊɨɟɞɠ ȾŬˊŮɚɚɑŭɖɠ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=15730 

ȿɈɆȼ (ɉɟɐůŰɞɠ ȾɡɟɘŬɕɐɠ) ŪŬ ɢɟŮɘŬůŰɞɨɛŮ Űɞ 

ˊŬɟŬəɎŰɤ: 

ɄɟɞűŬɜɩɠ: 

1 a x

0 0 a

f (x) dx f (x) dx f (x) dx¡ ¡ ¡= + +ñ ñ ñ  

1 x

x a

f (x) dx f (x) dx,¡ ¡+ ²ñ ñ  

[ ] [ ]x a,a 0,1 ,x 0,1 (1)" ² Í Í  

(ɚɧɔɤ Űɖɠ ɗŮŰɘəɐɠ ɡˊɧ ɞɚɞəɚɐɟɤůɖɠ ůɡɜɎɟŰɖůɖɠ) 

ɇɧŰŮ ŮɑɜŬɘ f (a) 0 f (a) 0¢ Ý- ² əŬɘ: 

f (x) f (x) f (a) f (x) f (a)¢ - ¢ - = 

()x x 11

a a 0

f (t)dt f (t) dt f (t) dt¡ ¡ ¡¢ ¢ Ýñ ñ ñ  

1 1 1

0 0 0

f (x) f (t) dt f (x)dx f (t) dt¡ ¡¢ Ý ¢ñ ñ ñ (ɖ 

ŰŮɚŮɡŰŬɑŬ ůɡɜŮˊŬɔɤɔɐ ɛŮ ɞɚɞəɚɐɟɤůɖ). 

ɇɩɟŬ Ŭɜ ɡˊɞɗɏůɞɡɛŮ ˊɤɠ 0 x a 1¢ ¢ ¢ ŰɧŰŮ ɗŬ 

ɏɢɤ: 

https://www.mathematica.gr/forum/viewtopic.php?f=54&t=23199#p117165
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=23199#p117165
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=23202#p117053
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=23202#p117053
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=15730
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=15730
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1 x a

0 0 x

| f (x) | dx f (x) dx f (t) dt¡ ¡ ¡= + +ñ ñ ñ  

1 a

a x

f (t) dt f (t) dt (2)¡ ¡+ ²ñ ñ  

 (ɚɧɔɤ Űɖɠ ɗŮŰɘəɐɠ ɡˊɧ ɞɚɞəɚɐɟɤůɖɠ 

ůɡɜɎɟŰɖůɖɠ) 

ɇɩɟŬ, ŬɜŬɚɧɔɤɠ: 

f (x) f (x) f (a) f (a) f (x)¢ - ¢ - = 

()a a 12

x x 0

f (t)dt f (t) dt f (t) dt¡ ¡ ¡¢ ¢ Ýñ ñ ñ  

1 1 1

0 0 0

f (x) f (t) dt f (x)dx f (t) dt¡ ¡¢ Ý ¢ñ ñ ñ 

(ɖ ŰŮɚŮɡŰŬɑŬ ůɡɜŮˊŬɔɤɔɐ ɛŮ ɞɚɞəɚɐɟɤůɖ) 

ɆɡɜŮˊɩɠ:  

1 1

0 0

f (x)dx f (x) dx¡¢ñ ñ  

ůŮ əɎɗŮ ˊŮɟɑˊŰɤůɖ. 

ũɘŬ Űɞ ɓ) ŮɟɩŰɖɛŬ ŬɟəŮɑ ɜŬ ŭŮɑɝɤ ɧŰɘ: 

x 1 1

a 0 0

| g (t)dt | g(x) g(x)dx g (t) dt¡ ¡- ¢ - ¢ñ ñ ñ 

1

0

g(x) g(a) g (t) dt¡Û - ¢ñ  

ɧˊɞɡ Ŭ ɖ Űɘɛɐ ůŰɞ [ ]0,1  ˊɞɡ ˊɟɞəɨˊŰŮɘ Ŭˊɞ Űɖɜ 

ŮűŬɟɛɞɔɐ Űɞɡ ɗŮɤɟɐɛŬŰɞɠ ɛɏůɖɠ Űɘɛɐɠ Űɞɡ 

ɞɚɞəɚɖɟɤŰɘəɞɨ ɚɞɔɘůɛɞɨ (ɓɔŬɑɜŮɘ əŬɘ Ŭˊɧ Űɞ 

ɗŮɩɟɖɛŬ ɛɏɔɘůŰɖɠ -ŮɚɎɢɘůŰɖɠ Űɘɛɐɠ ɛŮ 

ɞɚɞəɚɐɟɤůɖ) 

ɀɐˊɤɠ ɧɛɤɠ ŮɑɜŬɘ ŮűŬɟɛɞɔɐ Űɞɡ Ŭ);;; 

Ɂɞɛɑɕɤ ˊɤɠ ɜŬɑ,ɔɘŬ əɎɗŮ ˊŮɟɑˊŰɤůɖ ɗɏůɖɠ Űɞɡ x 

ɤɠ ˊɟɧɠ Űɞ Ŭ. 

ȷɆȾȼɆȼ    47. 

ȰůŰɤ f :[1, ) R+¤   ɛɘŬ ůɡɜŮɢɐɠ əŬɘ ɗŮŰɘəɐ 

ůɡɜɎɟŰɖůɖ. ŪɏŰɞɡɛŮ  

x

1

F(x) f (t)dt=ñ . 

ȷɜ 

2F(x) f (x)¢  

ŰɧŰŮ  

1
f(x) (x 1)

2
² - ɔɘŬ əɎɗŮ x 1² . 

ɄɟɞŰŮɑɜŮɘ: ɆŰɟɎŰɞɠ ɄŬˊŬŭɧˊɞɡɚɞɠ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=2784 

ȿɈɆȼ (ȼɚɑŬɠ ȻŬŭɑə) ȰɢɞɡɛŮ  

1
2 2

1
f (x) F(x) (F(x) x) 0

2
¡² Ú - ² 

ȯɟŬ  

1 1

2 2
1 1

f (x) F(x) (x 1) F(1) (x 1)
2 2

² ² - + > - 

ȷɆȾȼɆȼ    48. 

ȰůŰɤ ɖ ůɡɜŮɢɐɠ ůɡɜɎɟŰɖůɖ g  ůŰɞ R  ɛŮ 

()( )g R 1,= - +¤. 

ȷɜ ɔɘŬ ˊɟŬɔɛŬŰɘəɧ Ŭɟɘɗɛɧ x  ɘůɢɨŮɘ  

() ()3ln g x 1 g x x+ + ¢è øê ú  

ŰɧŰŮ ɜŬ ŭŮɑɝŮŰŮ ɧŰɘ:  

()
( )ln 2e

0

7
g x dx ln2

4
¢ -ñ  

ɄɟɞŰŮɑɜŮɘ: ȸŬůɑɚɖɠ ɀŬɡɟɞűɟɨŭɖɠ 

https://www.mathematica.gr/forum/viewtopic.php?f=54&t=2784
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=2784
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ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=2496 

ȿɈɆȼ (ȹɖɛɐŰɟɖɠ ȾŬŰůɑˊɞŭŬɠ) ȹɞɡɚŮɨɞɡɛŮ 

ɧˊɤɠ ůŰɖɜ  

http://www.mathematica.gr/forum/viewtopic.php?

f=56&t=2489&p=13516#p13516 

 

 

ŪŮɤɟɞɨɛŮ Űɖɜ  

() ( ) 2f x ln x 1 x= + +, x ( 1, )Í - +¤ 

21
f (x) 3x

x 1
¡ = +

+
, x ( 1, )Í - +¤ 

ȹŮɑɢɜɞɡɛŮ ɧŰɘ ɖ f ŬɜŰɘůŰɟɏűŮŰŬɘ əŬɘ ɧŰɘ ɖ 1f -  

ŮɑɜŬɘ ɔɜɖůɑɤɠ ŬɨɝɞɡůŬ. 

()f 0 0=   ɞˊɧŰŮ  1f (0) 0- =  

() ( )f 1 ln2 1 ln2 lne ln 2e= + = + =  

Ƀ́ ɧŰŮ 1f (ln2e) 1- =  

ȽůɢɨŮɘ  

3ln[g(x) 1] g (x) x, x+ + ¢ " ÍÁ 

f (g(x)) x, xÚ ¢ " ÍÁ 

ɧɛɤɠ ɖ  1f -   ŮɑɜŬɘ ɔɜɖůɑɤɠ ŬɨɝɞɡůŬ ɞˊɧŰŮ 

1 1f (f (g(x)) f (x), x- -¢ " ÍÁ 

ȼ ŭɘŬűɞɟɎ ()1f (x) g x- -  ŮɑɜŬɘ ůɡɜŮɢɐɠ ůŰɞ 

( )0,ln 2eè øê ú ɤɠ ŭɘŬűɞɟɎ ůɡɜŮɢɩɜ əŬɘ ɛɖ ŬɟɜɖŰɘəɐ  

ɞˊɧŰŮ 

ln 2e
1

0

[f (x) g(x)]dx 0- - ² Úñ
ln 2e ln 2e

1

0 0

g(x)dx f (x)dx-¢ñ ñ  

ŪɏŰɤ ()x f u= , ()dx f ' u du= , ɧŰŬɜ x 0=  ŰɧŰŮ 

u 0=  əŬɘ ɧŰŬɜ ( )x ln 2e=  ŰɧŰŮ u 1=. ɆɡɜŮˊɩɠ, 

ln 2e ln 2e
1

0 0

g(x)dx f (x)dx-¢ Úñ ñ  

ln 2e 1

0 0

g(x)dx uf (u)du¡¢ Úñ ñ  

ln 2e 1
2

0 0

1
g(x)dx u( 3u )du

u 1
¢ + Ú

+ñ ñ  

ln 2e 1
3

0 0

u
g(x)dx 3u du

u 1
¢ + Ú

+ñ ñ  

ln 2e 1
3

0 0

1
g(x)dx (1 3u )du

u 1
¢ - + Ú

+ñ ñ é

ln 2e

0

g(x)dx¢ñ
7

ln2
4
-  

ȷɆȾȼɆȼ    49. 

ɁŬ ŬˊɞŭŮɑɝŮŰŮ ɧŰɘ  

2

4

sinx 2
dx

x 2

p

p

<ñ  

ɄɟɞŰŮɑɜŮɘ: Grosrouvre 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=58908 

ȿɈɆȼ1 (ȷɢɘɚɚɏŬɠ ɆɡɜŮűŬəɧˊɞɡɚɞɠ) ȺɑɜŬɘ 

2 2

4 4

sinx 1 2
dx dx ln2 0,7 .

x x 2

p p

p p

¢ = < <ñ ñ  

https://www.mathematica.gr/forum/viewtopic.php?f=54&t=2496
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=2496
http://www.mathematica.gr/forum/viewtopic.php?f=56&t=2489&p=13516#p13516
http://www.mathematica.gr/forum/viewtopic.php?f=56&t=2489&p=13516#p13516
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=58908
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=58908
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ũɘŬ Űɖɜ ln2 0,7<  ŭŮɑŰŮ, ˊ.ɢ. 

http://www.mathematica.gr/forum/viewtopic.php?

f=53&t=7518&p=42736&hilit=ln+2#p42793 Ůŭɩ. 

ȿɈɆȼ 2 (ũɘɩɟɔɞɠ ȸɘůɓɑəɖɠ) ȷɚɚɘɩɠ. ȰůŰɤ  

sin x
f (x) ,x , .

x 4 2

p pè ø
= Íé ù

ê ú
 

ȺɑɜŬɘ  

2

xcosx sinx
f (x)

x

-
¡ =  

ŪɏŰɤ g(x) xcosx sinx,= -  əŬɘ ŮɑɜŬɘ 

g (x) xsinx 0¡ =- < ɎɟŬ ɖ g  ŮɑɜŬɘ ɔɜɖůɑɤɠ 

űɗɑɜɞɡůŬ ůŰɞ ,
4 2

p pè ø
é ù
ê ú

 Ŭˊ' ɧˊɞɡ ŮɨəɞɚŬ ˊɟɞəɨˊŰŮɘ 

ɧŰɘ g(x) 0<  ůŰɞ ɑŭɘɞ ŭɘɎůŰɖɛŬ, ɞˊɧŰŮ əŬɘ ɖ f  

ŮɑɜŬɘ ɔɜɖůɑɤɠ űɗɑɜɞɡůŬ ůŰɞ  ,
4 2

p pè ø
é ù
ê ú

 

2 2 2

4 4 4

sin x 2
f (x)dx f ( )dx dx sin

4 x 4 2

p p p

p p p

p p
< Ý < =ñ ñ ñ  

ɄŬɟŬŰɐɟɖůɖ: (ŪŬɜɎůɖɠ ȾɞɜŰɞɔŮɩɟɔɖɠ) ȼ 

2
ln2

2
<  ˊɟɞəɨˊŰŮɘ əŬɘ Ŭˊɧ Űɖɜ  

x lnx x 1,¢ - ɔɘŬ x 1.²  

ȷɆȾȼɆȼ    50. 

ȹɑɜŮŰŬɘ ɖ ůɡɜɎɟŰɖůɖ f : (0, 00) R+  ůɡɜŮɢɐɠ ɛŮ  

x

2
f (t) dt xf (x)>ñ  ɔɘŬ x 0>  

ȷ) ɁŬ ɓɟŮɑŰŮ Űɘɠ ɟɑɕŮɠ əŬɘ Űɞ ˊɟɧůɖɛɞ Űɖɠ 

x

2
F(x) f (t) dt=ñ  

ȸ) ɁŬ ŭŮɑɝŮŰŮ ɧŰɘ ɖ Ůɝɑůɤůɖ  

x

2
3 f (t)dt 2 x+ = +ñ  

ɏɢŮɘ ɛɘŬ ŰɞɡɚɎɢůŰɞɜ ɟɑɕŬ ůŰɞ (1,3) 

ũ) ɁŬ ŭŮɑɝŮŰŮ ɧŰɘ  

2

1
F(1) 2 xf (x)dx 0+ <ñ  

ɄɟɞŰŮɑɜŮɘ: koubos 

ɆɨɜŭŮůɛɞɠ:https://mathematica.gr/forum/viewtopi

c.php?f=54&t=48728&p=230628#p230628 

ȿɈɆȼ (Marko) A. ŪŮɤɟɩ Űɖɜ   

()
()F x

G x ,x 0
x

= > 

ȺɑɜŬɘ ˊŬɟŬɔɤɔɑůɘɛɖ ɛŮ  

()
() () () ()

2 2

F x x F x f x x F x
G x 0

x x

¡ - -
¡ = = < 

Ŭˊɧ ŭŮŭɞɛɏɜɖ ůɢɏůɖ ɎɟŬ ɖ ()G x  űɗɑɜɞɡůŬ ůŰɞ 

( )0,+¤. 

ũɘŬ  

( ) () ()x 2, G G x G 2 0> ® Ý < = Ý 

()
()

F x
0 F x 0

x
< Ý < 

ũɘŬ   

( ) () ()x 2, G G x G 2 0< ® Ý > = Ý 

()
()

F x
0 F x 0

x
> Ý > 

ũɘŬ x 2=  ŮɑɜŬɘ ɛɞɜŬŭɘəɐ ɚɨůɖ Űɖɠ F , ()F 2 0= . 

ȸ. ȼ Ůɝɑůɤůɖ ɔɟɎűŮŰŬɘ ɘůɞŭɨɜŬɛŬ:  

()F x x 1 0- + = 

http://www.mathematica.gr/forum/viewtopic.php?f=53&t=7518&p=42736&hilit=ln+2#p42793
http://www.mathematica.gr/forum/viewtopic.php?f=53&t=7518&p=42736&hilit=ln+2#p42793
https://mathematica.gr/forum/viewtopic.php?f=54&t=48728&p=230628#p230628
https://mathematica.gr/forum/viewtopic.php?f=54&t=48728&p=230628#p230628
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ŪɏŰɤ Űɖɜ ()K(x) F x x 1= - +, ůɡɜŮɢɐɠ ɤɠ 

ˊɟɎɝŮɘɠ ůɡɜŮɢɩɜ ůŰɞ [ ]1,3 . 

()K(1) F 1 0= > 

Ŭűɞɨ Ŭˊɧ ȷ. ɔɘŬ x 2<  ŮɑɜŬɘ ()F x 0>  

()K(3) F 3 2 0= - < 

Ŭűɞɨ Ŭˊɧ ȷ. ɔɘŬ x 2>  ŮɑɜŬɘ ()F x 0<  ɎɟŬ  

() ()F 3 0 F 3 2 2 0< Ú - <- <. 

ɃˊɧŰŮ Ŭˊɧ ɗŮɩɟɖɛŬ Bolzano ɡˊɎɟɢŮɘ ɛɘŬ 

ŰɞɡɚɎɢɘůŰɞɜ ɚɨůɖ ( )0x 1,3Í  ɩůŰŮ  

( )0 0 0K(x ) 0 3 F x 2 x= Ú + = +. 

ũ. ȼ ŭɞůɛɏɜɖ ůɢɏůɖ ɔɟɎűŮŰŬɘ ɘůɞŭɨɜŬɛŬ  

() ()
2

1

F 1 2 xF x dx 0¡+ < Úñ  

() () () ()
2

1

F 1 2 2F 2 F 1 2 F x dx 0+ - - < Úè øê úñ  

() ()
2

1

F 1 2 F x dx- <ñ  Ŭűɞɨ ()F 2 0=  

ũɘŬ 1 x 2¢ ¢ əŬɘ F ůɡɜŮɢɐɠ ŮɑɜŬɘ ()F x 0>  ɎɟŬ 

()
2

1

0 F x dx<ñ  

əŬɘ Ŭˊɧ ȷ. ŮɑɜŬɘ  ()F 1 0- < 

ɞˊɧŰŮ  

() () ()
2 2

1 1

F 1 0 F x dx 2 F x dx- < < <ñ ñ . 

ȹɖɚŬŭɐ   

() ()
2

1

F 1 2 F x dx- <ñ . 

ȷɆȾȼɆȼ    51. 

ȼ ůɡɜɎɟŰɖůɖ [ ]f : 1,1 R-   ŮɑɜŬɘ ŭɨɞ űɞɟɏɠ 

ˊŬɟŬɔɤɔɑůɘɛɖ ɛŮ Űɖɜ f ''ɔɜɖůɑɤɠ ŬɨɝɞɡůŬ. 

ȷɜ ŮɑɜŬɘ  

()
0

1

f x dx 2
-

=-ñ  əŬɘ ()f 0 2¡ =  

ɜŬ ŭŮɑɝŮŰŮ ɧŰɘ  

()
1

0

f x dx 0>ñ . 

ɄɟɞŰŮɑɜŮɘ: Ɂɑəɞɠ ȻŬɜŰŬɟɑŭɖɠ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=47736 

ȿɈɆȼ1 (ɄŬɨɚɞɠ ɀŬɟŬɔəɞɡŭɎəɖɠ) Iůɢɡɟɘůɛɧɠ  

ȼ ůɡɜɎɟŰɖůɖ  

2f (0)
G(x) f (x) x f (0)x f (0)

2

¡¡
¡= - - - 

ŮɑɜŬɘ ɔɜɖůɑɤɠ ŬɨɝɞɡůŬ ůŰɞ [ 1,1].-  

MŮ ɓɎůɖ Űɞɜ ɘůɢɡɟɘůɛɧ ɏɢɞɡɛŮ ɧŰɘ  

G(x) G(0) 0< = ɔɘŬ əɎɗŮ x [ 1,0).Í -  

ȯɟŬ 

0

1

G(x)dx 0
-

<ñ  ɞˊɧŰŮ  

0

1

f (0) f (0)
f (x)dx f (0)

6 2
-

¡¡ ¡
< - +ñ  

əŬɘ ŰŮɚɘəɎ 

f (0)
f (0) 1 0.

6

¡¡
+ + > 

MŮ ɓɎůɖ ˊɎɚɘ Űɞɜ ɘůɢɡɟɘůɛɧ ɏɢɞɡɛŮ ɧŰɘ 

G(x) G(0) 0> = ɔɘŬ əɎɗŮ x (0,1]Í . ȯɟŬ  

1

0

G(x)dx 0>ñ  

https://www.mathematica.gr/forum/viewtopic.php?f=54&t=47736
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=47736
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ɞˊɧŰŮ  

1

0

f (0) f (0)
f (x)dx f (0)

6 2

¡¡ ¡
> + + =ñ  

f (0)
f (0) 1 0

6

¡¡
+ + >. 

ȷˊɧŭŮɘɝɖ ɘůɢɡɟɘůɛɞɨ:  ȺɑɜŬɘ  

G (x) f (x) f (0)x f (0)¡ ¡ ¡¡ ¡= - -  

ɛŮ G (0) 0.¡ = ȷəɧɛŬ  

G (x) f (x) f (0)¡¡ ¡¡ ¡¡= -  ɛŮ G (0) 0.¡¡=  

ȿɧɔɤ Űɖɠ ɛɞɜɞŰɞɜɑŬɠ Űɖɠ f ''  ɏɢɞɡɛŮ ɧŰɘ ɖ G''  

ŮɑɜŬɘ ŬɟɜɖŰɘəɐ ˊɟɘɜ Űɞ ɛɖŭɏɜ əŬɘ ɗŮŰɘəɐ ɛŮŰɎ Űɞ 

ɛɖŭɏɜ, ɎɟŬ ɖG' ˊŬɟɞɡůɘɎɕŮɘ ŮɚɎɢɘůŰɞ ůŰɞ ɛɖŭɏɜ 

ɑůɞ ɛŮ ɛɖŭɏɜ. ɇŮɚɘəɎ G (x) 0¡ >  ɔɘŬ əɎɗŮ x 0̧ 

ɞˊɧŰŮ ɖ GŮɑɜŬɘ ɔɜɖůɑɤɠ ŬɨɝɞɡůŬ. 

ȿɈɆȼ 2 (makisman) ȷɜ əŬɘ ɜɞɛɑɕɤ ɧŰɘ ɖ ɘŭŮŬ 

Űɞɡ nikoszan ɐŰŬɜ ˊɎɜɤ ůŰɞ Ū. Taylor ˊɞɡ 

űŬɘɜŮŰŬɘ ɜŬ ŮəɛŮŰŬɚŮɨŰɖəŮ ɞ ɄŬɨɚɞɠ 

ɀŬɟŬɔəɞɡŭɎəɖɠ, ŭɞəɘɛɎɕɤ ɛɘŬ Ɏɚɚɖ ɚɨůɖ 

(ůɨɜŰɞɛŬ ɔɟŬɛɛɏɜɖ ɢɤɟɑɠ ˊɞɚɚɏɠ ɚŮˊŰɞɛɏɟŮɘŮɠ) 

Ŭˊɧ Ūɀɇ ůŰɞ [x,0],x 0< , ɔɘŬ Űɖɜ f ' :  

f (x) f (0) f (x) 2
f (k)

x x

¡ ¡ ¡- -
¡¡= =  

əŬɘ ŮˊŮɘŭɐ f ''  ɔɜ. ŬɨɝɞɡůŬ ŰɧŰŮ  

f (x) 2
f (0)

x

¡ -
¡¡<  

ɎɟŬ  

f (x) 2 xf (0) f (x) xf (0) 2¡ ¡¡ ¡ ¡¡- ² Ý ² + Ý 

0 0

t t
f (x)dx xf (0) 2dx¡ ¡¡² + Ýñ ñ  

2f (0)t
f (0) f (t) 2t

2

¡¡-
- ² - Ý 

2
0 0

1 1

f (0)t
f (0) f (t)dt 2tdt

2- -

¡¡-
- ² - Ýñ ñ  

f (0)
f (0) 0

6

¡¡
+ ²  (1) 

Ŭˊɧ Ūɀɇ ůŰɞ [0,y],y 0> , ɔɘŬ Űɖɜ f ' :  

f (y) f (0) f (y) 2
f (n)

x x

¡ ¡ ¡- -
¡¡= =  

əŬɘ ŮˊŮɘŭɐ f ''  ɔɜ. ŬɨɝɞɡůŬ ŰɧŰŮ  

f (y) 2
f (0)

y

¡ -
¡¡>  

ɎɟŬ  

f (y) 2 yf (0) f (y) yf (0) 2¡ ¡¡ ¡ ¡¡- ² Ý ² + Ý 

t t

0 0
f (y)dy yf (0) 2dy¡ ¡¡² + Ýñ ñ  

2f (0)t
f (t) f (0) 2t

2

¡¡
- ² + Ý 

2
1 1

0 0

f (0)t
f (t) f (0)dt 2tdt

2

¡¡
- ² + Ýñ ñ  

1

0

f (0)
f (t)dt f (0) 1

6

¡¡
² + +ñ  

əŬɘ Ŭˊɧ (1) ˊɟɞəɨˊŰŮɘ Űɞ ɕɖŰɞɨɛŮɜɞ. 

ȿɈɆȼ 3 (Ɂɑəɞɠ ȻŬɜŰŬɟɑŭɖɠ) ɀɘŬɎɚɚɖɘŭɏŬ. 

... () () ( )G x f x f x ,0 x 1= - - ¢ ¢. 

ȺɑɜŬɘ  

() () ( )G x f x f x¡ ¡ ¡= + - əŬɘ 

() () ( )G x f x f x¡¡ ¡¡ ¡¡= - -. 

ȺˊŮɘŭɐ ɖ f¡¡ ŮɑɜŬɘ ɔɜ.ŬɨɝɞɡůŬ ɏɢɞɡɛŮ ɧŰɘ  

Å () ( ]G x 0, x 0,1¡¡> " Í , 

()Å G 0 0¡¡= , 
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ɞˊɧŰŮ ɖ G¡ ŮɑɜŬɘ ɔɜ.ŬɨɝɞɡůŬ ůŰɞ [ ]0,1  

Ⱥˊɞɛɏɜɤɠ ɖ G¡ ˊŬɟɞɡůɘɎɕŮɘ ŮɚɎɢɘůŰɞ ɛɧɜɞ ůŰɞ  

0x 0= , Űɞ ɞˊɞɑɞ ŮɑɜŬɘ  

() () ()minG x G 0 2f 0 4¡ ¡ ¡= = =, 

ɞˊɧŰŮ ɘůɢɨŮɘ  

() () [ ]G x minG x 4, x 0,1¡ ¡² = " Í Ý 

()( ) [ ]G x 4x 0, x 0,1
¡

- ² " Í , 

ɛŮ Űɖ ɘůɧŰɖŰŬ ɜŬ ɘůɢɨŮɘ ɛɧɜɞ ɔɘŬ x 0= , ɞˊɧŰŮ ɖ 

ůɡɜɎɟŰɖůɖ  

() () [ ]H x G x 4x,x 0,1= - Í , 

ŮɑɜŬɘ ɔɜ.ŬɨɝɞɡůŬ. ȰŰůɘ ɘůɢɨŮɘ  

() () [ ]H x H 0 , x 0,1² " Í Ý 

() ( ) [ ]f x f x 4x 0, x 0,1- - - ² " Í Ý 

(ɛŮ Űɖɜ ɘůɧŰɖŰŬ ɜŬ ɘůɢɨŮɘ ɛɧɜɞ ɔɘŬ x 0= )  

() ( )( )
1

0

f x f x 4x dx 0- - - > Ýñ  

() ( )( )
1 1

0 0

f x dx f x 1 dx 2 0+ - - - > Ýñ ñ  

() ()
1 1

0 0

f x dx f x dx 2
-

+ > Ýñ ñ  

() ()
1 1

0 0

f x dx 2 2 f x dx 0+ > Ý >ñ ñ  

( )( )
( )

() ()
1 1 1u x

du 1 dx
0 0 0

f x 1 dx   f u du f x dx
- -=-

= -

å õ
- - = =æ ö

ç ÷
ñ ñ ñ . 

ȷɆȾȼɆȼ    52. 

ɁŬ ŬˊɞŭŮɘɢɗŮɑ ɧŰɘ:  

( )

1

xtx

2

1

e
dt e 1 x

t
¢ -ñ  ɛŮ x 0> . 

ɄɟɞŰŮɑɜŮɘ: ȹɖɛɐŰɟɖɠ ȸŮɟɟɞɘɧˊɞɡɚɞɠ 

ɆɨɜŭŮůɛɞɠ:https://www.mathematica.gr/forum/vie

wtopic.php?f=54&t=41135&p=191552#p191552 

ȿɈɆȼ (ũɘɩɟɔɖɠ ȾŬɚŬɗɎəɖɠ) 

( )

1

xtx

2

1

e
dt e 1 x

t
¢ - Úñ  

()

( )
1

xtx

2

1

e 1 xe
xdt

xxt

-
¢ Úñ  

( )1 u

2

x

e 1 xe
xt u,du xdt du 0

xu

-
= = - ¢ Úñ  

( ) x u

2

1

e 1 x e
du 0

x u

-
+ ²ñ  

ȰůŰɤ: 

( ) x u

2

1

e 1 x e
F(x) du , x 0

x u

-
= + >ñ  

ȼ F ŮɑɜŬɘ ˊŬɟŬɔɤɔɑůɘɛɖ ɤɠ é. ɛŮ  

( ) x u

2

1

e 1 x e
F (x) du

x u

¡
-å õ

¡ = + =æ ö
ç ÷

ñ  

x x

2 2 2

e e e e

x x x

-
- + =  

əŬɘ  

F (x) 0 x 1¡ ² Ú ² 

ȯɟŬ ɖ F ŮɑɜŬɘ ɔɜɖůɑɤɠ űɗɑɜɞɡůŬ ůŰɞ (0,1] əŬɘ 

ɔɜɖůɑɤɠ ŬɨɝɞɡůŬ ůŰɞ [1, )+¤ 

Ⱥˊɞɛɏɜɤɠ ˊŬɟɞɡůɘɎɕŮɘ ŮɚɎɢɘůŰɞ ůŰɞ x 1=  ɑůɞ ɛŮ 

F(1) 0= . ȯɟŬ F(x) 0²  ɔɘŬ əɎɗŮx 0> . 

https://www.mathematica.gr/forum/viewtopic.php?f=54&t=41135&p=191552#p191552
https://www.mathematica.gr/forum/viewtopic.php?f=54&t=41135&p=191552#p191552
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ȷɆȾȼɆȼ    53. 

ȹɑɜŮŰŬɘ ɖ ůɡɜɎɟŰɖůɖ  

x 2 t

3

e
f(x) dt

t 2

-

=
-ñ

 

(Ŭ) NŬ ɓɟŮɗŮɑ Űɞ ˊŮŭɑɞ ɞɟɘůɛɞɨ Űɖɠ  əŬɘ ɜŬ 

ɛŮɚŮŰɖɗŮɑ ɤɠ ˊɟɞɠ Űɖɜ ɛɞɜɞŰɞɜɑŬ 

(ɓ) ɁŬ ŬˊɞŭŮɑɝŮŰŮ ɧŰɘ ɔɘŬ əɎɗŮ x 5> , ɘůɢɨŮɘ  

3 3f (x) 5e e x 0+ - > 

(ɔ) ȷɜ E ŮɑɜŬɘ Űɞ ŮɛɓŬŭɧɜ Űɞɡ ɢɤɟɑɞɡ ˊɞɡ 

ɞɟɑɕŮŰŬɘ Ŭˊɧ Űɖɜ ɔɟŬűɘəɐ ˊŬɟɎůŰŬůɖ Űɖɠ 

ůɡɜɎɟŰɖůɖɠ g  ɛŮ 
xe

g(x)
x 4
=
-
, Űɞɜ ɎɝɞɜŬ x'x

əŬɘ Űɘɠ ŮɡɗŮɑŮɠ x 5,x 6= =, ɜŬ ŬˊɞŭŮɑɝŮŰŮ ɧŰɘ  

5E e>  

ɄɟɞŰŮɑɜŮɘ: ȹɖɛɐŰɟɖɠ ȽɤɎɜɜɞɡ 

ɆɨɜŭŮůɛɞɠ:https://mathematica.gr/forum/viewtopi

c.php?f=54&t=36665&p=168801#p168801 

ȿɈɆȼ (ȸŬɔɔɏɚɖɠ ɄŬˊŬˊɏŰɟɞɠ) Ŭ) ũɘŬ Űɖɜ 

ɞɚɞəɚɖɟɤŰɏŬ ůɡɜɎɟŰɖůɖ 
te

g(t)
t 2
=
-

 ɘůɢɨŮɘ ɧŰɘ 

( ) ( )D(g) ,2 2,= -¤ Ç +¤. 

ɆɡɜŮˊɩɠ, ŮˊŮɘŭɐ ( )3 2,Í +¤, ŮɑɜŬɘ 

{ }D(f) x : x 2 2= Í - > =

{ } ( )x : x 4 4,Í > = +¤. 

ũɘŬ əɎɗŮ x 4>  ɏɢɞɡɛŮ 

x 2 x 2e e
f (x) (x 2) 0

x 4 x 4

- -
¡ ¡= Ö - = >

- -
. 

ȯɟŬ, ɖ f  ŮɑɜŬɘ ɔɜɖůɑɤɠ ŬɨɝɞɡůŬ ůŰɞ ( )4,+¤. 

ɓ)  

x 2 x 2 x 2

2 2

e (x 4) e e (x 5)
x 4 : f (x)

(x 4) (x 4)

- - -- - -
¡¡" > = =

- -
. 

ɄŬɟŬŰɖɟɞɨɛŮ ɧŰɘ ɖ f  ŮɑɜŬɘ əɡɟŰɐ ůŰɞ [ )5,+¤ əŬɘ 

ɎɟŬ ɖ ŮűŬˊŰɞɛɏɜɖ ůŰɞ ůɖɛŮɑɞ (5,f (5)) (5,0)¹  

Űɞɡ ɔɟŬűɐɛŬŰɞɠ Űɖɠ  ɓɟɑůəŮŰŬɘ əɎŰɤ Ŭˊɧ Űɞ 

ɔɟɎűɖɛɎ Űɖɠ. ȹɖɚŬŭɐ ɔɘŬ əɎɗŮ x 5²  ɘůɢɨŮɘ  

3 3f (x) f (5)(x 5) f (5) e x 5e¡² - + = - 

əŬɘ ɎɟŬ ɔɘŬ əɎɗŮ x 5>  ŮɑɜŬɘ 

3 3f (x) 5e e x 0+ - >. 

ɔ) ȼ ůɡɜɎɟŰɖůɖ g  ŮɑɜŬɘ ůɡɜŮɢɐɠ ůŰɞ  

[ ] ( ) ( )5,6 D(g) ,4 4,Ë = -¤ Ç +¤ 

əŬɘ ɎɟŬ ɞɚɞəɚɖɟɩůɘɛɖ ůŮ ŬɡŰɧ. 

Ⱥˊɘˊɚɏɞɜ, [ ]g(x) 0 x 5,6> " Í . 

ȯɟŬ,  

6 6 6x x 2
2

5 5 5

e e
E g(x)dx dx e dx

x 4 x 4

-

= = = =
- -ñ ñ ñ  

6
2 2 2

5

e f (x)dx e (f (6) f (5)) e f (6)¡ = - =ñ . 

ȺűŬɟɛɧɕɞɜŰŬɠ Űɖɜ ŬɜɘůɧŰɖŰŬ ˊɞɡ ŬˊɞŭŮɑɝŬɛŮ ůŰɞ 

ɓ) ɔɘŬ x 6= , ɓɟɑůəɞɡɛŮ 

3 3 3f (6) 5e 6e 0 f(6) e+ - > Ú > Ú 

2 5 5e f(6) e E e> Ú > . 

ȷɆȾȼɆȼ    54. 

ȷɜ f :[a,b]  ůɡɜŮɢɐɠ əŬɘ ŬɨɝɞɡůŬ 

ůɡɜɎɟŰɖůɖ, ɜŬ ŬˊɞŭŮɑɝŮŰŮ  

b b

a a

(x a)f (x)dx (b x)f (x)dx- ² -ñ ñ . 

ɄɟɞŰŮɑɜŮɘ: ȹɘɞɜɨůɖɠ ȸɞɡŰůɎɠ 

ɆɨɜŭŮůɛɞɠ:https://mathematica.gr/forum/viewtopi

c.php?f=54&t=34303&p=158945#p158945 

https://mathematica.gr/forum/viewtopic.php?f=54&t=36665&p=168801#p168801
https://mathematica.gr/forum/viewtopic.php?f=54&t=36665&p=168801#p168801
https://mathematica.gr/forum/viewtopic.php?f=54&t=34303&p=158945#p158945
https://mathematica.gr/forum/viewtopic.php?f=54&t=34303&p=158945#p158945
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ȿɈɆȼ1 (ŪɎɜɞɠ ɀɎɔəɞɠ) 

ȻɖŰŮɑŰŬɘ ɜŬ ŬˊɞŭŮɘɢɗŮɑ ɧŰɘ  

b

a

a+b
x- f (x)dx 0.

2
( ) ²ñ  

ȷɡŰɧ ŮɑɜŬɘ ɎɛŮůɖ ůɡɜɏˊŮɘŬ Űɖɠ ŬɜɘůɧŰɖŰŬɠ 

Chebyshev ůŰɘɠ ŬɨɝɞɡůŮɠ ůɡɜŬɟŰɐůŮɘɠ 

a b
f(x), x

2

+
- , Ŭűɞɨ 

b

a

a+b
x- dx=0.

2
( )ñ  

ũɘŬ Űɖɜ ŬɜɘůɧŰɖŰŬ Chebyshev ŭŮɑŰŮ 

http://www.mathematica.gr/forum/viewtopic.php?

f=54&t=1789 Ůŭɩ. 

ȿɈɆȼ 2 (Ɂɑəɞɠ ȻŬɜŰŬɟɑŭɖɠ) 

() () ( ) () [ ]
x x

a a

g x 2 tf t dt a x f t dt,x a,b= - + Íñ ñ  

ȼ g  ŮɑɜŬɘ ˊŬɟŬɔɤɔɑůɘɛɖ ɛŮ  

()( )() () [ ]
x

a

g x x a f x f t dt, x a,b¡ = - - " Íñ . 

ȺůŰɤ ( )x a,bÍ .  

ȺɑɜŬɘ Ůɨəɞɚɞ ɜŬ ŭɘŬˊɘůŰɤɗŮɑ ɧŰɘ ɖ  

 

ɘəŬɜɞˊɞɘŮɑ Űɘɠ ˊɟɞɡˊɞɗŮůŮɘɠ Űɞɡ Ū.ɀ.ɇ. ůŰɞ 

, ɞˊɧŰŮ ɡˊɎɟɢŮɘ ŰɏŰɞɘɞ ɩůŰŮ  

 

. 

ȰŰůɘɏɢɞɡɛŮ 

 

. 

ũɘŬ əɎɗŮ  ɏɢɞɡɛŮ  

 

 

əŬɘ ɖ  ŮɑɜŬɘ ůɡɜŮɢɐɠ ůŰɞ , ɞˊɧŰŮ ɖ ŮɑɜŬɘ   

ŬɨɝɞɡůŬ ůŰɞ . ȰŰůɘ ɏɢɞɡɛŮ  

. 

ȿɈɆȼ 3 (ũɘɩɟɔɞɠ Ʌɞŭɧˊɞɡɚɞɠ) ŪŮɤɟɞɨɛŮ Űɖɜ  

 

ˊɞɡ ŮɑɜŬɘ ˊŬɟŬɔɤɔɑůɘɛɖ ůŰɞ ɛŮ  

 

 

Ŭűɞɨ Ŭɜ 

 

ȯɟŬ ɖ  ŮɑɜŬɘ ŬɨɝɞɡůŬ ůŰɞ  ɞˊɧŰŮ  

http://www.mathematica.gr/forum/viewtopic.php?f=54&t=1789
http://www.mathematica.gr/forum/viewtopic.php?f=54&t=1789

