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Ol amavtnoelg Kot oL AUOELG
gival amotéAeopa oUANOYIKNG SOUAELAG
TwV EmpeAntwy twv dpakéAwv Tou AuKeiou
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Ue Baon UALKO TTou avapthBnke oto mathematica
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Zuvepydotnkav ot:

BapBepakng Avépeag, BloBikng Nwpyog,
Katoinng Nikog, Mdykog Odavog,
Naraypnyopdkng MiAtog, Pifog Nwpyog,
Itepyiov Mmtapmng, ZToyLag Zwtnpng,
ZuykeAakng AANéEavdpog, ThnAéypadog Kwotag,
Xaoanng Zwtipng Xprotodidng AnuRteng

To AgAtio SiatiBetal eAsBepa
ard tov Siktuako tomo mathematica.gr
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TETAPTH 17 IOYNIOY 2020
EZETAZOMENO MAGHMA: MAOGHMATIKA MPOZANATOAIZMOY
MaAatd ocvotnua

Al.

A2,

A3.

A3.

A4,

Av oL ouvaptnoels f, g elval mopaywyloleg oTto X, va amodeifete 6TL N cuvaptnon f + g sival
TAPAYWYLoLUN OTO Xg KOL LOYUEL
(f +8)"(x0) = f'(xo) + 8" (o)

Movadeg 7
‘Eotw f pla ouvaptnon pe medio oplopol A kat A; To cUVOAO Twv onueiwv Tou A ota onoia auth gival
napaywyiowun. Mwc opiletal n mpwtn mopdaywyog tng f;

Movadeg 4
Na Sdtatunwoete to Bswpnua tou Bolzano.

Movadeg 4
OewprOTE TOV MOPAKATW LOXUPLOUO:

«la k&Be ouvaptnon f pe Ilm f(x)=0, woxveL 6t lim =+ nlim =
x %o (Xo) x %o f(xo)

a) No XapaKTNPLoETE TOV MAPATIAVW LOXUPLOUO, Ypadovtag oTo TeTpadld oag To ypauua A, av gival
aAndng, N to ypaupa W, av sival Peudig.
(novada 1)
B) Na attloAoynoete TNV AmMAVINGH 00G OTO EPWTNUA aL).
(novadeg 3)
Movadeg 4

Not xapaKTnPIOETE TIC MPOTAOELG TTOU AKOAOUTOUV, Ypa@OoVTAS OTO TETPASLO 0O TO YPAUUN TTOU
QaVTLOTOLYE( O0€ K€ mpotaon kat SimAa oto ypauua th Aéén Zwoto, av n npotacn eival cwaotr), 1
Aadog, av n npotaon eival Aaviacuévn.

a) Av limf(x)= + totef(x)>0yLa kaBe x KOVTIA OTO X,.
X- Xg

B) Av pia ouvdptnon f eivatl cuvexng oto [a, B], mapaywyiown oto (a, B) kot f'(x) , 0yl kaBe
xi (a, B), tote f(a) , f(P).
y) T kaBe ouvaptnon f mou eival mapaywyiown kat yvnoiwg avfouoa oto [ , oxvel f'(x) > 0 yia
k&Oe xi [ .
Movadeg 6
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AMANTHZEIZ

Al. Ocswpla. Zto oxoAko BLBAio, oeA. 111.
A2. Ocewplia. Zto oxoAwo BLBAlo, ogA. 111.
A3. Ocswpla. Xto oxoAko BLBAlo, oeA. 74.
Ad. a. Y.

B. Avtutapddeypa. Eotw f(x) =X, OMOTE Iingf(x) =0 ko
X

TAv x>0, téte lim
«

3

MTAv x<0, tote i
«

o

f(x)
Apa to Iimi Sev umtapyet
Pato M PXEL.

A5. . B.I y.A

OEMA B

Alvetal n ouvaptnon f(x):ix—?, x 0 {—3} .

B1l. Na anodeifete 6tun f avtiotpédetaroto U - {3} . Movadec 5
B2. No amodeifete ot oL suvaptroelc f kat f ™ eival ioec. Movadeg 8
B3. Na amobeifete o1L (fof)(x) =X ywa kdBe x 0 {-3} . Movadeg 6
, , .4 1 ,
B4. No umoloyioete o 6plo lim FX)nu—— . Movabeg 6
X- % 3x-1

Bl. Eotw X,,X,1 0 {3} yiato onota eivan f(x,) =f(x,) .

fx,) =fx,) Yourt 3 &
X, -3 X, -3

B, BK, 3 G D+ I x K.

Emopévwg n ouvaptnon sival ‘1-1’, SnAadn avtiotpedetal.
B2. T kdBe x| Dy =] {—3} Kol y f(Df), AUvoupe tnv e€iowon f(x) = y wg mpog x.
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B3.

B4.
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y=Ff(x) Uy S+l Wx 3 3% 1+ xW3) By E 3X+M.i
Y.

Aot F4(x) = 3“1 x U {3).

Eivauw D; :Df_l kat yio kaBe xi D, etvouf(x)=F"*(x), onote f*=f.

Adob f*(x)=F(x) viokaBe X, 3, TOTE yior QUTA T X £XOUHE

(Fof)(x)=f(f(x)) =f(f'(x))

f=f1

Makabe xI 0 {3} eivou

f(x) ¢f(x)| Y|F(x|

) g

‘nu—‘ 1 Y‘nu

Emiong, eivat
Iim1 f(x)=0.
)

Emopévwe, oupdwva pe To KpLTipLo mapeUPoAnc, To {NToUEVO OpLo LoOUTOL HE UNEV.

ri.

ra.

r3.

ra.

loookeAég tplywvo ABI (AB =ATl) elval eyyeypappévo oe
KUKAO pe kévipo O kot aktiva 1, omwg ¢paivetal oto oxNua .
Av 0 eival n ywvia petafl Twy (cwv MAEUPWY TOU TPLYWVOU
koL BOM=0 , tote:
Na amodeifete o1l 10 €uPfaddv Tou TPlywvou ABI wg
ouvaptnon Tng ywviag 6 sivau :
E(6) = (1 + ouvB)nuse, 6i (0, r).
Movadeg 5

Na Bpeite v TR t™g ywviag 1 (0,m), vy Tnv omoia to
geUPBadOV TOU TPLYWVOU HEYLOTOMOLE(TAL . B\_M/ d
Movadeg 8

Na anodeifete otL untdpyouv akplpws duo ywvieg B,, 6,, pe 6, <6, , yla Tig onoieg o eppaddv Tou

, . 3 .
TPLYWVOU LooUTal e 7 Movadeg 6

Ma Ts ywvieg 6,4, 6,, Tou epwtnuatog M3, va anodeiete OTL UTTAPYOULV &;, &1 (0, m) térowa, wote:

8, fgl6) ——aeez E (&)

"‘&?ﬁ“”

Movadeg 6
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ri.

Onwg divetar n ekdpwvnon, ya 1o M dev UTIAPYXEL KATIOLOC OPLOMOC, EKTOC TOU OXHUATOC, OTO OTOoio

daivetal 6t eivat éva onueio g Bl, wote BOM=A H.

Mo va et vonpa n ouvBrikn BOM=A B mpénel 61 59,

l‘J.

O e
N

Av 01 %,g Xpelaleton va anodelyBel to otL eival cuveuBelokd ta A, O, M katLto 6tL AM” Bl
G

Mpaypatt, To O slval ePIKeVTPO Tou LoookeAoUg ABT, omote ta A, O Bpiokovtal otn LECOKABETA Tou.

Emiong, BOr =2A =20, apa OM Siyotopog tng BOI, ondte kat Uog otn Bl, apa A, O, M eival
ouveuBelaka kat AM” Bl
Y10 opBoywvio tplywvo BOM eival

Bl
_BM 2 OM OM ;
r]ue—% T ¥l 2ub «kat ouve 50 1 OMY ouve,
OTOTE
AM = AO + OM = cuv6+1.
Apa,

(ABF)=2(A0B) +BOT) z%nue %ﬂmze E@)=(1 tuve)nus, 6 &),gu
¢

Av 6 =%, TotTe 10 M tawutiletal pe 1o O. H mepintwon eival tetptppévn. O TUmog npodavwg LoyUEeL.

Av 6 >g, TOTe 10 onpeio M tng euBelag mou opifouv ta B, I yia to onolo eivat BOM=A #H 6ev eivat

TO M€oO TNG BI.

IxAMa.1 Zxfpa.2
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Anobekvietat 6Tt o i810¢ TUTIOg Tou epBadou oxvEL yia k&Be 61 (0, ).
NapafBAEmou e TV apxikn ocuvlnkn tng undBeonc BOM=A H kal epyaldpoote oto oxnua 3.

BOr 2m-26

Av Sextolpe we M to onueio toung AO kat Bl, tote BOM :T > = 0.

A

2]

M r

m-f

Ixiua 3

Onorte:
210 opBoywvio Tpiywvo BOM eival

BM .
nu(BOM)=% =f— Br 20 (BOM) n@(r 8) - nue:
Ka
(0] (0] -
ouv(BOM)=E = YM ouv(BOM) oev(m 6)- ouwd,
omoTte
AM = AO — OM = ouvB+1, K.0.K.
2XOAIO:

H amoébelén tou tumou pmopet va yivel Sixwg to «Bondntikd» oxAua g ekpwvnoewd.
MpdyuoTt, £0Tw LoOOKEAEC Tplywvo ABI (AB = Al) ue A=6, 6 i(O, T[),
EYYEYPOUUEVO o€ KUKAO akTivag R. Tote, and N. Huwtovwy sival
5 0 §]
Br=2Rnub, AB Al 2Rnuay 6- 32Reuv~,
8‘5 ke 2

omote (ywa R = 1), eivat

o\ B 20 5 f
_ABGIr AD _(znuem) %bw 2 R cg 3

z ~ ,0 0
ABlN) = B R&W — §
( BF) R R £+9] % v 5 Qnuefl ouvei)

ya ol (O,n).
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Ano €6 Kat K&tw Bswpovpe 6t Bl (0, ).

E'(®)=ouv® buvO® nu’® 20uv’0 ouwd 1 (suve= 1)2ouvd 1)

Elval Ei(e) =0 Uouve =;— ® %, adou n eglowon ouvd = -1 dev €xeL AUoelg oto (0, ).

Eniong, sivait
Ei(8)>0 Uo @ %,E(G)) 0< %[Ue -,

' , . , , 10 g
art’'onou daivetat 6tL To E(B) peyiotonoteitat étav cuve ZE ue =§

. . . . A, T . . e .
3. H E elval ocuvexng, yvnolwg avfouoa oto %gug yvnoiwg ¢pBivovoa oto EE,T[C) KOl ETELON
o (

, . an 633
limE@)=1limE®) BH, E 5=
X_|O+()X>|nr?,() ) 893794,

, , - , , 8 33 ¢ , , ,
Ba €xeL oe kaBEva and autd ta dlaotpata cUVOAO TLULWVY %,Tu, TIOU onuaivel anod to Bewpnua

L

O

Twv eVOLAUECWY TIHWV OTL N ouvaptnon tou euPfadou maipvel TNV TN 1 akplBwe dVo Popég ya

0<8, <;—‘ & -

ra. Edooov n E eival mopaywyiolun oe kabéva omd Ta SactApata g@l,% a% , ,ox0ouV oL
npoinoBéoelg Tou Oswpnuato¢ Méong TIUNG, OMOTE UTAPXOUV TOUAAXLOTOV €va Eli 1,% Kol
¢
. . - an ,
TouAdylotov éva &, | ,.%,ez , WOTE
33 3 33 3
i — ( — OT[ 0 i T—[é Q
BE)=—2—4 ) =22 Vo 6 BE) 126, (6
g_ el g _92 g - 3(; E
IXOAIO: Ztnv ekdpwvnon Ba ftav kaAUTepo va ipofAénetat n cuvlnkn §; , §,, eddAwg, yua §; =§, =g

enaAnBevetal mpodavwe n LooTNTA TNG EKGWVNONG.
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OEMA A

Alvovtal oL ouUVaPTNOELG
f(x)=xtnx 4n(Ax), x (0, 4, (0,0 ) «au

g(x)=x*, x i(0, +)
Al. Na amobeiete 6tL n ouvaptnon f mapouaoidlel eAdxLoto oto X = 1, To omoio Kal va Ppeite. TNV
OUVEXELQ, va Bpeite TV euBela otnv omola avnkel To onpeio akpotatou TG f, kabBwg to A
petaparietal oto (0, +12). Movadeg 5

A2. Na Bpeite ™ peyalutepn T Tou A > 0 yla Tnv omola LoyVEL
X' = Ax yua kaBe x > 0.
Movadeg 5
Ma ta epwtipata A3 kot A4 Oswpniote OTtLA = 1.
A3. No amnodeifete 611 n guBeia y = Ax elvat n povadikn edamtopévn tng ypadikig napdotaocng C; tng g,
n omola SLEpXETAL Ao TNV apXn TWV aoVwv.

Movadeg 6
\ , , EX* X >

A4, Oewpolpe emutAéov tn cuvdptnon h(x) :F 0

11, x=0
i. No amobeifete 0Tl Nn h elval cuvexng (novabdeg 3)

ii. Hetlowon
2020 [q_ o2 ! -
X (3 ng(t)dt) {1 x) i Ddt=0

€XEL pila touAdyiotov pila oto didonua (0, 1). (novadeg 6)
Movadeg 9

Al. H f mapouotdlel eAdyloto oto 1 av kot povo av
f(X)2f@QU xinx-In(A)2 A Ux BInx20,
n omola eival aAnOng emeldn:
Av Xx=1 woxVeLn oéTNTO.

Av x>1 tote Inx>In1 Ulnx ), emopévwg (x- Linx 6.
Av 0<x 4 Ttote Inx<Inl Ulnx <0, emopévws (x- inx 9

Enopévwen f oto 1 mapouctdlet ehdyioto to f(1) =—In A.

—9—
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To onueio A(x,y) €lvat onpeio mou avtiotolxei otn BE0N AKpPOTATOU AV KL LOVO av
éx=1 M ]
fy=dnn -y 0

Apa to onpeio akpotatou tng f avrkel otnv eubeia x =1.

A2. T kaBe X>0 kat A>0 oobSuvopa Exoupe OtL:
x*2 & Ulnx* an(Ax) Winx In(Ax) 02 f(d) o.
H teAeutala eivatl aAnBng yla kaBe x > 0 av Kal povo av LoxVeL 0TL to ehdyloto tng  eival
peyoaAUTEPO N loo Tou uNdevog, Snhadn
-k 0 U @ bk Ing OUA 4

Eropévwe N HeyoAUTeEPN TWr) Tou A >0 Wote va oXUeL X* 2 Ax yla kdBs x>0 eivaun A=1.

A3. Hg eivanapaywyioyn oto (0,+ 9 pe

0i(x)=(x) £e™ )" ") Te= (1 g x* (= Inx)
H e€iowon tng edpamtopevng tng C; oto onolobAmote onpeio Tng A(a,g(a)) pe of 0 eivaun
y-g(@)=gile)x e)Uy =g (&) ogla)irg(a),
n omoia SLEPXETAL Amd TV apXr TWV aEAOVWY av Kat Lovo av urtdpyet af [ wote:
-agif@)+g(a) ® Uaa®(1 Intt) a+0 =
Ua‘[-a alna # 0=
U a+alna 2

U 1+Ina =]i Una l =
a a

OewpOoUE TN cuvaptnon H(a) =lna - n omola elval yvnolwg avfovoa apa kat 1- 1, kain
a

teAevtaia yivetal:

|na-§=1- (o) Ha) dI1

Enopévwg n povadikn epartopevn g C; mou dLepxetal and tnv apxr twv aovwv eival autr rou

npokUTteLyta =1 &nAadn n

y=xgi(1)- 1g(1)+g(1) Uy =.

Adi. H h elval ouvexng oto (0,+ :) WG AMOTEAEC A TIPAEE WV CUVEXWV.
(loxVel x* =™ 2™ kat eivat CUVEXFAC WC YWVOUEVO KAl GUVOEDT CUVEXWV).
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Ertut\éov
limh(x)=limx* #ime™"  lme™™ 1
x- 0 x- 0 x- 0 x- 0
1 5+nQ
, , Inx ., .. . CInx .y Ee
eneldn av Oéooupe u=xInx =— , ot limu=limxlnx #m—— lm-2- dimx O,
1 -0  x-0 x-01 xo0 1 (@oH x-o0

X X X

ouvenwg lime*™™ =lime" 4.
x- 0 u- 0
Apa n h elvatouvexngoto 0 adou Loxvel Iimh(x) =h(0) 4.
x- 0

Emopévwe n h elvat ouveyng cuvaptnon, adou gival cuveyng oto nedio opLlopou Tng.

Adii. OswpolEe TNV cuvaptnon
— 2020 7 1
G(x) =x (3 ng(t)dt) & x- ML t)ot
n onoia elvat ouvexng oto [0,1] wg moAuwvVURLKA Kal LoXUEL OTL
1 2
GO)=fh(1 -t)dt kau G(1)=3 2fg(t)dt.
Emedn yla kdBe x>0 eivaw x* >0 kat h(0)=1 Ba eivaw h(x)2 0 yia kébe X2 0, emopévwg ko
1
h(l— t) ® dpa G(O):f‘(]h(l -t)dt (o2
Emiongn g elvat Vo popég mapaywyion oto (O,+ q VES

9i(x)=g(x)(1 4nx),

gi (x)=g (x){1 4nx) gb(x)% 0&)(1 ey g(x)% g(x)gl Inx)? fo

X
Mou onuaiveL 6tLn g elval kupth , cuvenwg n ypadikn napdotacn tng Pploketal «mdvw» amno Kabe
edaAMTOUEVN TNG EKTOC TOU oneiou emadnc.
Apa, (adou g ouvexng kat dev LoxVeL tavtoL to ioov) Ba gival

.2 2 .2 3 .2 . 2
g(x)2x Ypo(t)dt> @t Y o(tft > Y2 9(t)dfy 3Y 3-2 g(t)dt pi< GR2) o
Ikavorotlouvtal ot urtoB£aoelg tou B. Bolzano cuvenwg n e€lowon
G(x) =0 Ux2°2°(3 erg(t)dt) @ X ML t)ot O

€XEL TOUAGYLOTOV Uia pila oto (0,1) .



